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SOME GEOMETRIC PROPERTIES OF THE DOMAIN OF THE
TRIANGLE A IN THE SEQUENCE SPACE /(p)*

ESRA SUMEYRA YILMAZ AND FEYZI BASAR

ABSTRACT. The sequence space £(A,p) of non-absolute type is the domain of
the triangle matrix A defined by the strictly increasing sequence A = (\y,) of
positive real numbers tending to infinity in the sequence space £(p), where £(p)
denotes the space of all sequences & = () such that Y, |zgx|Pk* < co and
were defined by Maddox in [Spaces of strongly summable sequences, Quart.
J. Math. Oxford (2) 18 (1967), 345-355]. The main purpose of this paper
is to investigate the geometric properties of the space Z(ﬁ, p), like rotundity,
Kadec-Klee property.

1. INTRODUCTION

By w, we denote the space of all sequences with complex elements which contains
¢, the set of all finitely non-zero sequences, that is,

w:={z = (zx):x € C forall keN},

where C denotes the complex field and N = {0,1,2,...}. By a sequence space, we
understand a linear subspace of the space w. We write ¢, ¢, co and £, for the clas-
sical sequence spaces of all bounded, convergent, null and absolutely p-summable
sequences which are the Banach spaces with the norms ||z = supycy|zx| and
2], = (X, |zk[?)1/P; respectively, where 1 < p < oco. For simplicity in notation,
here and in what follows, the summation without limits runs from 0 to co. Also by
bs and cs, we denote the spaces of all bounded and convergent series, respectively.
bu is the space consisting of all sequences (xy) such that (zp — xgy1) in £1 and bvg
is the intersection of the spaces bv and cg.
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A linear topological space X over the real field R is said to be a paranormed space
if there is a subadditive function g : X — R satisfying the following conditions for
all z,y € X:

(i) g(6) = 0.
(ii) g(z) = g(—x).

(iii) Scalar multiplication is continuous, i.e., |a, —a] — 0 and g(x, — ) — 0

imply g(a,z, — ax) — 0 for all @’s in R and all z’s in X, where 0 is the
zero vector in the linear space X.

Assume here and after that (p;) be a bounded sequence of strictly positive real
numbers with supp, = H and M = max{1, H}. Then, the linear space {(p) was
defined by Maddox [2] (see also Simons [3] and Nakano [4]) as follows:

|x;€|p"<oo}7 (0<pr < H <)
k

Up) = {x = (zp) €w:

which is complete paranormed space paranormed by

1/M
9(a) = (Z mw) .

k

We assume throughout that plzl + (p},)~* = 1 provided inf p; < H < 0o and de-
note the collection of all finite subsets of N by F.
The beta-dual A\? of a sequence space A is defined by

Moo= (o= () €w:ay= (zpyr) € cs forall y=(yp) € A}

Let A\, p be any two sequence spaces and A = (anx) be an infinite matrix of
complex numbers a,i, where k,n € N. Then, we say that A defines a matrix
transformation from X into p and we denote it by writing A : A\ — p, if for every
sequence z = (xy) € A the sequence Ax = {(Ax),}, the A-transform of x, is in p;
where

(Az), = Zankwk (1.1)
k

provided the series on the right side of (1.1) converges for each n € N. By (A : p),
we denote the class of all matrices A such that A : A — pu. Thus, A € (A: p) if and
only if Ax exists, i.e. A, € A for all n € N and is in u for all z € A, where A,
denotes the sequence in the n-th row of A.

A matrix A = (ang) is called a triangle if a,; = 0 for k£ > n and a,,, # 0 for all
n € N. Tt is trivial that A(Bz) = (AB)x holds for triangles A, B and any sequence
x. Further, a triangle matrix U uniquely has an inverse U~! = V which is also a
triangle matrix. Then, z = U(Vz) = V(Ux) holds for all z € w.

The matrix domain A4 of an infinite matrix A in a sequence space \ is defined
by

A= {z = (z) Ew: Az € A},
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If A is triangle, then one can easily observe that the sequence spaces A4 and A are
linearly isomorphic, i.e. Ag = A.

We consider the strictly increasing sequence A = (A;)32, of positive reals tending
to oo, that is

0< A <A <A< - <A < Apg1 < -+ and klim A = 00.

