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SOME RESULTS CONCERNING MASTROIANNI OPERATORS
BY POWER SERIES METHOD

EMRE TAS

ABSTRACT. In this paper, we consider power series method which is also mem-
ber of the class of all continuous summability methods. We study a Korovkin
type approximation theorem for the Mastroianni operators with the use of
power series method which includes Abel and Borel methods. We also give
some estimates in terms of the modulus of continuity and the second modulus
of smoothness.

1. INTRODUCTION

In the development of the theory of approximation by positive linear operators,
the Korovkin theory has big importance. The classical Korovkin type theorems pro-
vide conditions for whether a given sequence of positive linear operators converges
to the identity operator in the space of continuous functions on a compact interval
[3], [11]. This theory has closely connections with real analysis, functional analysis
and summability theory. In approximation theory, in order to correct the lack of
convergence summability methods are used since it is well known that they provide
a nonconvergent sequence to converge [4], [7], [10]. Also Holhos [9] has given a char-
acterization of the functions which is uniformly approximated by Bernstein-Stancu
operators.

In this paper, using power series method we give an approximation theorem and
quantitative estimates by the Mastroianni operators [13] which contain many well
known operators, such as Bernstein polynomials, Baskakov operators and Szasz-
Favard-Mirakjan operators.

First of all we recall some basic definitions and notations used in the paper.

Let (p;) be real sequence with p; > 0 and ps,ps3, ps... > 0, and such that the
corresponding power series p(t) := Z;il pjtj ~! has radius of convergence R with
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0< R<oo. If, for all t € (0, R),

xipitd !
t—>R p Z iPi

then we say that = (z;) is convergent in the sense of power series method [12],
[16]. Note that the power series method is regular if and only if

lim pjtj_l
t—Rr- p(t)
hold [5]. Throughout the paper we assume that power series method is regular.
Let for each j € N, ¢, : R — R be an infinitely differentiable function on
R* := [0, 00) for which the following conditions hold:
(i) 6,(0) = 1
(ii) (—l)m(b;m)(x) > 0 for every x € Ry and m € Ny
(iii) for every m € Ny, there exists a positive integer ¢(j,m) € N and a function
o m : Ry — R such that

=0, foreach jeN (1.1)

ajm(0) = O(™) as j — oo

B (@) = ()76 (@) () 2

for every z € Ry, i € Ny and also

ti— ti— 0
zpﬂ zp—7 amO )
t—>R p t_’R p ]m

In [8] the followmg facts have been obtained for each m € Np and z € Ry

() ajm(x) > 0 for every j €N, (b) ¢{"(0) = O(™) as j—oo.  (14)

Lemma 1. The following statements are satisfied for each m € Ny,
0ol [(m] _ 1

(?) lim 7y ;

(i1) for each v € N,

0o (m) 0o i
1 mp]tj 1¢ ( ) I 1 Oé]m ) _
o) 4 Z 7m+v T > H Gty O
i=1 -1
m so Pt/ =19 (0)
where T£ = % Ej 1 u i .

Proof. If we choose i =0, z =0 in (1.2) and use (i), then we get

m T (=1 ¢q(j,m)(0)jT =(=1) o
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Hence we obtain

o 4i—1 (m) 0o 1.
% Z(fl)mw - %Z pjt” " m\Y) ) (1.5)

j=1 "

Using (1.3) and (1.5), we obtain (i).
Since, for each v € N, the sequence (J%) is null sequence, for a given € > 0, there

exists a positive integer jo = jo(&,v) such that

Lipjtjil(*l)mgﬁgﬂw(o) ii tjil(*l)mqﬁgm)(())

Ok jm p(b) 4 Iz
1 >0 H=(=1)™m¢ ™ (0
gty 5 om0
il )J =jo+1 J

Using the last inequality and also Lemma 1-(i) and (1.4)-(b), the next inequality is
obtained for some M > 0

1 o= pit? (=197 (0)
0< lim —E ‘ J < M lim piti Tt + ¢
t—R— p( ) - Jm+v t S R- p Z J

which implies (ii) by (1.1). O

Now let ¢ € Ny and consider the following space

E, ={feCRy): mlim 1f—'(_x:3q exists}.

— 00

This space is endowed with the norm |||, |||« := sup,>g 1+(i)q is a Banach space.

