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ON CONVERGENCE PROPERTIES OF FIBONACCI-LIKE
CONDITIONAL SEQUENCES

ELIF TAN AND ALI BULENT EKIN

ABSTRACT. It is well-known that the ratios of successive terms of Fibonacci

F, .
numbers };—‘*’1 converge to the golden ratio 1+2‘/5
n

analogous results exist for the generalizations of the Fibonacci sequence. In

, so it is natural to ask if

this paper, we consider the generalization of the Fibonacci sequence, which is
called Fibonacci-like conditional sequences and we investigate the convergence
properties of this sequences.

1. INTRODUCTION
The sequence F,, of Fibonacci numbers are defined by the recurrence relation
F, = n71+Fn72a n>2

with the initial conditions Fy = 0 and F} = 1.

One can find many applications of this numbers in various branches of science
like pure and applied mathematics, in biology, among many others. Especially, this
numbers are relatives of the golden section, which itself appears in the study of
nature and of art. See also [3] and [6] for additional references and history.

This sequence has been generalized in many ways. In [5], authors introduced the
Fibonacci-like conditional sequence which is defined by for n > 2

agUn—1 + bovp—2, if n =0 (mod k)

a1Vp—1 + biv,—9, if n =1 (mod k)
Up = ) (L.1)

k—1Vp—1 + bp_1Vp_o, if n =%k — 1 (mod k)

with arbitrary initial conditions vg,v; and ag,aq,...,ax_1, bg, b1,...,b_1 are non
zero numbers. Taking ag = a1 = ... =ax_1 =1 and by = by = ... = b1 = 1 with
initial conditions vg = 0 and vy = 1, it turns out the classical Fibonacci sequence.
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In [5], it was also given the Binet’s formulas for the sequence {v,} in terms of a
generalized continuant;

n n n—1 n—1

= (1)) o —f" . .—Bi . 1.9

Unk+r ( ) o — ﬂ Vk+4r o — 6 Uy ( )

where o = (D" A+y ‘;274(71)]63 and 8 = (GRILERY A2274(71)kB are the roots of the
polynomial p (z) = 22 — (—=1)F Az + (-1)* B,

k—1
= = 1.3
A=K +hk, B:=]] _ b (1.3)

Here, K; and K are generalized continuants which are defined in [5].

Fn 2
ogous results exist for the generalizations of the Fibonacci sequence. In [2], it is
investigated the convergence of the ratios of the terms of the k-periodic Fibonacci
sequence, which is defined by taking by = by = ... = by—1 = 1 in (1.1), with initial
conditions vy = 0 and v; = 1. Also in [1], for the k-periodic Fibonacci sequence
in the case of k = 2, authors show that successive terms of the sequence do not
converge, though convergence of ratios of terms when increasing by two’s or ratios
of even or odd terms.

Following [1] and [2], here we investigate the convergence properties of the
Fibonacci-like conditional sequences in (1.1). Our results generalize the former
results.

As {F"“} converges to the golden ratio 1+\/g, so it is natural to ask if anal-

2. MAIN RESULTS

Assume that A # 0 and A% > (—1)k 4B. Hence, either < 1.

§‘<10r

o
B
Theorem 2.1. Forn > 1, the ratios of successive terms of the subsequence {Vnj4r
converge to

(-1)" o, if 2l<1
(2.1)
(~1Fs, i<t
Proof. From (1.2), we get
k(n+2) | (a"tl—prtt _ a—g"
v(n+1)k+r _ (_1) |:( a—f )Uk?+’l‘ B( a—f )’U’I‘i|
Ukt ()M (222w, — B (2 )

k(@ — ﬂn+1) Vpgr — B (" — ™) v,
(@ =B ek~ B (=

- 1
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If ‘g‘ < 1, we have

N (o O ) L G G
i (- (2) Yo 2 (1= (2) )

