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BIPOLAR SOFT ROUGH RELATIONS

FARUK KARAASLAN

ABSTRACT. In this study, Cartesian products of bipolar soft P-lower and P-
upper approximations of two bipolar soft rough sets are defined and based
on the these cartesian products, concepts of bipolar soft rough P-upper and
P-lower relations are introduced, and some properties existing in the classical
relations are obtained for bipolar soft rough relations. Also, some new concepts
such as equivalence bipolar soft rough relation, inverse bipolar soft rough re-
lation, bipolar equivalence class of an element in universal set and partition of
bipolar soft rough set under equivalence bipolar soft rough relation are defined
and supported by examples.

1. INTRODUCTION

To overcome complex problems containing uncertainty, vagueness and incom-
plete information in some areas such as economy, engineering, social sciences and
environmental sciences many theories have been proposed up to now. Some of them
are fuzzy set theory [49], intuitionistic fuzzy set theory [6], rough set theory [36],
vague set theory [17], bipolar fuzzy set theory [52],[53]. However, each of these the-
ories has inherent difficulties. Molodtsov pointed out these difficulties in [33] and
suggested a novel approach called soft set theory in order to deal with these diffi-
culties. Then Maji [29] defined set theoretical operations on soft sets such as union,
intersection and complement. Ali et al. [4] proposed novel concepts as extended
intersection, restricted intersection and restricted union based on idea which is not
necessary having same approximations of two soft sets for common parameters.
Cagman and Enginoglu [8] redefined operations of soft sets so as to use effectively
in decision making problems, and proposed a decision making method. Sezgin et
al. [41] investigated basic soft set operations systematically. In 2014, Cagman
[11] pointed out some gaps related to soft set definitions and operations given in
[33], [29] and [8]. Soft group, which is first algebraic structure of soft sets, was
first defined Aktag and Cagman [2] in 2007. Recently, studies related to algebraic
structures of soft sets have increased rapidly. For example, Sezgin and Atagiin [40]
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pointed out some problematic cases in [2] and they corrected these problematic
cases. They also defined concepts of normalistic soft groups and normalistic soft
groups homomorphism, and investigated some properties of them. In 2016, Atagiin
and Aygiin [5] introduced two new operations on soft sets and showed that the
set of all soft sets over a universe is an abelian group under these novel soft set
operations. Furthermore, many studies on set theoretical aspects of soft sets were
made. Some of them can be seen in references [39],[45],[18] and [25]. Also concept
of soft set combined with fuzzy sets (see [27], [31], [9]), intuitionistic fuzzy sets (see
[28], [30], [10]), interval valued fuzzy sets (see [47]), vague set [46], interval-valued
intuitionistic fuzzy sets [21] and bipolar fuzzy sets (see [1] [42]).

The rough set theory which is an important tool for imperfect data analysis was
initiated by Pawlak [36] as an alternative approach to fuzzy set theory and tolerance
theory. This theory has very important role in many applications such as machine
learning, pattern recognition, image precessing and decision analysis. Aktag and
Cagman [2] discussed relations among concepts of fuzzy set, rough set and soft
set. Dubois and Prade [12] extended notion of rough set to rough fuzzy set and
fuzzy rough set by considering approximation of a fuzzy set in an approximation
space and lover and upper approximations in Pawlak’s approximation, respectively.
Herawan and Deris [19] explained connection between rough set and soft set by
using constructive and descriptive approaches of rough set theory. Feng and Liu
[13] proposed some new concepts such as soft approximation spaces, soft rough
approximations and soft rough sets by combining soft set approach with rough set
theory, and gave an application of soft rough set in demand analysis. Soft sets
were combined with fuzzy sets and rough sets by Feng et. al [14]. Feng et al.[15]
gave a generalization of Pawlak’s rough set model by using soft sets instead of
relation in Pawlak’s approach. They also presented basic properties of soft rough
approximations based on soft approximation spaces and soft rough approximation
and soft rough sets, and defined some new types of soft set such as full soft set,
intersection complement soft set and partition soft set. Feng [16] developed a
multi criteria group decision making method based on soft rough approximations,
and gave an application of developed method in decision making. Meng et al.
[32] proposed a new soft rough set model and derived its properties. They also
established more general model called soft rough fuzzy set. Ali [3] discussed concept
of approximation space associated with each parameter in a soft set and defined
an approximation space associated with the soft sets, and established connection
between soft set, fuzzy soft set and rough sets. Zhang [50] introduced concept of
intuitionistic fuzzy soft rough sets by combining intuitionistic fuzzy soft set with
rough set, and investigated its some fundamental properties. He also presented a
decision making method for intuitionistic fuzzy soft sets based on this new rough
set approach. Zhang [51] studied on parameter reduction of fuzzy soft sets based
on soft fuzzy rough set and defined some new concepts such as lower soft fuzzy
rough approximation operator and upper soft fuzzy rough approximation operator,
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etc. To find approximation of a set, Shabir et al. [43] proposed modified soft rough
sets. Li et al. [26] investigated soft rough approximation operators and showed that
Pawlak’s rough set model are a special case of soft rough sets and every topological
space on initial universe is a soft approximation spaces. Sun and Ma [44] proposed
a new concept of soft fuzzy rough set by combining the fuzzy soft set with the
traditional fuzzy rough set. They also defined concept of the pseudo fuzzy binary
relation and defined the soft fuzzy rough lower and upper approximation operators
of any fuzzy subset over the parameter set. Karaaslan [23] defined concept of soft
class and based on this structure he proposed the notion of soft rough class, and
developed a decision making method.

First study on soft set relations was made by Babitha and Sunil [7]. They de-
fined some concepts such as relation, function on soft sets and investigated basic
properties of them existing relations in classical set theory. In 2011, Yang and Guo
[48] defined some notions such as anti-reflexive kernel, symmetric kernel, reflexive
closure, and symmetric closure related to soft relations, and obtained some prop-
erties of these concepts. They also proposed concepts of inverse soft set relation
and mapping and discussed some related properties. Ibrahim et al. [20] defined
composition of soft set relation and gave matrix presentations of soft set relations,
and showed that Warshall’s algorithm satisfies construction of transitive closure in
soft sets. Park et al. [35] investigated some properties of equivalence soft set rela-
tion defined by Babitha and Sunil [7]. Qin et al. [38] extended concepts of soft set
relation and function defined in [7] by defining the Cartesian product of soft sets
in different universes. They also investigated connections between soft set relations
and fuzzy sets.