Via the sequence A = (Ag)gen, we define the triangle matrix A= (@nk) by

Ak—2X g1+ Ak—2
{ Xn—An1 , 0<k=mn,

G (A) =
@i (A) 0 , k>n

for all k,n € N. It is easy to show that Ais a regular matrix and a straightforward
calculation yields that the inverse A=! = {b,x(\)} of the matrix A is given by the
following double band matrix as

n—k Ak —Ag—1
bk (A) = SRV e wares war I Ul L
0 , 0<k<n—lork>n

for all k,n € N. We study some geometric properties of the sequence space €(Z, D)
of non-absolute type which is the domain of the triangle matrix A in the sequence
space £(p), that is

Pk

k
~ Aj— 2N+ -
U(A,p) =X (z1) €Ew: E E J /\ki;k 13 2z <o
k |i=0 -

which is a complete linear metric space paranormed by the paranorm
M
k pry 1/

Aj—2X_1+ A2
gi@) = > >~ )\ki)\k,lj z;
& |j=0

and has the AK property. In the special case pp = p for all k € N, the space é(ﬁ, D)
is reduced to the space ¢,(A4), i.e.,

P
k
~ AN —2N 1+ X9
0, (A) = () Ew: J J T2l <oy, (0<p<oo
D)= § ) €ws 303 SR (0<p<o0)
which is a BK-space with the norm
5 py\ 1/p
A =2 1+ M-
|z|| = ZZ J ]1+j2xj , where 1 <p < oo

Ak — Ak—
pll e k— Ak—1
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and is a complete p-normed space with the p-norm

p
k
Aj =201+ A2
||CC||=ZZ ! /\ki)\k_lj x;| , where 0 <p < 1.
k |j=0 :

One can see from Theorem 2.3 of Jarrah and Malkowsky [5] that the domain pp of
an infinite matrix 7' = (¢,x) in a sequence space p has a basis if and only if p has
a basis, if T is a triangle. As an immediate consequence of this fact, we derive the
following result:

Corollary 1. Let 0 < pp. < H < o0 and oy = (gz)k for all k € N. Define the
sequence bF) = {b%k)}neN of the elements of the space L(A,p) by

An—2An_1+An_2

_1\n—k Ak —Ag—1 _ < <
b,SLk) — ( ].) T oy .o - » n 1 < k.i n, (12)
0 , otherwise
for every fized k € N. Then, the sequence {b")}ren given by (1.2) is a basis

for the space E(ﬁ, p) and any x € Z(Z,p) has a unique representation of the form
zi=Y, apb®),

Since the algebraic and topological properties of the space r%(p) were studied
by Altay and Bagar in [6], we essentially emphasize the geometric properties of the
space £(A,p).

2. THE ROTUNDITY OF THE SPACE /(A, p)

In this section, we focus on the rotundity and some geometric properties of the
space ((A, p). For details, the reader may refer to [7], [8] and [9]. The main purpose
of this study is to characterize the rotundity and some other geometric properties
of the space ¢ (ﬁ, p), the domain of the triangle matrix 4 in the sequence space ¢ (p).

Definition 2.1. Let S(X) be the unit sphere of a Banach space X. Then a point
x € S(X) is called an extreme point if 2 = y + 2z implies y = z for every y, 2
€ S(X). A Banach space X is said to be rotund (stricly convex) if every point of
S(X) is an extreme point.

Definition 2.2. A Banach space X is said to have the Kadec-Klee property (or
property(H)) if every weakly convergent sequence on the unit sphere is convergent
in norm.

Definition 2.3. Let X be real vector space. A functional o : X — [0, 00) is called
a modular if
(i) o(z) =0 if and only if x = 0;
(ii) o(ax) = o(x) for all scalars a with |a| = 1;
(ili) o(az+ By) <o(x)+o(y) for all z,y € X and a, § > 0 with o+ 3 =1
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(iv) The modular o is called convex if o(ax + By) < ac(x) + Bo(y) for all
z,y€ X and o, 8 > 0 with a+ 5 = 1.
A modular ¢ on X is called

(a) right continuous if o(ax) — o(z), as @ — 1T for all z € X,.

(b) left continuous if o(ax) — o(z), as « — 1~ for all x € X,,.

(¢) continuous if it is both right and left continuous, where

X, = {x €X: lim o(ax) = O}.
a—0t

We define o, on the real sequence space é(g, p) by

k Pk

1

If pr, > 1 for all k € N, by the convexity of the function ¢ — |¢;|P* for each k € N,
o, is a convex modular on ¢(A, p).

