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WEIGHTED APPROXIMATION PROPERTIES OF STANCU
TYPE MODIFICATION OF ¢-SZASZ-DURRMEYER OPERATORS

GURHAN IGOZ AND R. N. MOHAPATRA

ABSTRACT. In this paper, we are dealing with ¢-Szdsz-Mirakyan-Durrmeyer-
Stancu operators. Firstly, we establish moments of these operators and es-
timate convergence results. We discuss a Voronovskaja type result for the
operators. We shall give the weighted approximation properties of these op-
erators. Furthermore, we study the weighted statistical convergence for the
operators.

1. INTRODUCTION

Some researchers studied the well-known Szdsz-Mirakyan operators and esti-
mated some approximation results. The most commonly used integral modifications
of the Szasz-Mirakyan operators are Kantorovich and Durrmeyer type operators.
In 1954, R. S. Phillips [28] defined the well-known P,, positive operators. Some
approximation properties of these operators were studied by Gupta and Srivastava
[16] and by May [24]. Recently, Gupta [10] introduced and studied approxima-
tion properties of g-Durrmeyer operators. Gupta and Heping [15] introduced the
g-Durrmeyer type operators and studied estimation of the rate of convergence for
continuous functions in terms of modulus of continuity. Some other analogues of the
Bernstein-Durrmeyer operators related to the g-Bernstein basis functions have been
studied by Derriennic [4]. Also, many authors studied the g-analogue of operators
in [3], [5], [7], [20], [22], [23], and [27]. The g-analogue and integral modifications
of Szdsz-Mirakyan operators have been studied by researchers in [2], [11], [13],
[14], [15], and [22]. In 1993, Gupta [12] filled the gaps and improved the results
of [29]. To approximate Lebesgue integrable functions on the interval [0, c0), the
Szdsz-Mirakyan-Baskakov operators are defined in [14] as

Gn (f,SC) = (n - 1) Z Sn,k (33) /Oo Pn.k (t) f (t) dqt7
k=0 0
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where z € [0,00) and

e (n)” n+k—1 a®
n = s Pk (t) = PP
Sn,k (x) e Il Pn,k ( ) k (1 I x)n+k

Based on g-exponential function Mahmudov [21], introduced the following g-Szdsz-
Mirakyan operators

2) = 1 — ([n] x)k k(k—1)/2 (k]
Snah0) = prgray 2 g f<qk—2[n])

k=0
N (]
- an,k(x)f< k— )7
prt q*=2[n]
where
(In] x)k k(k—1)/2 1
s (z) = “—=—¢q _ 1.1
# = By (7] 2) (L)
He obtained the moments as
¢’
Sn.q(L,z) =1, S, 4(t,z) =gz, and S, 4 (tz,m) =qz? + W

In [14], Gupta et al. introduced the g-analogue of the Szdsz-Mirakyan-Durrmeyer
operators as

o0

o0 /A
GO (fi0) = [n—1] 3¢5, (@) / P (1) £ () dgt,

k=0
where s, ; () is given in (1.1) and

_ k
P () = [ ntkel ]q’“(’“‘””t (1.2)

k (L+0nth

They obtained its moments as

[n] 1
Gl (Liz) = 1,Gl(tz)= T+ ,
(1:2) G0 = 9" i3
2, _ [n]? 2 (14+9)*[n] 1+
GL(th2) = spama® T P a® T Pl

Also, Mahmudov and Kaffaoglu [22] studied on ¢-Szdsz-Mirakyan-Durrmeyer oper-
ators but they defined different operator. They gave the operator as

oo

oo/(1—q)
Dn,q (.f; 1‘) = [n] Z qksn,k (Q; :E) /(; Sn,k (Q; t) f (t) dqtv (13)

k=0
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where s, (¢; ) is given by (1.1). They gave the moments as