and

Similarly, if < 1, we have

o
n+1 n

v(zlﬁ _ (—1)kﬂ <(g>n - 1) Vgt — % ((?j)l — 1) vy

"” () 1) e =2 ((8)" 1)

lim CADktr (-1)*3

n—oo Unk+r

and

O
Theorem 2.2. Forn>1andr=1,2,....k—1, v”:iitl converge to
Uk+r+(_1)k+1/3”r 1 B
Vipr—1+(—1) 1 Bu, 0 Zf al < 1
veer (1)L, i lal <1 (2.2)
Vipr—1+ (=1 rav,_;’ B

asn — oo.
Proof. From (1.2) and B = (—1)" a3, we get

()M (B, — B )

Unk+4r _ a8

(an _ ﬂn) Vggr — B (an—l o anl) o
@ =B s Blar =5 s

If ‘g‘ < 1 we have

n et
(@)t (2@
Unk+r
n nl
Unk+r—1 (1 _ (g) ) Vkr—1 — g (1 - (§> ) o
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and

k+1
lim Unk+r o Vk4r + (71) BUT
n—00 Unk+r—1 Vggr—1 T (—1)k+1 ﬂ’UT,1

Similarly, since < 1 we have

a
B

a)" _B
e () )8 ()7 1)
) - 1) Vk4r—1 — < ) Ur—1

Unk+r—1 < (
k+1

lim Unk+r V+r + (_1) AUy

- k+1 '
n—=00 Unk4r—1 Vkgr—1 T (71) + QUp_1

IR
m\m

and

O

In the case of k = 2 in {v,}, with the initial conditions v9g = 0 and v; = 1,
Teorem 2.1 and Teorem 2.2 reduce the following results.

Corollary 1. Forn > 1, the ratios of successive even terms of the sequence {v,}
converge to

A+VAZT— | B
A+VATAB if ‘a’ <1
A VATIE i7lal <1 (2.3)
2 k)
where A = agay + by + by and B = byb;.
Corollary 2. For n > 1, the ratios Uz”“ converge to
gl
_ . (2.4)
b, if %<1
as n — 0o.
Corollary 3. Forn > 1, the ratios vz"ﬁ converge to
aag
Ot—bU )
‘ (2.5)
Feeif g <1

as n — oQ.
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Proof. From (1.2) and using a8 = byby , we have
Q1 _gntt
V2n+2 @0 ( a—p )
n _An+1 n__A3n
V2n41 (%) — by (aaig )
agp (an—i-l _ BnJrl)

(anJrl . Bn+1) . bO (an B Bn) .

If ‘g‘ < 1, we have

e w7
w7 w0 ()

. V2n4-2 Qaagp
hIIl _— =

and

n—oo Vgpt1 @ —Dbg

Similarly, if

< 1, then

n+1
w((5)" 1)
V2n+2

()

. Van+42 Bao
lim ——— = .
n—oo Vgpy1 B —bo

a
B

™[Q

) =)

and

Now, we consider the sequences { Unktr } forr=1,2,...,k.

Unk+4r—1

In [4], it is shown that, for k-periodic Fibonacci sequence

{ Unk+r } L L
— p — Ly
Unk+4r—1

ajpoli +1
L;
It is surprising that when we consider the Fibonacci-like conditional sequences, we
can also get the similar results.
By using the definition of the sequence {v,,}, we have

where

Li+1: s iE{O,l,...,]{J—Z}.

Unk+i = GiUnk+i—1 + 0iUnkri—2, 1=0,1,... .k — L (2.6)
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If ‘g‘ < 1, from (2.2)

k1
Unk41 _ Ukt + (=) By
Unk Vg + (71)k+1 B”UO
Let SetitCUTA0 _

v +(—1)*T1Bug
Similarly, one can show that

Unkt2 Uk + (=) Buy _ a2lo+by
Unk+1 Vi1 + (—1)k+1 Buy Lo

= L.