Proposition 1. The modular o, on ﬁ(ﬁ, p) satisfies the following properties with
pr > 1 for all k, we have M = H :

(i) If0 < a <1, then aMop(z/a) < op(x) and op(az) < aoy(z).
(i) If a > 1, then op(x) < aMoy(z/a).

(ili) If o > 1, then op(x) > aop(z/a).

(iv)

The modular o, is continuous on the space £(A,p).

Proof. Consider the modular ¢, on 0(A,p).
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(i) Let 0 < o < 1, then o™ /aPx < 1. So, we have

E Pk

M (E) - M l Aj =201+ N2 )
a’o = « T
P\a Zk: e! ; Ak — A1 !

k Pk

1 1
= oMy > (A = 2N+ A 2)w;
k

aPr | A — A “
Jj=0

k Pk

aM 1
= ; % 7)% — /\k_l Jgo()\] - 2)\j71 + )\jfz)x]‘

k Pk

1
< S Y 2 Ay
= Mo — Mot (A j—1+ Aj—2)T;

k j=0

= 0Op (ZE),

k
«
oplaz) = Y mZ()‘j*”‘jfl*Ar?)%

k j=0

k Pk

1
= Zapk ﬁ Z()\] — 2)\]‘_1 + )\j_g)fﬁj
- e

k Pk

1
k 7=0
= aop(z).
(ii) Let a > 1. Then, o™ /aP* > 1 for all p; > 1. So, we have
M

op(x) < Zl’k op(z) =aMa, (2) .

(iii) Let @ > 1. Then, a/aP* <1 for all px, > 1. So, we have
T

op(x) > a(zk op(x) = a0y (a) .

(iv) One can immediately see by Part (ii) for a > 1 that
op(z) < aoy(z) < op(ax) < aMo,(z). (2.1)

By passing to limit as « — 17 in (2.1), we have o,(az) — o,(z). Hence, o, is
right continuous. If 0 < o < 1, we have by Part (i) that

Moy (z) < op(ax) < aoy(z). (2.2)

By letting & — 17 in (2.2), we observe that o,(az) — o,(x). Hence, o, is left
continuous and so, it is continuous. [l
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Now, we consider the space £(A, p) equipped with the Luxemburg norm given by
|| = inf{a >0:0, (f) < 1} .
a

Proposition 2. For any x € E(Z, p), the following statements hold:
(i) If |z| <1, then op(z) < ||z

(ii) If ||lz|| > 1, then o,(x) > ||z|.

(ili) ||lz|| =1 if and only if op(x) = 1.
(iv) |lz|l < 1 if and only if op(z) < 1.
(v) |zl > 1 if and only if op(x) > 1.

Proof. Let z € £(A,p).
(i) Let € > 0 be such that 0 < € < 1 — ||z||. By the definition of || - ||, there
exists an a > 0 such that ||z| + ¢ > a and o,(x) < 1. From Parts (i) and
(ii) of Proposition 1, we obtain
T x
op(@) <oy (el +0) 2| < lell +€)op (3) < o) +e.
Since ¢ is arbitrary, we have (i).

(i) If we choose € > 0 such that 0 < e < 1—(1/||z||), then 1 < (1—¢)||z| < ||z
By the definition of || - || and Part (i) of Proposition 1, we have

| < [ z } <1 ()
o < op(z).
Pla=ellell] T @ —e)llal”
So (1 —¢)||z|| < op(x) for all € € (0,1 — (1/||z||)). This implies that ||z| <

op ().
(ili) Since o), is continuous, we directly have (iii).
(iv) This follows from Parts (i) and (iii).
(v) This follows from Parts (ii) and (iii).

Theorem 2.4. E(Z, p) s a Banach space with the Luzemburg norm.

Proof. Let Sy = {a>0:0p(z/a) <1} and ||z|| = inf S, for all z € £(A,p). Then,
S, C (0,00). Therefore, ||lz|| > 0 for all = € £(A, p).

For x = 6, 0,(8) = 0 for all & > 0. Hence, Sy = (0,00) and ||f|| = inf Sy =
inf(0,00) = 0.