Concept of bipolar soft set and its operations such as union, intersection and
complement were first defined by [42]. Karaaslan and Karatag [22] redefined bipolar
soft sets with a new approximation providing opportunity to study on topological
structures of bipolar soft sets.

In this paper, we define Cartesian products of bipolar soft P-lower and P-upper
approximations and based on the these cartesian products we give definitions of
concepts of bipolar soft rough P-upper and P lower relations on bipolar soft rough
sets defined by Karaaslan and Cagman [24]. Also we introduced some new concepts
such as equivalence bipolar soft rough relation, inverse bipolar soft rough relation,
bipolar equivalence class of an element in universal set and partition of a bipolar soft
rough set under bipolar soft rough relation. Furthermore we obtain some properties
of bipolar soft rough relations. This paper is arranged in the following manner. In
Section 2, some basic concepts related to soft set, bipolar soft set and soft relation
are given. In Section 3, cartesian products of bipolar soft P-upper and P-lower
approximations, bipolar soft rough P-upper and P-lower relations, inverse bipolar
soft rough relations, equivalence bipolar soft rough relations and partition of bipolar
soft rough set are defined and supported by examples, and some properties related
to defined notions are obtained.
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2. PRELIMINARY

In this section, we present some definitions and properties required in next sec-
tions of the study.

Throughout the paper, U denotes an initial universe and F is parameter set and
P(U) is the power set of U.

Definition 1. [33] Let U be a set of objects and E be a set of parameters. Then,
a mapping F : E — P(U) is called a soft set over U and denoted by (F, E).

From now on, set of all soft sets over U will be denoted by S(U).

Definition 2. [7] Let (F, E), (G, E) € S(U), then Cartesian product of (F,E) and
(G,E) is defined by (F,E) x (G,E) = (H,E X E), where H: Ex E — P(U x U)
and H(a,b) = F(a) x F(b), where (a,b) € E x E.

Babitha and Sunil [7] defined soft set relation as a subset of (F, E) x (G, E)
on same universe U. Then Qin et al. [38] pointed out that Babitha and Sunil’s
definition contradicts Cantor’s set theory. Therefore they redefined concept of soft
set relations on difference universe.

Definition 3. [38] Let (F,E) € S(U) and (G,E) € S(V). Cartesian product of
(F,E) and (G, E) is a soft set over U X V and is defined as (F,E) x (G,E) =
(H,E X E), where H : Ex E — P(U x V) is given by H(a,b) = F(a) x G(b) for
all (a,b) € E X E.
Definition 4. [38] Let (F,E) € S(U) and (G, E) € S(V).
(1) If (H,C) C (F,E) x (G,E) i,e., C C E x E and H(a,b) C F(a) x G(b)
such that F(a) # 0 and G(b) # 0 for each (a,b) € C, then (H,C) is called
a soft relation from (F, E) to (G, E).
(2) A soft relation from (F,E) to (F,E) is called a soft relation on (F, E).

2.1. Bipolar soft sets.

Definition 5. [42] A triplet (F,G,E) is called a bipolar soft set (BS-set) over U,
where F and G are mappings, given by F : E — P(U) and G :|E — P(U) such
that F(e) NG(—e) =0 for alle € E.

Here |E denotes the "NOT" set of a set of parameter set defined in [29]. For
example, if E = {e; = good, e3 = cheap, e3 = modern}, NOT set of parameter set
E is |E = {—e; = not good, —es = not cheap, —~e3 = not modern}.

Henceforward, set of all bipolar soft sets on initial universe U will be denoted by
BSy.

Definition 6. [42] Let (F1,G1, E), (Fa,Ga, E) € BSy. (F1,G1, E) is a bipolar soft
subset of (Fa,Go, E), if Fi(e) C Fa(e) and Ga(—e) C G1(—e) for alle € E.

This relationship is denoted by (Fy,G1, E)C(Fy, Go, E). Similarly (Fy,G1, E)
is said to be a bipolar soft superset of (Fy,Ga, E), if (F»,Go, E) is a bipolar soft
subset of (Fy,G1, E). We denote it by (Fy, Gy, E)D(Fy, G, E).
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Definition 7. [42] Let (F1,G1, E),(Fs,Ga, E) € BSy. If (F1,G1, E) is a bipolar
soft subset of (Fa,Ga, E) and (Fs,Ga, E) is a bipolar soft subset of (F1,G1, E),
(F1,G1, E) and (Fy,Ga, E) are said to be equal.

Definition 8. [42] Let (F,G,E) € BSy. The complement of a bipolar soft set
(F,G, E) is denoted by (F,G, E)° and is defined by (F,G, E)¢ = (F°¢, G, E) where
F¢ and G¢ are mappings given by F¢(e) = G(—e) and G°(—e) = F(e) for alle € E.

Definition 9. [42] Let (F,G, E) € BSy. If for alle € E, F(e) = 0 and G(—e) = U,
bipolar soft set (F,G,E) is called a relative null bipolar soft set and denoted by
(@, 4, E).

Definition 10. [42] Let (F,G,E) € BSy. If for alle € E, F(e) = U and G(—e) =
0, bipolar soft set (F,G, E) is called relative absolute bipolar soft set and denoted
by (U, D, F).

Definition 11. [37] Let U be a nonempty finite set of object, A be a nonempty
finite set of attributes and a be a function from U to V, for all a € A where V, is
the set of values of attributive a. P = (U, A) is called an information system.

Definition 12. [37] Let A be a nonempty finite set of attributes and B C A. Then,
B determines a binary relation 1(B), called indiscernibility relation, defined by

xI(B)y if and only if a(xz) = a(y) for all a € B
where a(x) denotes the value of attributive a for object xz € U.