Analogously,
Unkt3 a3l by

= I,.
Unk+2 Ly

More generally,

Unket(i+2) air2Li + bit2

=Ly, 1€{0,1,.... k — 2}.
Unk+(i+1) L; * { }

And note that Lii; = L;, for all non negative integers i. Hence, the set of the

limits of the sequences {,Uvszrl } is

{Los Loy L1} (2.7)

If < 1, following the same ideas, one can show that

a

B
Unk+1 =
kL Lo,

Unk

Unk+2 asLg+by =~

Ink+2 0 2220 TF2

Unk+1 LO

and more generally,

Unk+(i i Ei bi I )
k) | Gieli o2 7o oo k- 2).
Unk+(i4+1) L;

3. EXAMPLES

Example 3.1. Let £k = 3. The sequence {v,} satisfies with initial conditions
vg = 0,v1 = 1 and for n > 2,

agVp—1 + bovp—2, if n =0 (mod 3)
Uy, = a1Vp—1 + b1vp_o, if n =1 (mod 3) (3.1)
agUp—1 + bovp_o, if n =2 (mod3).

Using definition of generalized continuant in [5], we have

A = agajas + a1bg + agbs + asby and B = byb1bs.
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Since
v2 = ag, vz =apaz + by, v4 = apaiaz + aiby + asby,
vs = ag(apaiaz + aiby + azby) + b (apaz + bo)
and taking ag = l,a1 = 2,a2 = 1,bp = 2,05 = —1,bp = 1, the terms of the

sequence {v,} are listed in the following table

n 1123456 |7 |8 |9 10 |11 |12
v, |1 1]3]5|8]18|28]|46 | 102 | 158 | 260 | 576

Since
a=-34++vV7 and f[=-3-7,
[0
then 3| < 1.
For r = 1,2, 3, the limit of the terms of the sequence {v:?’:%} are
VU3n+1 vatavy  24+VT  +
— = = LO
V3n v3 + avg 3
Ysnt2 o Ustava &
V3n+1 V4 + vy
azzo + by z0 +1 =
= — = P~ == L]_
Ly Ly
U3n+3 Z1 +2 44+V7 =
— e~ = = L2.
V3n+2 L1 3

Example 3.2. Let £k = 2. The sequence {v,} satisfies with initial conditions
v9 =0, vy =1 and for n > 2,

S { agUp—1 + bovp—2, if n =0 (mod 2)
n —

a1Vp—1 + b1vy o, if n =1(mod 2). (3.2)

A=apa; +bg+by and B = byb;.

Taking ap = 1,a;1 = 2,bp = 3,b; = 4, the terms of the sequence {v,} are listed in
the following table

n |1]2(3[4]5 |6 |7 8 9 10 11 12
v |11 1]6]9]42|69 | 306|513 | 2250 | 3789 | 16578 | 27945

Since
9+v33 .4 [329_2\/33,

then ‘g‘ < 1.
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The ratios of successive even terms of {v,} converge

vy 9+ V33

Von 2
For r = 1,2, the limit of the sequence {v:”ﬁ} are
Voan+1 o — b() 3 + Vv 33
— = = LO
V2n, ago 2

V2n4-2 . oaay 1+4/33

Von 41 a—by 4
aoL0+bo

= —— = 1;.

Lo !

Example 3.3. In (3.2), by taking ag = 3,a1 = —5,bp = 2,b; = 1, the terms of the
sequence {v,} are listed in the following table

n |1]2]3 4 ) 6 7 8 9 10 11 12

vp | 1] 3]-141-36 | 166 | 426 | -1964 | -5040 | 23236 | 59628 | -274904 | -705 456

Since

a=-6++v34 and B=-6-—+34,

then % < 1.

The ratios of successive even terms of the sequence {v,} converge

Pmt2 5 6 \/34

Van
For r = 1,2, the limit of the sequence {%} are
V2n+1 B — by 8+ +v34 ~
— = — — LO
Van ap 3
Vang2 fag T+ V34
V2p 1 B8 —bo 5
Lo+by ~
_ %ot _F
Lo
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