Let# # fand Y = {kz : k € Cand z € {(A, p)} be a non-empty subset of £(A, p).
Since Y ¢ S[((A,p)], there exists k1 € C such that kyz ¢ S[¢(A,p)]. Obviously
ki # 0. We assume that 0 < o < 1/k; and a € S,. Then, (z/a) € S[¢(A,p)]. Since
|k1a| < 1, we get

kiz = klag c S[f(ﬁ,p)]
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which contradicts the assumption. Hence, we obtain that if « € S, then o > 1/|k1].
This means that ||z|| > 1/|k1] > 0. Thus, we conclude that ||z|| = 0 if and only if
x=0.

Now, let k # 0 and « € Sk,. Then, we have

op (IZS) <1 and % € S[E(Z,p)}.

Therefore, we obtain

|klz  |k|  kx ~ @
— =——x—€S}{A d — €85,.
o e X € S[¢(A,p)] an ] €5,
That is, ||z|| < «/|k| and |k|||z|| < « for all & € Sk,. So, |k|||z] < ||kz||. If we take
1/k and kx instead of k and x, respectively, then we obtain that

[k < = [zl and k]| < [k|]z]-

1

1
k
Hence, we see ||kz|| = |k|||z|| which also holds when &k = 0.

To prove the triangle inequality, let z, y € S [E(ﬁ, p)] and € > 0 be given. Then,
there exist « € S, and 8 € S, such that o < ||z| + ¢ and 8 < ||y|| + €. Since

S[¢(A, p)] is convex,

y T z+y a (z B[y T

= e S[U(A,p)], = — |+ =) e S[L(A,p)].
Lestdn, 25y = 2o (2) 4 205 (%) e s
Therefore, a + 8 € Sy4y. Then, we have ||z +y|| < a+ 8 < ||z| + [Jy|| + 2&. Since
€ > 0 was arbitrary, we obtain ||z +y| < |[z]| + [ly|. Hence, [|z| = inf{a > 0:
op(x/a) < 1} is a norm on (A4, p).

= e Sl

Now, we show that every Cauchy sequence in E(g, p) is convergent with respect
to the Luxemburg norm. Let {x,gn)} be a Cauchy sequence in £(A, p) and ¢ € (0,1).

Thus, there exists ng such that |2 —z(™)| < ¢ for all n,m > ng. By Part (i) of
Proposition 2, we have

op (x(”) - x(m)) < Hx(") - x(m)H <e (2.3)
for all n,m > ng. This implies that

S [[A(e0-s)],

Then, for each fixed k and for all n,m > nq,

[0 =) =), - (3| <=

Hence, the sequence {(ﬁ:c(”)) x} is a Cauchy sequence in R. Since R is complete,

Pk

<e. (2.4)

there is (ﬁx)k € R such that (ﬁx(m)>k — (gz)k, as m — oo. Therefore, as m — oo
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by (2.4) we have

Pk
<e

>l ),

for all n > ng.

Now, we have to show that (zy) is an element of ¢(A,p). Since (ga:(m))k —

(Az), as m — oo, we have

w}ilnoo Op (m(") - m(m)> =0y (x(") - x) . (2.5)

Then, we see by (2.3) that o), (2™ —2) < 2™ — z|| < & for all n > ng. This
implies that (") — z, as n — oco. So, we have z = (") — (x(”) — x) € (A, p).

Therefore, the sequence space /¢ (,ZL p) is complete with respect to Luxemburg norm.
This completes the proof. [l

Theorem 2.5. The space 6(/~1,p) is rotund if and only if px, > 1 for all k € N.

Proof. Let E(A, p) be rotund and choose k € N such that py = 1. Consider the
following sequences given by

—Xo AL — Ao A1 — Ao
=1, ———,0,0,... d =0 — 0,0,...].
T ( ,A1—2)\0’ s Yy > an Y < 7)\1_2)\07 )\2—2)\1+A0’ y Uy )

Then, obviously z # y and 0,(z) = o,(y) = o, (Y) = 1. By Part (iii) of
Proposition 2, z, y, (z +v)/2 € S[{(A, p)] which leads us to the contradiction that
the sequence space E(Z, p) is not rotund. Hence, py > 1 for all & € N. Conversely,
let z € S[U(A,p)] and v, z € S[¢(A, p)] with 2 = (v + 2)/2. By convexity of op and
Part (iii) of Proposition 2, we have

op(v)+o,(z) 1 1
1= ARG ASTAN QT
op(®) < 2 =273
which gives that o,(v) = 0,(2) =1 and
op(v) + 0p(2)
oy(x) = oy((v 4 2)/2) = P L) (2.6)
Also, we obtain from (2.6) that
), itm)  t)|
1 vj + 2 vj + 25 vj + 25
i —~ ) V. J Nj_g~—2 1 2.7
/\k—AH;ﬂ 2 i1y AT (2.7)
1= A — 22 A & A "
_ 1t i~ AA-1 A2 L j A1t A2
T2 Z A — Ap_1 vl 2 Z Ak — Ak—1 “