1 1
D,,(l,z) = 1,D,,(t2)=—S0+—, 1.4
1 (14¢)° 14q 1
D, (t?z) = —2®+ x —. 1.5
o (#2) ¢ q° [n] @ [n)? (15)

Gupta and Karsh [17] extended the G% (f;z) operators and introduced g-Szdsz-
Mirakyan-Durrmeyer-Stancu operators as

= oo/4 [n]t+ «
q ) = |n— Sq x k q 15 et
Grop (fsz) = 1] kE:o: n,k( )q /0 Dok ) f ( T8 ) dyt,

where s} , (z) given in (1.1) and pj, , (¢) given in (1.2). They gave the moments as

G (Lz) = 1,GY (o) = [n]” P U ]
mens 1 oo G0 = G Gl 9 b2 (] 4 )
2
¢ (2 — ] [ (1+0)*[n]e 14
Gma,,@ (t ,JT) - ([’I’L} i 5) (qﬁ[n—Q][n—Zi] + q°®[n—2][n—3] + q3[n—2](fn—3]>

*Xéﬁgf<gﬁj%)+(miﬁf'

We now extend the studies and introduce for 0 < o < 5, and everyn € N, ¢ € (0,1)
the Stancu type generalization of (1.3) operator as

s oo/(1-q) [n]t+ o
DB (f,z)=[n Kk (g / Sn.k (gt (
wn (fox) [];}q k(go) | w@) (T
where f € C[0,00) and z € [0, 0).
We first mention some notations of g-calculus. Throughout the present article ¢
is a real number satisfying the inequality 0 < ¢ < 1. For n € N,

[n}qz[n] ::{ 1-q")/(1—-q), q¢#1

n, qg=1

) dgt,  (1.6)

b

[n][n—1]...]1], n>1
1, n=20

[n],! = [n]! := {

n—1

1+¢7 =1,2,..
(1+$)Z:= jl;[o( t'w), =12,

and

1, n =0.
For integers 0 < k < n, the g-polynomial is defined by
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The g-analogue of integration, discovered by Jackson [18] in the interval [0, a], is
defined by

/af(x)dqx::a(l—q)Zf(aq")q",O<q<1anda>0.
0

n=0

The ¢g-improper integral used in the present paper is defined as

/Om/AfU —(1-q) Zf( ) A0,

provided the sum converges absolutely. The two ¢-Gamma functions are defined as

1/1—q 0o/A(1-q)
Ly(z) = /0 t"'E, (—qt) d,t and ’yj;‘ (z) = /0 t" e, (—t) dyt.

There are two g-analogues of the exponential function e, see [19],

ié ﬁa |9U|<L la] <1,
k=0 v

and
qu(’“ 1)/2 =(1+(1-quz);, |gd <1

By Jackson [18], it was shown that the g-Beta function defined in the usual formula

Ly (s)Ty (2)

Pl = 7 G

has the g-integral representation, which is a g-analogue of Euler’s formula:

1
Bq(t,s):/O (1—qm) Ydyz, t,5 > 0.

2. MOMENTS

In this section, we will calculate the moments of Df{:g (ti, ;r) operators for i =
0,1,2. By the definition of ¢-Gamma function 7(’14, we have

oo/(1—q)

k(k—1)/2 |
s ) q [k + s]! B
/ sk (g51) dgt = ) k]! g (s +D)/2 s=0,1,2,...

0
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Lemma 1. We have

a,3 T — a,B ) = [n] . 1 N 1
PR ) = 1D ) = e+ (3 +e) g
DB (2,2) = y [n)? e [n] i ((1 —|—5q) N 2a> N

| ¢ () +8)°  (+B°\ « g

1 l+q 2« 2
+([n]+ﬁ)2< & ”‘)'

Proof. We know moments of D,, 4 (f,z) from (1.4) and (1.5), see [22]. Using the
these formulas, we get