Definition 13. [14, 37] Let R be an equivalence relation over universe U. Then
the pair (U, R) is called a Pawlak approximation space.

Here R is considered as an indiscernibility relation obtained from an information
system. Since R is an equivalence relation, relation R gives a partition of U due
to the indiscernibility of objects in U. This partition is denoted by U/R. An
equivalence class of R, i.e., the block of the partition U/R, containing x is denoted
by [x]r. These equivalence classes of R are referred to as R-elementary sets (or
R-elementary granules). The elementary sets represent the basic building blocks
(concepts) of our knowledge about reality.

Using indiscernibility relation R, for every subset X C U lower and upper ap-
proximations of X with respect to (U, R) are defined, respectively as follows:

R.(X)={ze€U:[z]g C X},

R (X)={zeU:[z]gnX #0}.

Definition 14. [15] Let (F, E) be a soft set over U and (U, R) be a Pawlak ap-
proximation space. If R is taken as (F, E), then the Pawlak approzimation space
is called a soft approzimation space and denoted by P = (U, (F, E)).
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Definition 15. [15] Let (F, E) be a soft set over U, X C U and P = (U, (F,E))
be a soft approximation space. Then,

Sp(X) = {ueU:3e€ B, fueF(e) C X]}

Sp(X) = {ueU:3ee€E,[ueF(e),Fle)nX #0]}

are called soft P-lower approximation and soft P-upper approzimation of X, re-
spectively.

In [24], Karaaslan and Cagman explain relations between bipolar soft sets and
information systems.

Definition 16. [24]Let (F, G, E) be a bipolar soft set over U and (U, R) be a Pawlak
approximation spaces. If it is taken as R = (F, G, E), Pawlak approximation space
is called a bipolar soft approxzimation space and denoted by P = (U, (F,G, E)).

Definition 17. [24] Let P = (U, (F,G, E)) be a bipolar soft approzimation space.
Then soft approzimation spaces denoted by PT = (U, F) and P~ = (U, G) are called
positive soft approximation space and negative soft approzimation space of bipolar
soft set (F,G, E), respectively.

Definition 18. [24] Let (F,G,E) € BSy. Then, the mappings F : E — P(U)
and G :1E — P(U) are called positive soft set and negative soft set of (F,G, E),
respectively.

From now onward positive and negative soft sets of bipolar soft set (F, G, E) will
be denoted by F' and G, respectively.

Definition 19. [24] Let (F, G, E) be a bipolar soft set over U and P = (U, (F,G, E))
be a bipolar soft approximation space (BSA-space). Then,

Spi(X) = {ueU:3FecE, uec F(e) C X]},
Sp-(X) = {ueU:3-e€|E,[ueG(me),G(me)N ~ X # 0]},
Spi(X) = {ueU:3Je€E,[ucF(e),Fle)nX # 0]},
Sp-(X) = {ueU:3-e€]E,uc G(—e) C~ X]}.
are called P-lower positive approximation (SPLT — approximation), P-lower neg-
ative approzimation (SPL™ — approximation), soft P-upper positive approzima-

tion (SPU™T — approzimation) and soft P-upper negative approzimation (SPU™ —
approzimation) of X C U, respectively.

Bipolar soft rough approximations of X with respect to BSA-space P = (U, (F, G, E))
can be written as two pairs as follows:
BSp(X) = (Sp+(X). Sp- (X))

and

BSp(X) = (Sp+ (X), Sp- (X)).
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Note that, it need not to be Sp+(X)NSp-(X) = 0. Also Sp+(X) and Sp+(X)
are identical to soft P-lover and P-upper approximation of X defined by Feng et
al. in [15], respectively.

By Definition 19, we immediately have that Sp.(X) C X and Sp-(X) C~ X.
However, Sp-(X) C~ X and Sp+(X) C X don’t hold in generally.

Definition 20. [24] Let (F,G,E) € BSy, P = (U,(F,G,E)) be a bipolar soft
approzimation space and let BSp(X) and BSp(X) be bipolar soft rough approxi-
mations of X C U with respect to BSA-space P = (U,(F,G,E)). If BSp(X) #
BSp(X), X is called bipolar soft P-rough set.

Example 1. Let U = {uq,ug, u3, ug, us } be the set of cars under consideration, and
E be the set of parameters, E = {e1, e, e3,e4} = { cheap, comfort, high equipment,
longtime warrant }. Then |E = {—eq, ne2, —es, mes} = {expensive, uncomfortable,
low equipment, not longtime warrant }. The bipolar soft sets (F,G, E) describe the
“requirements of the cars’ which Mr. X going to buy. Suppose that

F(el) = {Ug,Ug},F(eg) = {UQ,U5},F(€3) = {U3},F(64) = {UQ,Ug,U5}

G(=er) = {ua,us}, G(me2) = {us, us}, G(—ez) = {uz, us}, G(mes) = {ua}.
For X = {uy,u2,u3} C U, we have SPLT — approximation Sp+(X) = {uz,us}
and SPL™ — approximation Sp—(X) = {ug, us,us,us}. Thus
BSp(X) = ({ug, us}, {ug, us, us, us}). (2.1)

Also we have SPUY -approxvimation S p+ (X) = {ua,us,us} and SPU~ -approximati-
on Sp—(X) = {ug,us}. Thus

mp(X) = ({UQ,Ug,Us},{’LL4,U5}). (22)
From (2.1) and (2.2)

BSp(X) # BSp(X)

and so X is a bipolar soft P-rough set.
Definition 21. [24] Let (F,G,E) € BSy, P = (U, (F,G,E)) be a BSA-space and
X, Y CU. Then,

(1) B:SP(X) - B:SP(Y) < Sp+ (X)

€ Sp+(Y) and Sp-(X)
(2) BSP(X)EBSP(Y)<:>SP+(X)QEP+ Y S

(v) and S p—(X)
Corollary 1. [24] if X =Y, then BSp(X) C BSp(X).