J=0 Jj=0
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for all £ € N. Since the function ¢ — |[t[} is strictly convex for all k € N, it follows
by (2.7) that vy = 2 for all k € N. Hence, v = z. That is, the sequence space

(A, p) is rotund. O

Theorem 2.6. Let x € é(g,p), Then, the following statements hold:

(i) 0<a<1and|z| > a imply op(z) > oM.
(i) a>1 and ||z| < a imply o,(z) < oM.

Proof. Let z € £(A,p).

(i) Suppose that ||z|| > a with 0 < a < 1. Then, ||z/af > 1. By Part
(ii) of Proposition 2, ||z/al > 1 implies o,(z/a) > ||z/af > 1. That
is, op(x/a) > 1. Since 0 < a < 1, by Part (i) of Proposition 1, we get
aMo,(z/a) < oy(x). Thus, we have oM < o, ().

(ii) Let ||z|| < o with @ > 1. Then ||z/a|| < 1. By Part (i) of Proposition 2,
|lz/c| <1 implies op(z/c) < ||z/c]] < 1. That is, op(z/a) < 1. If a =1,
then o, (z/a) = o,(z) <1 =aM. If a > 1, then by Part (ii) of Proposition
1, we have 0,(z) < oMo, (z/a). This means that o,(z) < oM.

O

Theorem 2.7. Let (x,) be a sequence in E(K,p). Then, the following statements
hold:

(1) [|znll = 1, as n — oo implies op(x,) — 1, as n — oo.
(ii) op(zy) — 0, as n — oo implies ||x,|| — 0, as n — cc.

Proof. Let (z,) be a sequence in ((A, p).

(i) ||lznll — 1, as m — oo and € € (0,1). Then, there exists ng € N such that
1—¢ < ||zn]| < €+ 1 for all n > ng. By Parts (i) and (ii) of Theorem
2.6, 1 — e < ||@,| implies op(z,) > (1 — )™ and ||z,| < £+ 1 implies
op(xn) < (14 €)M for all n > ng. This means ¢ € (0,1) and for all n > ng
there exists ng € N such that (1—¢)M < o,(z,) < (1+)™ for all n > ny.
That is, op(x,) — 1, as n — oo.

(ii) We assume that ||z,| - 0, as n — oo and ¢ € (0,1). Then, there exists
a subsequence (z,,) of (z,) such that ||z, || > € for all £ € N. By Part
(i) of Theorem 2.6, 0 < ¢ < 1 and ||z, || > € imply o,(2n,) > ™. Thus,
op(2n) =+ 0, as n — oo. Hence, we obtain that op(z,) — 0, as n — oo
implies ||z, | — 0, as n — oo.

O

Theorem 2.8. Let z € ((A,p) and (z™) ¢ U(A,p). If op (z™) — oy(2), as

(n)
k

n — oo and ;" — i, as n — oo for all k € N, then ™ — z, as n — .
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Proof. Let € > 0 be given. Since o,(z) = ), ‘(gx)k
exists kg € N such that

P ~
‘ " < 00, € {(A,p) there

oo

~ Pr g
k=ko+1
It follows from the equality
oy NS () P ()
: n n _ _
Jim oy = 2| (42) [ = opt@) = 3| (42),
k=0 k=0
that there exists ng € N and for all k € N
oy -S| (A [ SIEAR G
op(x )—Z‘(Ax )k <ap(z)—2‘(A:E)k + 302M) (2.9)
k=0 -
and for all £k € N
(Ao e €
3 (A(x - x)) << (2.10)
Pt k 3

