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QUANTITATIVE ESTIMATES FOR JAIN-KANTOROVICH
OPERATORS

EMRE DENIZ

ABSTRACT. By using given arbitrary sequences, 8,, > 0, n € N with the
property that limn_—eonfB, = 0 and limp— 3, = 0, we give a Kantorovich
type generalization of Jain operator based on the a Poisson disrtibition. Fristly
we give the quantitative Voronovskaya type theorem. Then we also obtain the
Griiss Voronovskaya type theorem in quantitative form .We show that they
have an arbitrary good order of weighted approximation.

1. INTRODUCTION
With the help of a Poisson type distribution,

ala+ kB! o
wp (ko) = LR = L etoan,

for 0 < a < o0, |B] < 1, in 1970, G. C. Jain [14] introduced a positive linear
operator defined for f € C (RY) as

P () (2) = 3 wp (k) f (’“) , (1.2)
k=0

n

k=0,1,2,.. (1.1)

where 8 € [0,1) and
ng (k,a) = 1.
k=0

As a particular case § = 0, we obtain the well-known Szasz-Mirakyan operators
studied in [6], [11] and [15];

POL(F) (5) = S0 (f) (1) = S pu (2) f (k) , (1.3)
k=0

n

,
where p, i (z) = e™ "
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Recently, Agratini [3] studied class of integral type positive linear operators of

RLB J and obtained some approximation properties of them in weighted spaces. Also,
some authors studied generalizations of Jain’s operators ([10], [13],[16] and [17]).
Now, we define and investigate Kantorovich variant of PJLB operator , in order
to obtain an approximation process for spaces of locally integrable functions on
unbounded interval, replacing the sample values f(k/n) by the mean values of f in

the intervals [%, %] as follows:

Definition 1. For 3 € [0,1)
SV (f) (@) = “iwﬂ (k, nx) /f(t) dt (1.4)
k=0 s

where wg (k,nx) = 5F (nx + kﬁ)k—l o— (na+kp)

The Kantorovich method was applied to many generalizations of the Bernstein
polynomials like for example Szdsz-Mirakyan, Baskakov and other operators. A
recent contribution in this direction was given in [4]. We note that, P. L. Butzer
[5] introduced and studied Szasz-Mirakyan-Kantorovich operators defined by

k+1
n

Ko (D) e) =ny pus (o) [ £(0)dt
k=0 e

)
=)
—~
~
S~—
—~

8
S~—

1l

for f € L1(0,00), the space of integrable functions on unbounded interval [0, o).

In this paper we study some approximation properties of the sequence of linear
positive operators given by (1.4) in a weighted space.

The structure of the paper is as follows. In the second section, we calculate some
moment of our operator in Definition 1. In the third section, a Voronovskaya type
theorem in quantitative form is obtained as well. In the fourth section, we also give
a Griiss Voronovskaya type theorem in quantitative form. In the last section, some
weighted approximation theorems are presented.

2. MOMENTS OF THE OPERATORS ST[LB]

We begin with the following lemma which is necessary to prove the main result.
Taking in view Lemma 1 in [2] has been established the following moments:

Lemma 1. Let ej, j € NU{0}, be the j-th monomial, e; (t) = tJ. For the operators
defined by (1.2) (see also [14, Eq.(2.11)]) the moments are as follows:

{E2 T

2+ 37
(1=5)" n(1-p)

P (eo) (z) = 1, PP (e1) (2) = P (e2) () =
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e (1- 5)3 - n(l-— 5)4 n?(1— 6)57
P — 2
7[{3] (es) (x) = x4 N 623 2 (88+7) = (65 +88+ 1) |

Q-8 n@1-p°" n2(1-p)° n3(1—-B)"

5 10 5(5+48
PPe®) = gt T n2((1 - /3))7
2 15 [1 + 48 + 26°] At 228 + 5832 + 2432

n? (1 p)° nt (1 - p6)°

)

a0 N 1520 ,45(13+88) 430 (3+83+3p%
(1-p)° n(1-8" "~ n2(1-p8° n (1 - B)°
23t 2920 + 47837 + 1443°
nt(1-8)"°
1445 (13 4+ 828 4 111587 + 308°)
+x 11 .
n®(1-p3)

PY (o) (x) =

Lemma 2. The operators S’,[Lm, defined by (1.4) the moments are as follows:

S(e) (@) = 1, SP(er) (@) =< : S+ %

@ =g fzﬁf o2 n(21ﬁ—+ﬁf§) St

e - e e
o

S (e4) (x) = i f4ﬁ)4 N 2(4n(215_+6¢;§) a3 . (15— 128 218([132_56@3”54) 2
+(6—66+2762 — 2463 +178* —68° + %) = L

n? (1= )’ ot
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S (e5) () = b L8 (5-28+ 5“2) ot 5(26— 148 +2158° — 8513 +2p%) 2
(1-5)° 2n (1 - B) 3n? (1 - p)
+5 (18 — 4B + 4287 — 288° + 198" — 68° + %) 22
2n3 (1 - B)°
N 62 + 4408 + 56682 — 3923° + 5958% — 3863°
6nt (1 - 8)°
183435 — 4887 + 63° 1
6nt (1 —B)° T 6n>’
SI (eg) (x)
B z6 3(6—2ﬁ+ﬂ2)x5+5(2+ﬁ2)(10—45+52)x4
1-p° n(1-p) n2(1-B)°
+5 (40 + 608° — 328° + 218" — 68° + %) 2®
nd (1 B)°
N (129 + 1685 + 6123 — 2243% + 4008 — 2183 + 998° — 248" + 3°) 22
nt(1- )"
N 18 4+ 783 + 417/ 4 963 + 470" — 3083°
n5 (1 _ ﬁ)ll
26935 — 13487 + 488% — 108° + p*° 1
’ ()" e

Proof. Obviously by (1.4), we obtain s (eo) (z) = 1. With a simple calculation,
we obtain that

1 1
S (ex) = P (e1) () - P (e0) (2) = 7= 5
S e @) = PP (ea) @)+ B () () + 5 5 W (eo) (2)
B x2 x(2—26+ﬂ2)+i
=7 n(-p* 3
S (es) (0) = PP (es) (2) + o P e2) (@) + 5 PI e2) (@) + o3 P (o) (2)
4B 2?3 (3 - 28+ 5°) N z (7— 108+ 1587 — 88° +25%)
= 2m-p) 22 (1 - B)°
1
+7
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Similarly, for j > 4, the proof can be done. O
Lemma 3. The j-th order central moment of the operators ST[Lﬁ] are as following
1
(8] (L0 :1([,@]1):67
P W)@ = 1 () @ =ortg+ 5.

32 (1+5-28%+5°) 1

(8] _
SO = m2(1 TR
3 2 3
18] (3 _ s B 236 (2+ 8267+ %)
SO @ = T T sy
5-58%+128% —83% +28° 1
+a —
22 (1 - f)° 4n3

. B ,26° (3+ 8 —28°+ %)

4
SP(gh (1) (@) = = T 5" +a W7
L (3+108 —28% —28° + 128" — 88° +28°)
n?(1-p)°
(5+B+68%+118° —188* +158° —68° +57) 1
+x s (1— 6)7 Epd’

S (g8 (1)) ()
s B° .38 (5+ 8 —268° +8%)

T a—p T ey
ot 587 (9+ 108 — 38% +28° + 68 — 48° + 3°)
n?(1-B)°
L (3+218 + 2187 + 105 + 308" + 358° — 148° + 158" — 638° + 8°)
n? (1 B)°
o (70 + 1560 + 22537 + 3745° + 433*
nt(1-8)"°
+7B5 +1608°% — 15387 + 8458° — 245° + 3ﬂ10>
nt(1-p8)"°
. (17 + 898 + 3626% 4 2615° + 1408* + 1545° — 1934°
s (1-8)"

19687 —1178% + 453° — 1080 + 't 1
* s

(1 p)" e
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where @I (t) = (t —z),7=0,1,2,... .

3. VORONOVSKAYA THEOREMS

Let B2 [0,00) be the set of all functions f defined on [0, c0) satisfying the con-
dition |f (z)| < My (1+ #?) with some constant My, depending only on f, but
independent of z. B,2[0,00) is called weighted space and it is a Banach space
endowed with the norm (@)

f(z
[fll2 = sup

z€[0,00) 1+ z?