D2 (1,2) = Dng (1,2) = 1,

and
a,f T — [TL} T L T
Dn,q (t7 ) [n]_l_ﬁDﬂ,q (t, )+ [’n]—FﬂDn’q (17 )
SRR
M+B8\¢ qln]) [n]+58
= "] T E « L
BRACEE) +<q+ >[n1+5

Finally, we have

O

Remark 1. Forqg — 17, Df{;g reduces to Sf;”oﬁ operators which are given in [13].
Also, we have the central moments as

pel (q,x) == D3 (t —z,2) = <q2([¢[:]L]+,3) - 1) T+ (Cll + a) [n]%ﬁ (2.1)
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a,B . . — paB _$2 z) = [n]2 _ 2["] 2
i @) o =Dl (-2 ) <q6([n]+ﬁ)2 q2([n]+ﬁ)+1>

M (4 20y 2 (1 NY
+(([n}+ﬁ)2< ¢ +q2> [n}+ﬂ<q+ ))

1 l+q 20
+([n]+6)2< +—=+ ) (2.2)

3. LOCAL APPROXIMATION

Let Cp[0,00) be the set of all real-valued continuous bounded functions f on
[0,00), endowed with the norm || f|| = sup |f(x)|. The Peetre’s K-functional is
)

z€[0,00

defined by

K (f;6) = inf{||f — gll + dlg"[| g € C5[0,00)},
where C%[0,00) := {g € Cp[0,) : ¢’,¢g" € Cp[0,00)}. There exists a positive
constant C' > 0 such that

Ko (f,8) < Cun (f, \/3), (3.1)

where § > 0 and the second order modulus of smoothness, for f € Cg[0,00), is
defined as

wa (£iV3) = sup sup [f (¢ +2h) = 2f (e + 1)+ f ()]

0<h<d z€[0,00)
We denote the usual modulus of continuity for f € Cg[0,00) as

w(f;6) = sup sup |f(z+h)—f(2)]

0<h<8 z€[0,00)

Now we state our next main result.

Lemma 2. Let f € Cp[0,00). Then, for all g € C3%[0,00), we have

2
D33 (0.0 -9 @) < (125 0.+ (4 @) ) 1971,

where

"Dy (fow) = Do (fr2) + [ (2) = f (qz(miﬁ) + (; +a) [n]1+5> . (32)

Proof. From (3.2), we have
Dyl (¢ — @) = Df (t—a,@) — iy (g,2) = 0. (3.3)

Using the Taylor’s formula
t

g(t)—g(x)z(t—m>g'<x>+/ (t— u)g" (u) du,

x
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we can write by (3.3) that

"Dy (g.) —g(x) = "Dpf(t—w,2)g (x) +* D] (/: (t—U)g"(U)du,:U)

Davﬁ</t )duz)
—/ qu(ﬂn’f( £) +o ) g (u) du

On the other hand, since

/(t wg' (wyde < | [ 1t —ullg” @) du| < (¢ — 2)2|lg"]

and
pet (q,m)+ oy .
/ (,un’l (¢,z) +x— u) 9" (u)du

we conclude that

o, 2 "
< (s (@) D"l

"D (0.0 -9 (@) < (128 @)+ (4] @) ) 1)

Here we should say that /ﬁbf (q,x) and uffg (q,z) are given by (2.1) and (2.2),
respectively. O

Theorem 1. Let f € Cp[0,00). Then for every x € [0,00), there exists a constant
L > 0 such that

D37 (F.2)— f(@)] < M(f’wig( A+ (it e ))2>
W(fy.unl(’ ))

Proof. From (3.2), we can write that

IN

D (f0) = f @) < D (o) — £ @) + | @) = £ (5] (@.2) + 2|
*D28 (f = g,2) — (f — g) ()]

| @ -1 (w2 (@,2) +2))|

IN

B (g.2) — g (x)].
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Now, taking into account the boundedness of *Dg;g and using Lemma 3, we get

+w (f, poy (q,x)) .