Therefore, we obtain from (2.8), (2.9) and (2.10) that

Pk

op(en =) = Y [{AE" o)

k=0
ko
~ P ~ Pk
< Y [AE o+ Y [{AE" —onl”
k=0 k=ko+1
c %) _ %) _ i
< §+2M Z (A ))k‘ + Z (Az)g
Lk=ko+1 k=ko+1
B ko o0
~ P ~ P
< §+2M Up(a:("))—Z‘(Ax(”))k‘ Y ‘(Aq;)k ]
L k=0 k=ko+1
B k?o o0
3 ~ Pk 3 ~ Pk
< §+2M ap(:r)—z (AI)k +W+ Z ‘(Az)k’ ]
L k=0 k=ko-+1
< §+%+2M 2 ) )(Zx)kpk
k=ko+1

< %+72M+16 =€
3 3(2M+1) -
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This means that o, (2™ —2) — 0, as n — oco. By Part (i) of Theorem 2.7,
op (™ —z) — 0, as n — oo implies ||z, — || — 0, as n — oco. Hence, z,, — =, as
n — 00. (]

Theorem 2.9. The sequence space é(A', p) has the Kadec-Klee property.

Proof. Let x € S [Z(;Lp)} and (z(") C (A, p) such that ||z | — 1 and (™ & 2
be given. By Part (ii) of Theorem 2.7, we have o, (x(")) — 1 asn — oo. Also
zeS [Z(g, p)} implies ||z|| = 1. By Part (iii) of Proposition 2, we obtain o,,(z) = 1.
Therefore, we have o, (z(™) — o,(z), as n — 00.

Since 2™ % 1z, as n — oo and ¢ : £(A,p) — R defined by q(z) = xy is

I(Cn) — xp, as n — oo for all k € N. Therefore, (™ — 2, as n — cc.

continuous, x
Because of any weakly convergent sequence in £(A, p) is convergent, the sequence

space f(ﬁ, p) has the Kadec-Klee property. ([

CONCLUSION

Let 0 < r < 1, ¢ = (qx) be a sequence of non-negative reals with go > 0 and
Qn =>p_oqk for all n € N, ¥ = (r;) and § = (si) be the convergent sequences.
Suppose that the sequences u = (uj) and v = (vg) consist of non-zero entries;
u, s € R, and A = (A,) be the strictly increasing sequence of positive real numbers
tending to infinity with A1 > 2A,.

Let us define the Riesz matrix R? = (r!, ) with respect to the sequence ¢ = (gx),
the double band matrix F' = (f,) defined by the sequence (f,,) of Fibonacci num-
bers, the matrix A” = (a], ), the generalized difference matrix B(u, s) = {bni(u, s)},
the matrix A" = (a%,), the double sequential band matrix B(7,3) = {buk (rk, sk)},
the matrix A = {an;(\)} and the Norlund matrix N9 = (al,) with respect to the
sequence ¢ = (g) by

7fn+1 k:nil’

78 0<k<n fuo 7
4 . ) Qn - =" = A =
Tk { 0 , k>n, nk - fnd—l ’ 5227 1 I
, <k<n-1lork>n,
147" < wo, k=m,
a;k — il Uk 0_k§n7 bnk(uﬁs) = s k:n—l,
0 , k>n, 0, 0<k<n-1 or k>n,

u ._{ (-1 Py, , n—1<k<n,

0 , 0<k<n-—1 or k>n,
Tk k:n,
bnk (Tkvsk): Sk, k:n_la
0 , 0<k<n-—1or k>n,
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A —2Xg—1+Ak—2 0<k<n
B W S SHEN 4

ank(/\) = An—An—1 ’ nk =

dn—k
Q , 0<Ek<n,
, k>n,

0 , k>mn,
for all k,n € N.

For concerning literature about the geometric properties of the domain of the
infinite matrix A in the sequence space £(p), the following table may be useful:

A the space A | geometric properties of A4 | refer to:
AT {(p) a’ (u, p) [10]
B(u, s) {(p) {(p) [11]
At t(p) bu(u, p) [12]
B(r,s) {(p) ((B,p) [13, 14]
F ((p) ((F,p) [15]
N t(p) N*(p) [16]

Table 1: The domains of some triangle matrices in the spaces £(p).

In the special case qx = A\p — 2Ap_1 + Ap_2 and Q,, = \,, — \,,_1, RY is reduced
to A. So, the space E(Z, p) can be seen as a special case of the space r%(p), the
domain of the Riesz mean R? in the Maddox’ space £(p) introduced by Altay and
Bagar [6]. Since the geometric properties of the space r?(p) was not investigated
the main results of the present paper are not contained in Altay and Bagar [6]. So,

the main results of the present study can be seen as the complementary results for
Altay and Bagar [6].
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