(Y)
Y)

2 Sp-
2 Sp-

Definition 22. [24] Let (F,G,E) € BSy and P = (U,(F,G, E)) be a BSA-space.
If BSp(X) C BSp(X) and BSp(X) C BSp(X), then

BSp(X) = BSp(X).
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Definition 23. [24] Let (F,G,E) € BSy, P = (U, (F,G, E)) be a BSA-space and
X, Y C U. Then, union of bipolar soft P-lower approzimations and bipolar soft
P-upper approximations of sets X and Y are defined, respectively, as follows:

BSp(X)UBSp(Y) = (Sp+(X)USp+(Y),Sp-(X)NSp-(Y))
?SP(X) I_IBiAS’P(Y) = (§p+ (X) U§p+ (Y),gp— (X) ﬁgp— (Y))

Definition 24. [24] Let (F, G, E) € BSy, P = (U, (F,G, E)) be a BSA-space and
XY CU. and X, Y C U. Then, intersection of bipolar soft P-lower approz-
imations and bipolar soft P-upper approximations of sets X and Y are defined,
respectively, as follows:

BSp(X)NBSp(Y) = (Sp+(X)NSp+(Y),Sp-(X)USp-(Y)),
?SP(X) H?SP(Y) = (§p+ (X) ﬁ§p+ (Y)7§p— (X) ng— (Y))

Example 2. Let us consider BS-set given in Example 1 and subsets X = {uy,uz,uz}
and Y = {uz,uz,us} of U. From Ezxample 1, we know that

BSp(X) = ({u2,us}, {uz,us,us,us}) and BSp(X) = ({uz,us, us}, {us,us}). Since
Y = {ug,uz,us}, BSp(Y) = ({uz, us}, {us, us, us}) and BSp(Y) = ({uz, uz,us}, {}).
Here, since Sp+(X) C Sp+(Y) and Sp-(X) 2 Sp-(Y), BSp(X) C BSp(Y).
Also BSp(X) T BSp(Y) due to the fact that Sp+(X) C Sp+(Y) and Sp-(X) 2
Sp-(Y). Union and intersection of bipolar soft rough approzimations are as fol-
lows:

BSp(X)UBSp(Y) = ({uz, us}, {us, us, us}),
BSp(X)UBSp(Y) = ({uz, us,us}, {})
and
BSp(X)NBSp(Y) = ({uo, us}, {uz, us, us, us}),
BSp(X)NBSp(Y) = ({uz, us,us}, {us, us})

3. BIPOLAR SOFT ROUGH RELATIONS

In this section, Cartesian product of two bipolar soft rough sets and concept of
bipolar soft rough relation are defined and investigated some properties of them.

Definition 25. Let (F,G,FE) € BSy, P = (U, (F,G, E)) be a BSA-space, X, Y CU
and all of soft P-approzimations (positive lower, upper and negative lower, upper)
be nonempty sets. Then, cartesian product of bipolar soft P-lower approxzimations
and cartesian product of bipolar soft P-upper approximations of sets X and Y are
defined, respectively, as follows:

BSp(X) x BSp(Y) = (Sp+(X) x Sps(Y), Sp- (X) x Sp- (V)

BSp(X) x BSp(Y) = (Sp+(X) x Sp+ (¥),5p- (X) x Sp-(¥))
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Example 3. Let U = {uy,us,us, ug,us, ug, u7,us} de the initial universe and
E = {e1,ea,e3} be a parameter set. Consider positive and negative soft sets
F(e1) = {u1,us}, Fle2) = {uz,us}, Flez) = {u1,us} and G(er) = {us}, G(e2) =
{ur,ug}, G(es) = {ug,us}. If we take X = {uy,uq,us,ur},Y = {uy,us,us} C U,
then

§P+ (X) = {u17u4}7 ﬁP* (X) = {uﬁau77u8}

§p+ (X) = {ul,u2,u;3,U4}7 gp— (X) = {UG,Ug}.
and

Sp+(Y) = Au,us},  Sp- (V) = {us, ur, us}

Spe(Y) = {ur,uz,ua}, Sp-(Y) = {us, ur, us}.

Cartesian products of bipolar soft P-lower approzimations and bipolar soft P-upper
approximations of sets X and Y are as follows:

iSP(X) X &P(Y) = ({(ulaul)v (u17u3)7 (U4,U,1), (U4,U3)}, {(uﬁauﬁ)’ (UG,U7),

(Ub’; Us), (U7, UG), (U7, U7), (U7, Us), (US, Uﬁ), (Us, U7),

(us, Us)})

and
BSp(X) x BSp(Y) = ({(ul, wr), (un, ug), (un, ua), (uz, ur), (uz, us), (g, wa),
(uz,u1), (us, uz), (u3, us), (ua, u1), (us, us), (u47u4)}7
{ (s, we), (g, ur), (s, us), (us, us), (us, ur). (us,us) } ).
respectively.

It is clear that BSp(X) x BSp(Y) E BSp(X) x BSp(Y).

Definition 26. Let (F,G,E) € BSy, P = (U,(F,G,E)) be a BSA-space and
X,Y C U. Bipolar soft rough P-lower relation (BSRPy-relation) denoted by
Rp(X,Y) and bipolar soft rough P-upper relation (BSRPy-relation) denoted by
Rp(X,Y) are defined, respectively, as follows;

Bp(X.Y) = (Bp+ (X.Y). Bp- (X.Y)),

Rp(X,Y) = (EP+ (X,Y),Rp- (X, Y)) .
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Here Rp+ (X,Y) € Spi(X) x Spi(Y), Bp-(X,Y) € Sp-(X) x Sp-(Y),
Rp+(X,Y) C Sp+(X) x Sp+(Y) and Rp- (X,Y) C Sp-(X) x Sp-(Y).
Note that, Rp+(X,Y), Rp—(X,Y), Rp+(X,Y) and Rp-(X,Y) are classical

relations.

Definition 27. Let Rp(X,Y) and Rp(X,Y) be bipolar soft rough P—lover and
bipolar soft rough P—upper relations from BSp(X) to BSp(Y), respectively. If
Rp(X,Y)\ Rp(X,Y) # 0 and Rp(X,Y) C Rp(X,Y) , then Rp(X,Y) is called
bipolar soft rough P-relation (BSRP-relation) from BSp(X) to BSp(Y). If
Rp(X,Y) = Rp(X,Y), Rp(X,Y) is called bipolar soft P—definable relation.