Now, taking infimum on the right-hand side over all g € C%[0, 00) and using (3.1),
we get

Dyl (f2) = f ()] < 4K (ﬁ (ui:? (a.2)+ (137 (@ m))2>>

+w (f, poy (q,x))

Lw, <f, \/ui,’g (g,2) + (#if (4, x))2>
+w (f, oy (q,z)) ,

where L = 4C > 0. O

IN

Theorem 2. Let 0 < a < 1 and E be any bounded subset of the interval [0,00).
Then, if f € Cgl0,00) is locally Lipps (o), i.e. the condition

f(y) = f@)|<Mly—=z|", y € E and z € [0,00),

holds, then, for each x € [0,00), we have
B a,B /2 a
Do (fr0) = f (@) < M {(un:z (a.2)) " +2d (2, E) } :

Here, M is a constant depending on o and f, and d(z, E) is the distance between
x and E defined as
d(z,F) =inf{|ly — x| : y € E}.

Proof. Let E denotes the closure of E in [0,00). Then, there exists a point zg € E
such that |z — o] = d (z, E'). Using the triangle inequality

1f (W) = F @) < [f () = f (@) + [f (z) = [ (20)]
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we get, by the definition of Lipys (@)

D2l (f,x) = f(2)| < Dl(f(y) = f(2)],2)
< D (1f () = f (@o)l &) + Dy (If () = f (wo)] , @)
< M{Dy] (ly = zo|™ @) + |z — wo"}
< M{Dy (ly — =" + & —zo|™ &) + |z — 20|}
= M{DyF (Jy — wol®, @) + 2|z — x|}
Using the Holder inequality with p = E and ¢ = 5=, we find that
a/2 o
i (fo) = f @) < m{(Dgf ((9*1’0)2@)) +2d (x, E)"}
a/2 o
= M{(pf (@) +2d (2, )}
Thus, we have the desired result. [l

4. VORONOVSKAJA TYPE THEOREM

In this section we give Voronovskaja type result for Df{;g operators.

Lemma 3. Let q € (0,1). We have
B (13 ) — [n] 3:1:3 [”]2 @ 33 72
Dn,q (t ’ ) <q4 ([’I’l] + ﬂ)) + ([’I’L] + ﬁ):ﬂ <q11 + qﬁ )

[n] 2][3)* | 3a[2® | 3a2
+([n]+5)3< q° * q° +q2>x

L (213, 302 30> 4
TwWEp Ve e T )
B (i ) = Liﬁl ﬂ@ 4£m3
Dii () <q5([n]+6>> T+ 8 <q19 " q”)
L P <[312 4 | daf3) 6a2>x2
M+ \ @7
+ Iz 4 <[2] [314[4]2 +4a [QJ)[?)] 6a2£n]2 %f)m
(+8)'\ ¢ g g g
1 ([2] (3] [4] n 4a[2] [3] n 602 2]  4a® N 4)
(] +p)"\ a ¢° 7 ’
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and

4
wif (@w) = Df ((t-2)',2)

=~

4
E([l+5) “}

B SN 0 Y ) O T ) 0 S (TR

i {([mw (q“q”) (] + B (q“ +q6>
6] (L 20\ 4 (1
+([n}+62<q5+q2> [nwf(q* )}

)
2 [n]® B[4 | 4a[3]®  60?
o {([n} + 8)° ( g\ + ' + ¢ >

2B’ | da2BP | 6?2, 40®
q14 q9 q5 q2

1 ([21[3] L 3al2 *332”3)}

(N @

1 ; al2lr S0 2 o
e (P )

Theorem 3. Let f be bounded and integrable on the interval , second derivative of
f exists at a fized point x € [0,00) and ¢, € (0,1) such that g, — 1 and q* — a as
n — o0o. Then, the following equality holds

Jim [n], (DR (f0) = f(@) = (2-20-B)z+1+0a)f (»)
+(1=a)a®+2z) f"(z).