Let Cy2 [0,00) = C'[0,00) N B2 [0, 00) and by C’;"Q [0,00), we denote subspace of
all continuous functions f € B2 [0, 00) for which lim,_, ﬁ?z is finite.
We know that usual first modulus of continuity w (6) does not tend to zero, as
d — 0, on infinite interval. Thus we use weighted modulus of continuity € (f, )

defined on infinite interval [0, 00) (see [12]). Let

B fath) - @)
Q0= s AR+

Now some elementary properties of Q (f,§) are collected in the following Lemma.

Lemma 4. Let f € C*, [0,00). Then,

for each feC,2[0,00).

i) Q(f,0) is a monotonically increasing function of d, § > 0.
ii) For every f € C*,[0,00), }in})ﬂ (f,0)=0.

iii) For each A > 0,
Q(f,A0) <2(1+ ) (1+0%) Q(f,9). (3.1)
From the inequality (3.1) and definition of Q (f,d) we get

Fw-s@ <20+ (1+0-07) 1+ 50 00 62

for every f € Cy210,00) and z,t € [0,00) .

Next, we give the quantitative Voronovskaya type theorem in weighted spaces,
which states the following;:

Theorem 1. Let f € C¥,[0,00) and 0 < 3,, < 1. Then, we have

n 80 @ s @] - 31 @) 2 @]
f:;a T <|

’

ngB,, L
z2 1 — Bn 2

+ Ca,Q <f”; \/15> ,

f

where a,, — 0, depending on B,,, as n — oo and C' is a positive constant.
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Proof. By the local Taylor’s formula there exist 1 lying between x and y such that

PO =@+ @ )+ T2 Pt h) o)

where

) - (@)

h(n,z) : 5

and h is a continuous function which vanishes at 0. Applying the operator S,[f ") to
above equality, we obtain the equality

S () @) = @) = f (@) 8P (g} (1) (@) + =550 (2 (1)) (@)

‘Sifnl N - f@- 58 L,
< £ @[S o) @) - 5] + T2 [ (2 0) ) - 2]

+520 (h(n,2) (y = 2)°) (2).

To estimate last inequality using the inequality (3.2) and the inequality |n — z| <
ly — x|, we can write that

b (n,2)| < (1+(y—:c)2) (1+27) (1+ |y_x> (1406%)Q(f";0).

1)
Since
h (n,2)| < 2(1+2%) (1t52)29(f2”;5)7 ly—z| <0
T 8+ S (1480 Q(f0),  ly—al 20

choosing § < 1, we have

N
o
—~
—
—+
8
[V
~—

W) < 2(1+4?) (1 + (;,;)) (148)2Q(f":0)
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We deduce that
S (10 (. 2)| (= 2)) (@) = 8 (1+22) Q#736) { ) (2 (1) ()

+Lgi (g0 ) <x>}

gt
=8 (1+a%) Q(f";8) S (02 (1)) ()

[8,]
§ {1+15n (5 (1) <x>}. 53)
(92 (t)) (=)

54 S[Bn]
Using Lemma 1 and calculating with simple, we have

[Bnl (6 4 2
Sn™ (2 (1)) () (1-5,) n(l-p,)
9 660 taz 1122 n 1268
712 (1_ﬂn)6 n3 (]-_ﬂn)7 TL4 (1_6n)8

In (3.3), choosing

then, we have

SO (Ih o)l (y—-2)°) @) < C(1+2%) (2" +a* +a® +a+1)
<) (2 0) @9 (1 7= ).

where C' is a positive constant. Thus we have desired result. (I

Remark 1. It is seen that S,[f}] does not form an approximation process. In order
to transform it into an approzimation process, the constant B will be replaced by a
number 3, € [0,1) and also

lim ng,, = 0.

n—oo

The following estimate is Voronovskaya type asymptotic formula.

Corollary 1. Let f" € C¥, [0,00) , x > 0 be fired and 0 < 8, < 1. Then, we have

lim 7 [SI8 (f) (@) = £ @)] = = [ (@) + /" ()]

n—oo 2

4. GRUSS TYPE APPROXIMATION

Let us to prove the following result called by us Griiss-Voronovskaya type theo-
rem in quantitative form (see [9]).
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Theorem 2. Suppose that the first and second derivative f',g', f",g" and (fg)"
exist at a point x € [0,00), we have

n

S (fgia) = S (fi2) S (gi2) 2 (@) ()
220 (1+22)°

ooy, 72 H(fg; =, +Can) ((fg)”; 1)

7
1111, {Hg'
ws, |0

4 T2 7 1
+||g||mz{Hf Ll anwansz(f;ﬁ)}
+nAy, (f) An (9)

IA

nﬁn Hg z2 ", 1
:1:21—ﬂn+ 5 an+CanQ<g,\/ﬁ

where

1 m e,
A () = I1F]0 (fﬁ . Qn) e

and ~y,, — 0, depending on 3,, n — oco.