Example 4. Let us consider Cartesian products of bipolar soft P-lower approxi-
mations and bipolar soft P-upper approximations of sets X and Y in Fxample 3.
If we get

EP(X7 Y) = ({(u17u1)7 (u4,u;3)}, {(UG,U(;), (UG,U,g), (u77u6)7 (u87u6>})

Ro(X.Y) = ({ (), (wa, ), (s, us) . { (s, us), (s, us) }),
then Rp(X,Y) = (EP(X, Y),Rp(X, Y)) is a BSRP—relation from BSp(X) to
BSp(Y).

In an equivalent way, we can define the BSRPy-relation and BSRPy-relation
on the X C U as follows:

Bp(X.X) = (Bp: (X.X), Bp- (X, X))

Rp(X,X) = (§P+(X,X),EP7(X, X)).

For convenience, a bipolar soft rough P-relation over BSp(X) is denoted by
Rp(X).

From now on, set of all bipolar soft rough P-relation over BSp(X) € BSy and
P = (U,(F,G, E)) will be denoted by BSRp(X).

Example 5. Let us consider SPL™ -approzimation (resp, SPL™-approzimation )
and SPUY -approximation (resp, SPU™ -approzimation) of X in Example 4 given
as follows:

Sp+(X) = {un,ua}l,  Sp-(X) = {ug, ur,us}
Spr(X) = {up,uz,us}, Sp(X) = {ug,us}.
Then,
Bp(X) = ({(ur,w), (wa,un) § { (s, o), (ur, us), (us,us) })
and

Rp(X) = ({(ul,ug), (ur, ua), (us, wa), (u4,u1)}, {(uﬁ,u8), (u8,u8)})

are BSRPy,-relation and BSRPy-relation over BSp(X), respectively.
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Definition 28. Let (F,G,FE) € BSy, P = (U,(F,G,E)) be a BSA-space and
X,Y CU. Inverse of BSRP-relation Rp(X) is defined as follows:

Rp!(X,¥) = (Bp! (X,Y), R (X,7)).

Here,
RpNX,Y) = (BpL (X V), BpL (X,Y)
and
Rp'(X,Y) = (Bt (X.Y), Rl (X.Y),
and
Rpi(X,Y) = {(y,2):(z,y) € Rps+}
E;l (X’ Y) - {(y,JJ) : (m,y) € EP*}
Rpe(XY) = {(y.2):(z,y) € Rp+}
Rt (X,Y) = {(.2):(z,y) € Rp-}

Example 6. Let us consider BSRPy, -relation and BSRPy -relation in Example 4.
Then,

Rp(X,Y) = ({(ur, ), (us, u) b, { (ws. e), (us, us), (s, ur), (g, us) })

R (X,Y) = ({(ua, ), (wr,wa), (s, ) . { (6, w6), (s we) }).
and Rp1(X,Y) = (E,;l(x, Y), Ry (X, Y)).
Definition 29. Let Ry,.(X), R2,(X) € BSRp(X). If
(1) Rip (X) € Rypp (X)), Ry (X) 2 Ry (X)

(2) Rip+(X) C Rop+(X), Rip-(X) 2 Rap-(X)
then, it is said that Ry, (X) is a subset of Ry, (X), and denoted by Ry, (X) <
Ry, (X).

Definition 30. Let Ry, (X), Rz, (X) € BSRp(X). Then, union and intersection
of BSR-relations Ry, (X)and Ra,(X) are defined, respectively, as follows:

Rip(X)U Ry (X) = (R1p(X)U Ry, (X), Rip(X) U Rzp(X))

and

Rip(X) 0 Rop(X) = (Rup(X) 11 R (X), R p(X) N Tap (X)),
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Here,
Rip(X)URzp(X) = (Rip,(X)URzp (X),Rip (X)NRyp (X))
Rip(X)URyp(X) = (Rip+(X)URzp+(X), Rip-(X)N Rop-(X))
Rip(X)NRyp(X) = (Bip (X)N Ry (X),Bip (X)URy, (X))
Rip(X)MR2p(X) = (Rip+(X)N Rep+(X),Rip-(X)URap-(X)).

Proposition 1. Let Ry, (X), Re,(X) € BSRp(X). Then,
)

(1) (Rp,) (X)) = R, (X).
(2) (Rip(X)U Ry (X)) ™! = Ry (X) U Ry (X).
(3) (Rip(X) M Re, (X))~ = Ry (X) @ Ry, (X).
Proof. (1) Since Rp+(X), Rp—(X), Rp+(X) and Rp-(X) are classical rela-

tions, the proof is clear.

)
(Rup(X) 0 Ro,p (X)) = ((Bp(X) U Ray(X), Bip(X) URsp(X)))
= (((Rip. (X) U Rz pp (X), Bap (X) N Rz ppo (X)),

(R (X) U (X), T p (X) Tz (X))
propertles of classical relation)

(B U Ry (X), Bip L (X) 0 Rap (X)),
(Rip (X) Ut (X), Rt (X) 1 R (X))

= (Rip' (0 U R (X), By () U Rzp (X))

~ Rip'(X)U R (X).

A

(3) The proof can be made in similar way to proof of (2)
(I

Definition 31. Let Rp(X) € BSRp(X). Then, BSRP-relation Rp(X) is reflex-
we, if it is satisfied following conditions:

(1) Rp+(X) and Rp-(X) are reflexive relations,

(2) Rp+(X) and Rp-(X) are reflexive relations.

Example 7. Let us consider positive(negative) soft sets and initial universe U
given in Example 8 and X = {u1,uq,us,uz} CU. Let SPL*-approximation (resp,
SPL™-approzimation ) and SPU™T -approzimation (resp, SPU™ -approzimation) of
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X are given as follows:

Sp+(X) = {u17u4}7 ﬁpf(X):{UG,uhus}
Sp+(X) = {ur,u2,us,us}, Sp-(X) = {ug,us}.