Proof. By the Taylor’s formula we can write

PO =@+ F @) =0+ 50" @) -2 +r o)t -a)?, (@)
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where r (¢, x) is the Peano form of the remainder, r (., z) is bounded and }LH; r(t,z)=
0. By applying the operator Da’g of (4.1) relation, we obtain
[, (Dng, (fix) = f(2) = f(2)[n],, (Dig, (=)
£ [, (Dif i (t-27.2))
[n ] - (Df{fn (r (t,z) (t — x)2 ,x)) )

f
+
_|_

By Cauchy-Schwarz inequality, we have

nl,, (D58, (v (6.2) (¢ =) 2)) < /D2, (02 (1.2) x)\/[n]j D, (=) ).

Observe that 72 (z, z) = 0 and 7% (., z) is bounded. The sequence {DgF } converges
to f uniformly on [0, A] C [0,00), for each f which is bounded, integrable and has
second derivative existing at a fixed point = € [0, 00), hm ¢n =1 and lim ¢7 = a.

n—oo
Then, it follows that
lim Dy D (r? (t,2) ) =r? (z,2) =0

n—oo

uniformly with respect to = € [0, A]. So, we get
lim [n], (ijfn (r (t,z) (t —z)* ,x)) =0.

Using Remark 1, we have the following equality as
T [, (D5f (f2)~ f(2) = (2-20-B)z+1+a)f (2)
+(1—a)z®+2) f" (z).

5. WEIGHTED APPROXIMATION

Now we give the weighted approximation theorem. Let us give some definitions
to be considered here. Let B,2[0, 00) be the set of all functions f defined on [0, 00)
satisfying the condition |f (z)| < My (1 + 2?), where My is a constant depending
only on f. By C,2[0, 00), we denote the subspace of all continuous functions belong-
ing to B,2[0,00). Also, let C*,[0, 00) be the subspace of all functions f € C,2[0, 00),

f(x) |f(z)]
1+ ) 142

for which hm is finite. The norm on C7,[0,00) is || f||,= = sup

z€[0,00
Theorem 4. Let q = gy, satisfies g, € (0,1) and let lim ¢, =1 and lim ¢ =a

Then, for each f € C*,[0,00), we have

lim HDO"B (f,x) — f(gﬁ)HI2 =0.

n—oo
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Proof. Using the Theorem presented in [8] we see that it is sufficient to verify the
following three conditions

lim HD"’B t¥, x) —:E”H$2 =0,vr=0,1,2.

n—oo
Since D?{,’ff (1,z) = 1, it is sufficient to show that nlim ||D°‘ o () — 33"H$2 =0,
v=1,2.
We can write from Remark 1,

(ind,,, = a2 (1, +8)) o+ au+a2a| 4

D22 (o) —al,e = su
n,q 72 z€[0,00) q% ([n]q" + ﬁ) 1+ 22
n
< 1— % sup %
q’% ([n]q —|—ﬂ) z€[0,00) 1+
M sup 1
@2 (Inl,, +8) sl 1422
1 n 2
— 5 1 _ [ ]QH + qn + q’ﬂa ,
@ (inl,, +8)) (I, +5)
which implies that
lim ||Do"ﬁ (t,x) fm”gﬁ2 =0.
Finally
2 2
DB (12 ) — 22 < L—l sup ——
|| n.dn () ||m2 ¢ (jn] + B)° 2€[0,00) 1 + 2

n [n] (1+q)2+2g sp "
([n] + B) ¢ 0% ) zejo,00) 1 + 22

1 1+q 2a 1
+ 5 + = +a?) sup —
([n] +B) q v€f0,00) L+

which implies that
lim ||Dge (%, 2) — || , =0.

n—oo

Thus the proof is completed. O

6. STATISTICAL CONVERGENCE

A sequence (z,,),,c is said to be statistically convergent to a number L, denoted
by st —limz,, = L if, for every ¢ > 0,
n

d{neN:|x, —L| >e} =0,



¢-SZASZ-DURRMEYER-STANCU OPERATORS 99

where
1 n
K) = lim — :
8 (K) lgln;XK(J)

is the natural density of set K C N and xj is the characteristic function of K. For
instant
. _{ logn n e {10, ke N}
" 1 otherwise

series (2,,), ¢y converges statistically, but limz, does not exist. We note that
n

convergence of a sequence implies statistical convergence, but converse need not be
true (details can be found in [1, 6, 9, 25, 26]).