The classical Mastroianni operators are given as follows

00 (m) z
M) = 3 1y

s

m=0
and map E,(Ry) into C(Ry). In case of ¢;(z) = e™7*, q(j,m) = j and aj,p = j™
we obtain Szasz-Favard-Mirakjan operators also if ¢ (z) = (142) 77, q(j,m) = j+m
and &, = j(7+1)...( +m—1)(1+x)~™ then we obtain Baskakov operators ([1],
[14]).
In this paper we investigate the following operators

M(f,z) = ]% S pit LM (f, ).
j=1

These operators can be written as

(m)
M) =t S S )
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For the classical Mastroianni operators, we know that

MJ(L{I}) = 1,

M;(y?,z) = 40 z® — ¢j.(20)17,

J2 J

Mj((y —2)*,2) = (¢jj(20) + 2¢j](,0) +1)a? — (b;,(;))m

We claim that My (eq, ) is well defined for the functions eq(y) = y%,¢ =0,1,2,....
It is known from Lemma 3 of [15] that

eqv = g O‘jv $ s

where «;,,(0) is the same as in (111) and J(q,v),v = 1,2,...q are Stirling numbers
of the second kind. Then we get

1 2 v > pjtj_laj,v(O)
M eq, —m J Qf Ziq

v=1 j=1
1

-1 © 4I—=1,.
pa an 1 v pit’ 1. (0)
§: )+ LS g 3 B 200
p(t) = j

v=1

Q

The last inequality 1mphes that

1 -1 —1
0< Mi(eq, ) s—)quj (0 Zlaq, )|a" Zp] O‘J’ v

and this proves our claim. So for all f € E, , M,(f,z) are well defined.

Theorem 1. Let q be a positive integer such that ¢ > 2. For every f € Ey, v € R4,
we have

Tim M (f,2) = f(z) (16)

uniformly on every compact subsets of Ry or equivalently {M;(f,x)};en is power
series summable to f(x) uniformly on every compact subsets of R.

Proof. We follow the similar procedure in the Korovkin type approximation theory.
We use the approximation theorems by Altomare-Campiti [2]. Thus, it is enough
to prove (1.6) holds for three test functions eg, e1, e4. It is easy to observe that

1 oo
Mt(€07 sz]tj 1{M (eg, )}—T[O].
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Hence from the regularity of the power series method we see that
lim Mq(eg, ) = ep(z).
t—R—

‘We also see that
1 oo
Milera) = o5 3t o)} =

Hence, by Lemma 1-(i), we obtain that
hm Mi(er,z) = e1(z) = .

Finally we can write
-1

—-1 00 i—1
} : p] O‘J q( 1 v z: pit’ v (0)
Mt(e(la - q + p(t) 10'(q,’0)$ - iq

Q

and by (1.3) and Lemmal—(u) we have

tEIII{L Mi(eq, ) = 27 = eq(x).

The pointwise approximation in (1.6) with respect to  becomes uniform on every
compact subsets of Ry [1] . This completes the proof. O

The next result concerns with the pointwise order of approximation in Theorem
1.

Lemma 2. For every x € Ry, we have
M (U3, 2) < 6 (x)
where W, (y) :=y — x and

Si(x) == | (22 + z) max{rl" — 27l 4 712, % ipjtjl[—?m}'

Proof. By simple calculation, we obtain

!
.0
M) = ) ol o S 0

which completes the proof. (Il

By w(f,d) = supj,_z<s [f(y) — f(@); 6 > 0; z,y € Ry we denote the usual
modulus of continuity of a function f € Cy(Ry), the space of all continuous and
bounded functions on R, . Now we will estimate the rate of convergence in terms
of modulus of continuity.
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Theorem 2. Let f € C,(Ry), € Ry. Then we have

Mif.2) = F(@)] < LF@)Ir = 1+ w(f. @) + /7).
Proof. Following Theorem 5.1.2 of [2], we obtain for any § > 0, that
Mi(f2) = f(@)] < |f@)[Mi(eo, ) = 1] +w(f, 6)(Mi(eo, z))
+@\/Mt(eo,x)\//\/lt(\1’%,w)-

Then from Lemma 2, taking § := §;(x), we get

MF )~ 1) < P~ 1]+ s s + LD 05z )
O

The following result gives an estimation on the space of differentiable functions.

Theorem 3. Let f € E;(Ry), (¢ € Ny) for which f is differentiable on Ry and
1€ Cy(Ry) and for every x € Ry, we have

(Mo(f,2) = f(@)| < [f@)]lrt" =1+ f @)l = (6, (2)8u (@) () 71 +1).
Proof. Following Theorem 5.1.2 of [2], we obtain for any ¢ > 0, that

Mi(f.2) = F@)] < [F@)]|Me(eo0,2) = 1+ w(f, )/ Mi(¥22) (VMileo, )

+% Md\lf%,ﬂf)) + | f' (@) [[ M (Y, )]

By using Lemma 2, we obtain that

IMi(f,2) = f(@)] < 1f@)I =1+ [af (@) - 7))

b (7 0o 5 (@) (ol 4 ) ).
(I

Now, we consider the approximation property. It is said to be that a function
f € E;(Ry), (¢ € Np), satisfies the locally Lipschitz condition on a subset U of R
provided that

|f(@) = fW)] < crle —yl* (z,y) € R4, U), (1.7)
holds for some positive constant ¢; depending on « and f, where a € (0,1]. The

next result gives an estimation on the class of functions satisfying locally Lipschitz
condition.