Bp(X) = ({ (). (ur ). (s, ua) } { o ). ), s), o5, us) } )

Rp(X) = ({(U17U1)7 (uz, u2), (u1,us), (us, u3), (u4,u4)}, {(ue,wa), (ug, us), (us,us)}>.
Thus,
Rp(X) = (Bp(X). Rp(X)).

is reflexive bipolar soft rough relation.
Definition 32. Let Rp(X) € BSRp(X). Then, BSR-relation Rp(X) is symmet-
ric, if it is satisfied following conditions:

(1) Bp+(X) and BRp-(X) are symmetric relations,

(2) Rp+(X) and Rp-(X) are symmetric relations.
Definition 33. Let Rp(X) € BSRp(X). Then, BSR-relation Rp(X) is transi-
tive, if it is satisfied following conditions;

(1) Rp+(X) and Rp-(X) are transitive relations,

(2) Rp+(X) and Rp-(X) are transitive relations.

Definition 34. Let Rp(X) € BSRp(X). A BSR-relation Rp(X) is called an
equivalence bipolar soft rough relation (EBSR-relation) if it is reflexive, symmetric
and transitive.

Example 8. Let U = {uq,ug,us, ug, us, ug, ur} be an initial universe and E =
{e1,e2,e3} be a set of parameters. Suppose that positive and negative soft sets are
giwen as follows:

F(e1) = {u1,uz}, Fe2) = {uz,uq,us}, Fez) = {us, ua}

G(—e1) = {U:s,us},G(—'ez) = {U67U7}7G(_'€3) = {UhUS}
for X = {uy,us,ur} C U, SPLY, SPL~, SPU" and SPU™ -approzimations
are as follows:
§P+ (X) = {ulfu?}aﬁP* (X) - {ul,U3,U5,U6,U7},
Sp+(X) = {u1,uz,ug,us}, Sp-(X) = {us, us}.
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If we consider BSRPp-relation Rp+(X) and BSRPy-relation Rp+(X) given as
follows:

EP(X) = ({ ul,ul ul,uQ),(uz,ul),(uz,uQ)},{(ul,ul),(ul,u6),(u3,u3),
(us,us), (us,ur), (us, us), (us, us), (us, ur), (ue, u1), (us, ue),
(ur.us), (ur,us), (ur, ur) })

Rp(X) = ( ur,u), (1, ug), (ug, ur), (ug, ug), (us, us), (us, us) },
{(

uz, us), (us, us), (U5,u3),(u3,u5)}>,

then Rp(X) = (Rp(X), Rp(X)) is equivalence BSR-relation.

Definition 35. Let Ry p(X), Rep(X) € BSRp(X). Composition of BSR-relations
R1p(X) and Rap(X), denoted by R1p(X) o Rop(X), defined as follows:

Rip(X) o Rop(X) = ((Rupe(X) 0 Rapy(X), By (X) 0 Ryp (X)),
(Bip+(X) 0 Rope (X), Rip- (X) 0 Rop- (X))
where
Rip(X)o Rap (X

)

)= {@190) 1 (1.0) € Rup (X) A (21,2) € Rap (X)
&p—(X)O&p { T2,Y2)
Rip+(X)oRapt(X { r3,Ys3)

 (@3,22) € Ripp (X) A (22,10) € Rappo (X)),
: (w3, 7) € Rips (X) A (25,9) € Rape (X) ],

Rip-(X)oRep-(X) = {(3547314) (24, 21) € Rip-(X) A (24,54) € Rap-(X) .
Example 9. Let us consider Rp(X) in Exvample 8 as Ry p(X)
EP(X) = ({(u17u1)7 (Ul, u2)a (uQa u1)7 (Ug, uQ)}a {(ulvul)v (ulvufi)v (U3,U3),

(US,U5), (US; U7), (U5a Ug), (u53 U5), (U5, uﬁ)a (U5, 7.L7), (uﬁaul)a (uﬁauﬁ)a

(u77 u3)7 (U7, U5), (’LL7, ’LL7)})
({(ul,ul)? (Ulﬂ u2)ﬂ (UZ, ul)a (u23 u2)a (U4, U4), (U5, u5)}?

{(U37u3)7 (us, us), (us, us), (U3,u5)}),

Rp(X)
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Let us consider Rop(X) given as follow:

&P(X) = ({(ul,ul),(uhU,Q)},{(Ul,’LLG),(U3,’LL5),('LL3,’LL7),(’LL5,’LL3),(’LL5,U5),
(us,ur), (ug, ug), (u7, U3)}>
EP(X) = {(ulaul)v(u17u2)7(ulau4)7(u27u1)7(u27u2)7(u27u4)7(u47u1)a

(ug,u2), (14, us), (u57u5)}, {(u37u5)7 (us,u3), (Usaus)})

Then,

Rip(X)oRyp(X (({ wy,uy), (wi, u2)}, {(ur, ur), (w1, ue), (us, us), (us, us),
(us, ur), (us, us), (us, us), (us, ur), (ug, u1), (ug, ug), (ur, us),
(ur,us), (uz, uz)}), ({(u1,ur), (u1, uz), (w1, us), (uz,u1),
(u2,u2), (U, ua), (g, u1), (Us, u2), (g, us), (us, us)},
{(us, ua), (us, us), (us, us). (us, us)}) )

Proposition 2. Let Rp(X), Rip(X), Rop(X), R3p(X), Kp(X), Kip(X) and

Kyp(X) € BSRp(X). Then,

(1) Rip(X) o (Rap(X) o Ryp(X)) = (Rip(X) o Rap(X)) 0 Rap(X).
(2) IleP( ) < Klp( ) and RQP(X) < KQP(X), then RlP(X)ORQP(X) <

Ki1p(X)o Kap(X).

(3) Rip(X)o(Rep(X)UR3p(X)) = (R1p(X)oRap(X))U(R1p(X)oR3p(X)),
Rip(X)o(Rep(X)MR3p(X)) = (Rip(X )OR2P( )M (R p(X)oRsp(X)).