A useful Korovkin type theorem for statistical convergence on continuous func-
tion space has been proved by Gadjiev and Orhan [9].

Since useful Korovkin theorem doesn’t work on infinitive intervals, a weighted
Korovkin type theorem is given by Gadjiev [8] in order to obtain approximation
properties on infinite intervals.

Agratini and Dogru obtained the weighted statistical approximation by g-Szdsz
type operators in [1]. There are many weighted statistical convergence works for ¢-
Szész-Mirakyan operators (for instance see [25, 26]). The main purpose of this part
is to obtain weighted statistical approximation properties of the operators defined
in (1.6).

Theorem 5. Let (qn),cy be a sequence satisfying

st—limg, =1 and st —limq, =a (a <1) (6.1)
n n

then for each function C[O,oo),theoperatoer{;gnf weighted statistically converges
to f, that is

st —lim || DR f = f|,» = 0.
Proof. Tt is clear that

st —lim || Dy (1,2) =1, =0. (6.2)

Based on Lemma 1, we have

[n] )
——an x 1
sup |D3,’5n (t,x)—z| = sup <Qﬁ([n]qn+6) —
z€[0,00) zef0,00) | 4 (L i a) - 1+5 Ny

IA
o)
3
g
3 —
s
n 3
ISy
~—

N | =
+
7 N
el

3
+
Q
N————
=
=]
—_
+
=
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Using the conditions (6.1), we get

: [n], (1 1
st—lim| ———"———-1]=0andst—lim| —+a) ——=0.
" \a (Inl,, +8) m\aw ) [l 5
For each ¢ > 0, we define the following sets:
D : = {nGN: HDf{ﬁn (t,a:)—xHrZ 25},
1 [n] €
Dy : = D= dn -1 >=
1 n €N 5 Z5(

a2 (Inl,, +5)

Dy - {()M }

Thus, we obtain D C Dy U Ds, i.e., § (D) < (D1) + 0 (Dz2) = 0. Therefore,

N ™

st —lim || Dyl (t,2) — x| , = 0. (6.3)

n,qn

A similar calculation reveals that

o ],
sup \Dn:gn (t*,z) =2 = sup |[(———— —1)2?
z€[0,00) z€[0,00) qg ([n]qn Jrﬁ)

1 14+q, 2a 1
+ 2(sq+q+fwlmz
(g, +8) >
o 2
= | —=- sup ———
X 1+
z€[0,00
a3 (nl,, +5) 00)
[n] 1+gq, 2 2q T
i e qu) TR ) iy T2
n n z€|[0,00
(i1, +8) 0.9)
1 14+q, 2a 1
+ 2( 3q ++a2> sup ——-
dn qn x€[0,00) 14z



¢-SZASZ-DURRMEYER-STANCU OPERATORS

Using the conditions (6.1), we get

st — lim -1 = 0,
n
a3 (nl,, +5)
1 2
st — lim [, ( +5q”) @ = 0,
[n]q +ﬂ> dn an
and
1 1 n 2
st — lim 2( +3q + 24 > 0.
(inl,, +8) N
For each € > 0, we define the following sets:
B i ={neN:|Dyf (0) -2 . 2 ¢},
2
n
Bl : - [ ]qn - 1 2 % )
& (), +6)

Thus, we obtain B
Therefore,

st — hm HDn " (t2,m) — m2H =0.

x2

Thus, by using equations (6.2), (6.3) and (6.4), we get the result.
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