Proof. For x € [0,00), we have
S (fgzw) = S (i) S (g:) =~ f (@) ()

= S ()~ f @) g @)~ 5- (@) g @) — o (7 (@) g ()

(@) S5 g50) - 9(0) - 500 (@) = 0" (0)

~9(0) [P (F50) = £ (@) = 51 (0) — 1" 0)

+(9@) = s (i) (S (f12) = £ (@)
= A+ Ay + A3+ Ay

Thus we can write

s ((Fg3w) = SE (f:2) S0 (:0)) — o (@) o' (@)
(1+22)"
n

< m {|A1] + [A2| + |As] + [A4l},
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where
" [nS (Fgso) = £ (@) g (@) = 5 (f (@) 9 (@) = 5 (f (2) 9 ()"
1+22)° 7 (1+22)
n @) 2 (8 g0) - 9(@)) = 39 (@) - 9" (@)
(1—|—x2)6| 2 < (1+22) (1+22)* ’
[ﬁn] . ! x
0 e la) In (857 (£30) = £ (@) f4%f (2) - & <m>]’
(1+22) (14 22) (14 x2)
e [0 @) [ () - £ @)
(1+m2)6‘ i <n (14 22) (1+22)° '
From Theorem 1, we have
nﬁn H(fg)” 2 ", 1
ig%( +,9326_H fg w217ﬂn+ D) an+0an9<(fg) an>7
s ns, I L1
iu%(H )GIIfllmz{ ﬁn+ 5 an +Oan9< ; }

N
Bn 2

3
S~— ~———

z” an +Ca, <f”;

b
).

Si-

sup AL g 3 |
x>0 (1+ )

On the other hand, we can write

) (1) — £ 2) = 1 ) S (h () (@) + 58] (7 ©) (¢~ =

Therefore, we have

~

S0 1@ rwist e o) @ S (10" )
(+a2 (1+a2)° 2(1+a%)°
) S[ﬁ] (pr )
< N ﬁ
el S () (=) )
2 @ (14 22)?

where ( is a number between ¢ and z.
Case l: t < (<

S (fi0) ~ f () SE (L) (2) 1 S (o
(1_’_1,2)3 < Hf ||T2 w + 5 Hf ||T2 (1

(1) (=

2
Pz
+a?)
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Case 2: x < (<t

S (fi2) — 1 (@)

(1+22)®
< 1) SO @ nﬂ|%ﬁm+ﬂwﬁﬂ@
— 2 (1 + 2)2 2 (1 + $2)2
- T ey S
Hz,mA2m+ ( ®) @)
(1+22) (1+22)
Thus, we obtain for two cases of { that
S (i) = f (@)
0 (1ta?)
i @W@mym+|ww (s¢2 (1)) @)
aSUp ———— o — 4 — s qsup ——F——
= W e 2 e T T
(2 m)@ (et ) @)
2supr—-——">Gg— +SUp ———L—
2>0 (14 22) >0 (14 a?)
g B v LN Iz
170 (1225 + 5 ) + gt = ).
Thus the proof is completed. O

5. WEIGHT APPROXIMATION

Now, in this section we give some weight approximation theorems for the func-
tions which belong to weighted space sz [0,0) by S,[f ] operators. For details of
proofs see [2] and [8].

Theorem 3. If f € CF,[0,00). then the inequality
Ci — .
|87 (1) (@) ﬂMSKQO;lﬂﬂ

n

sup 5
€>0 (14 22)2

is satisfied for a sufficiently large n, where K is a constant.
Theorem 4. For each f € C¥, [0,00), we have

hmHS J -1 =o.

x2
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Now, we give the following theorem to approximation all functions in Cjz [0, c0) .

This type of results is given in Gadjiev et al. [7] for locally integrable functions.

Theorem 5. For each f € C,2 [0,00) and o > 0, we have

(1]
2]
(3]

(4]

S () (@) = f (@)

lim sup =0
N—0e[0,00) (1 + .’L‘2)1+a
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