(4) Rip (X)<<R2p(X) theanP( )<<R2P( )

(5) (R p(X) o Rop(X))™! = (R1p(X))~ O(Rzp(X))_l-

(6) Rp(X) < Rp(X)UKp(X), Kp(X) < Rp(X) U Kp(X).

(7) Rp(X) M Kp(X) < Rp(X), Rp(X) M Kp(X) < Rp(X).

Proof. (1) Let (z,9) € (Rip,(X)o (Ryp, (X)o Ry, (X))). Then, for some

z € Sp+(X) (2,2) € Rop (X) 0o B3, (X) and (2,q) € Ry, (X). Since
(z,2) € Rap,(X) 0o Ry, (X), for some y € Spi(X) (2,y) € Rap, (X)
and (y,2) € Ry, (X). Thus (y,q) € Rip,(X) o Rop (X) and (z,y) €
Rs,, (X). Therefore (z,9) € (R1,, (X) o Rypp, (X)) 0 Rsp,, (X) and

(&P+ (X)o (&PJr (X) oR3,, (X))) c (&p+ (X) oRy ., (X)) °oR3 . (X). (3.1)

Conversely, Let (z,q) € ((R1p, (X) o Ry py (X)) 0 Ry (X)).

Then, for some y € Sp+(X) (2,y) € B3, (X) and (y,q) € R1,, (X) o
&P+(X). Since (y,q) € &P+(X) 0&P+(X), for some z € Spi+(X)
(y,2) € Ryp. (X) and (2,q) € Ry (X). Thus (z,2) € Ry (X)oRs , (X)
and (z,q) € Ry, (X). Therefore (z,q) € Ry 5, (X)o(Rgp, (X))o Rz, (X))
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and

(Bipy (X) 0 Ry (X)) 0 Ry (X) C RBup (X) 0 (Bepy (X) 0 Ry (X)(B-2)

FI'OI’H EQS (??) and (32) R1P+ (X) o (R2p+ (X) o R3p+ (X)) = (R1p+ (X) o
Rop+ (X)) o R3p+ (X).
Similarly, we can shown that

Bip (X)o(Bap (X)o Ry (X)) = (Bip (X)oRyp (X))o Ry (X)

Rip+(X) o (Rop+(X) 0 Ryp+ (X)) = (Rip+(X) 0 Rap+ (X)) 0 Rz p+ (X)

and
EP*(X) o (R72P*(X) OR73P*(X)) = (EP*(X) OR72P*(X)) o Rsp- (X).

(2) Let Rip(X) C K1p(X) and Rop(X) C Kop(X). Then, from Definition
29, Rip (X) € Kip (X), Rip (X) 2 K (X), Rip+(X) C Kip+(X),
Rip-(X) 2 Kip-(X) and Ry, (X) C Ky, (X)), Ry, (X) 2 Ky, (X),
Rop+(X) C Kyp+(X), Rop-(X) 2 Kyp-(X). Let (z,2) € Rip (X)o
Ry, (X). Then, for some (z,y), (v,2) (z,y) € Rap. (X) and (y,2) €
&p+(X)' Since&er(X) C K +( )and Ry +( ) < K2p+(X)7 (z,y) €
Ky, (X) and (y,2) € &PJr(X) Therefore (z,2) € K1, (X) 0 Kapp, (X)
and 50 Ry, (X)oRap, (X) C K1y (X)oKs ., (X). Let (2,2) € K1, (X)o
K5, (X). Then, for some (z,y), (z,2) (z,y) € K, (X) and (y,2) €
Ky, (X).Since K, (X) C &P,(X) and Ky, (X) C Ry, (X), (z,9) €
Ry, (X) and (y,2) € Ry, (X). Therefore (z,2) € Ry, (X)o Ry, (X)
and so K1, (X) 0 Kz (X) C Ky (X) 0 Koy ().

Similarly, it can can be shown that Rj p+(X) o Rap+(X) C Kip+(X)o
Kop+(X). and K p- (X) 0o Kap-(X) € Ky p- (X) 0 Kap-(X). Then,

Rip(X) 0 Ryp(X) < K1p(X) 0 Kap(X).

(3) From Definition 30 and Definition 35, we known that

Rip(X)o(Rep(X)UR3p(X)) = (&p(X) © (B2 p(X) U R3 (X)), By p(X) 0

(Bap(X) U R3p(X)))
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and

Jo (Rap(X)URsp(X)) = ((Bupe(X)Bap (X)) [(Bape (X)U Ry, (X))
(B (X) N By ()]

Jo (Rap(X)UTRsp(X)) = ((Rips(X),Rip- (X))o [(Raps (X) URspi (X)),
(R2p-(X) N Ryp- (X))

smasunll«gaif)ﬁ;( ), Rip_ (X), Rip+(X) and Rip-(X) (i = 1,2,3) are clas-
(Byp, (X). Bip (X))o [(Bop (X)URsp, (X)),
(Byp, (X) 0 Ry (X)) U (B (X) 0 Ry, (X)
(Rip+ (X) © Baps (X)) N (Rip+ (X) 0 Rapr (X))

((Bip. (X) 0 Ry (X)), (Bip (X) 0 By (X)) U (Byp, (X) 0 By (X)),
(B (X) 0 Ry (X >>))

((R1p(X) 0 Rap (X)) U (Ryp(X) 0 By (X))

and

Rip+(X), Rip-(X)) o [(R2p+ (X) U R3p+ (X)), (
(Rip+(X) 0 Rap+ (X)) U (R p+(X) 0 Ryp+ (X)),
Rip
(B

+(X) 0 B pe (X)) N (B pe (X) 0 B e (X)) )
X) o R (X)), (Rip- (X) o Fap- (X)) U (Rip+ (X) o Rape (X)),
Fup-(X) o&P(X))))
(Bip(X) 0 Ryp(X)) U (Bip(X) 0 Rap(X))).
Using Eqgs. 3.3 and 3.4, we can write following equations

(Rup(x > (B2 p(X) U Ry (X)), B p(X) o (Rap(X) URsp(X)))

(B2p (X)N Ryp (X))(3.3)
);