Theorem 4. For every x € Ry the following estimate

(2—a)

IMi(foz) — f(@)] < ef{(r1) =7 87 (2) + 2710d% (2, U)} + | f(2)] |7 — 1]




SOME RESULTS CONCERNING MASTROIANNI OPERATORS 193

holds for any function f € E,(Ry), (¢ € No) satisfying the locally Lipschitz con-

dition on a subset U of Ry as in (1.7), where T [ 1 and 0:(x) are given before and
d(x,U) denotes the distance z from U, i.e.,

d(z,U) :=inf{lx —y|:y e U}.
Proof. Let x € R,. By the definition of d(x,U), there exists a point xy € U, such
that d(z,U) = |z — zo|. Then using the fact that |f(z) — f(y)| < |f(y) — f(zo)| +

|f(x) = f(zo)] for any y € R, it follows from the positivity and linearity of the
operators that

(Mi(f,2) = f(@)] < Mu(If(y) = f(2)], 2) + | (@)[[Mi(eo, ) — 1]
< Mi([f(y) = flzo)l, ) + | F(x) = f (o) Mi(eo, )
+ £ (@) Mi(eo, z) — 1]
By (1.7), we can write that
IMilf.2) = F(@)] < e Mally — w0l 2) + 7l — ol¢ Meeo, @) + | £(@)][Mu(eo, ) — 1]
< e Mu(Jy — 2l @) + 2¢ |z — @l My(eo, @) + | F(@)] [ Muleo, 2) — 1]

1 ) m "¢ ()
=c p‘t]71 _1m7b_1,a J
fp(t) ;:1: J m§:0( ) | j | m)

+ 2¢plw — wol¢ Mi(eo, x) + [ f () || Mi(eo, ) — 1.

Now, using the Holder’s inequality with the Holder conjugates £ and , one can
see that
e} m (m)
(2 ~o) oo (1) o
M) = f@)] < 57l {—ijtf (D DM ey
= m=0 :
+2Cf\93—fﬂo|t (eo, )+|f($)|\Mt(eo, )—1\
0 g [0] o 0
= e (), T ME (2, 2) 4+ 27— ol") 4 F @)1 — 1
0 o 0 a 0
< e ()7 07 @) + 20w — ol + £ @)1} - 1.
Therefore, the proof is completed. (Il

Let wa(f,d), 6 > 0 denote the second modulus of smoothness of a function
f € Cy(R4). Then we get the following theorem.

Theorem 5. For every f € Cp(Ry) and x € Ry we have

IM(f,2) = f(@)] < O + D fwa(f, V() + (@) £},

where C is a positive constant and

67 (x
(e = maas{ 7l = 1], e (el = 1)), 2523,
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Proof. Let g € CZ(Ry). Then, by the Taylor’s formula, one can write that

9(y) = g(x) + (y — 2)g'(z) + %g”z, ye R,

where ¢ lies between y and x. So,

Mlg.) = g(@) Moleo, ) + () Mu( W 1) + 5 M0 (829 (€), )

which implies that

g//
Mg 2) — 9(a)] < gl 1 + el — i)+ 10 ag, w2,

0 1 0 lg" ]l
< Nl =11+ g Ne(ri! =) + 25767 (2)

< Qu(@)(llgll + llg"ll + 19" 1)
= Qt@)”ﬂ”cg(&)

where ||glloz@,) = ([lgll + [[¢'l + lg” ). Then it is easy to see that
(Me(f,z) = f(@)] < IMi(f = g,2)[ + [Mi(g,2) — g(@)] + | f(2) — g(z)].
By the definition of the operators we can write that
Mu(f.2) = @] < If = gl + 1) + (@llgllez e,
< (W DUS =gl + llgllez ) Q)

and also by taking infimum over g € C?(R;) we obtain that

IMi(f,2) = f(@)] < (T + DE(f, ()
where

K(f,0):= inf — gl + l9llez,)d
(f,9) geé?(R+){||f gl +llgllcz@.)0}

known as the Peetre’s K-functional. Now, using the fact that
K(f,6) < C(wa(f,V3) + || f|| min{1, 5})

for some positive constant C' independent of 4, f [6], we get

IMi(f,z) — f(2)] < O + D) {wa(f, V(@) + Q@)1 11}

which completes the proof.
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2. CONCLUDING REMARKS

e In the case of R = 1, p(t) =

series method coincides with Abel method which is a sequence-to-function
transformation.

1
; and for j > 1, p; = 1 the power

1
e In the case of R = oo, p(t) = €' and for j > 1, p; = W the power
j—1)

series method coincides with Borel method.
We can therefore give all of the theorems of this paper for Abel and Borel con-

vergences.
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