(

—~

= ((Rip(X) o (Rep(X)), (Rip(X) o (Rap(X)))
U ((Rip(X) o (Rsp(X)), (Rip(X) o (Rsp(X)))
= (Bip(X )O Rop(X)) U (Ryp(X) o R3p(X))
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and so we get that Ry p(X)o (Rap(X)UR3p(X)) = (Rip(X)oRap(X))U
(R1p(X) o Ryp(X)).
PrOOfOlep(X)O(RQP(X)@Rgp(X)) = (RlP(X)ORQP(X))@(Rlp(X)O
R3p(X)) can be made in similar way.
(4) Let R1p(X) < R2p(X). From Definition 29, we know that R ,, (X)

Ry, (X), R, (X) 2 Ry, (X), Rip+(X) C Ryp+(X) and Ry p+(X)
Ryp-(X). Since definitions of Ry ,, (X) and Ry ,,, (X), R} (X) € Rap} (X).
Similarly Ryt (X) 2 Rapt (X), Ript (X) € Raps (X) and Raps (X)
R72;1 (X). We conclude that Ry ' (X) < Rap' (X).
(5)
(#,y) € (Rap, (X)) o (Rup (X)) & (y,2) € (Ropy (X))
and (z,y) € (Rip, (X))
for some (y,z) € Sp+(X) x Sp+(X)

c
2

U

& (2,y) € Rap, (X) and (y,2) € Ry, (X)
A (z,z) 6&}94—(){) O&P-F(X)
& (2,2) € (Rip, (X))o Ryp (X))

(2,9) € (Bap (X))o (Bi, (X)Th & (y,2) € (B (X))

and (z,y) € (R, (X))~

for some (y,2) € Sp-(X) x Sp-(X)
(2,9) € Rapp(X) and (y,2) € By (X)
(2,2) € Byp (X) 0 Bypp (X)

(2,2) € (R1,_(X) 0 Ry (X))71

¢ 0

¢

Similarly, it can be shown that

(Rip+(X) o Rop+ (X))t = (Rap+ (X)) ' o (Rip+ (X))
and

(Rap- (X)) ™" o (Rip- (X)) ™ = (Rep- (X)) ' o (Rip- (X)) 7"

The proofs of (6) and (7) are obvious. O
Definition 36. Let Rp(X) be a EBSR-relation, then lower and upper bipolar
equivalence class of u; € U are defined as follows:

;] = ({uj tuiRpe (X)ug }, {un : uiﬁp—(X)uk}>

[w] = ({uj tuiRp+ (X)uj}, {uk tu;Rp- (X)uk}>



BIPOLAR SOFT ROUGH RELATIONS 123

Here, for the sake of shortness,{u; : wjRps (X)u;}, {ur : wiRp- (X)ur}, {u; :
wiRp+(X)u;} and {up : w;Rp-(X)u,} will be indicated [u,]", [u,]™, [w;]" and
[w;]~, respectively.

Remark 1. {xl s = {uy o [y = [ylhio= 1,2,...7\U|} and {yl DY =
{uj : [w] = [w]}t,i=1,2,.., |U|} are called partitions of U under EBSR-relation
Rp(X) and denoted by U/Rp(X) and U/Rp(X), respectively.

Example 10. Let us consider EBSR-relation in Example 8. Then, for all u; € U,
bipolar equivalence classes;

w) = ({wuz) fuus} ), @] = ({urue},0)
W) = ({uru}0), ) = {ul,uz},wg
w) = (0{ususiury), [ = (0. {us,us}
w) = (0.0) @l = ({uih.0)

ws) = (0fususour}), @] = ({ush fus,us})
gl = (0, {ur,ue}), [a] = m,@;

fur) = (0, {us, us, ur}) ] = (0.0

Note that, U, cy[w]™ = Sp+ (X), Uy, evlw]™ = Sp-(X), Uy, ev[@ml™ = Sp+(X)

and U,, @]~ = Sp- ().
Also,

U/Bp(X) = {{ur}{uz} {us,us,ur}, {ua} fus} }

{{ur,ua}, {us} fua}, {us} {us, ur} }.

Proposition 3. Let Rp(X) be EBSR-relation such that Rp(X) = Rp(X). Then,
U/Rp(X) = U/Tin(X).

U/Rp(X) =

Proof. The proof is clear. O

Definition 37. Let (F,G,FE) € BSy, P = (U,(F,G,E)) be a BSA-space, X C U
and K = (BSp(X),BSp(X)) be a bipolar soft rough set. Partition of bipolar
soft rough set K is defined by partitions soft P-lower(upper) positive and soft P-
lower(upper) negative, respectively, as follows:

BSp(X) = (B(Sp+ (X)), B(Sp- (X))

BSp(X) = (B(Sp+ (X)), B(Sp- (X))
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where P(Sp+ (X)), B(Sp- (X)), B(Sp+ (X)) and P(Sp- (X)) are partitions of
Sp+(X), Sp-(X), Sp+(X) and Sp-(X), respectively.

Corollary 2. Let K = (BSp(X), BSp(X)) be a bipolar soft rough set and Rp(X)
be a EBSR—relation over bipolar soft rough set K. Then, collection of [u;]",
such that, [w,]T # 0 is a partition of Sp+(X). Similarly, collection of each of
[u;] 7, [w;]T and [w;]~ such that [u;]~ # 0,[w;]" # 0 and [w;]~ # 0, are partition of
Sp-(X),Sp+(X) and Sp-(X), respectively.

Example 11. Let us consider bipolar equivalence classes in Example 10. Then, a
partition of bipolar soft rough set given in Example 8 by EBSR-relation Rp(X) is
as follows:

(e wa by {{uwns o {us, us,urd ), ({{u, s, {uab fus} } {{us,us}}) )

4. CONCLUSION

Throughout the paper we introduced some new concepts such as bipolar soft
P—lower(upper) relations, bipolar soft rough relation, equivalence bipolar soft
rough relation, and gave examples related to the concepts. Also we obtained some
properties related to these concepts. Next, we will define concept of the bipolar soft
rough functions as a generalization of soft functions and investigate their properties.
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