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STRONG AND WEAK CONVERGENCE OF AN ITERATIVE
PROCESS FOR A FINITE FAMILY OF MULTIVALUED

MAPPINGS SATISFYING THE CONDITION (C)

ISA YILDIRIM

Abstract. The aim of this paper is to introduce an iterative process with
errors for a finite family of multivalued mappings satisfying the condition (C)
which is weaker than nonexpansiveness. We also prove some strong and weak
convergence theorems for such mappings in uniformly convex Banach spaces.

1. Introduction

Fixed point theory is one of the most important tool of modern mathematics.
This deals with the conditions which guarantee that a singlevalued mapping T of
a set X into itself admits one or more fixed points, that is, points x of X which
solve an operator equation x = Tx, called a fixed point equation. Fixed point
theory serves as an essential tool for solving problems arising in various branches of
mathematical analysis. These problems can be modeled by the equation Tx = x;
where T is a nonlinear operator defined on a set equipped with some topological or
order structure.
The study of fixed points for multivalued contractions and nonexpansive map-

pings using the Hausdorff metric was initiated by Markin [9] and Nadler [10]. The-
ory of multivalued mappings is harder than the corresponding theory of singleval-
ued mappings. Theory of multivalued mappings has applications in control theory,
convex optimization, differential equations and economics.
Throughout this paper, the letter N will denote the set of natural numbers. We

recall some definitions as follows:
Let X be a real Banach space. A subset E is called proximinal if for each x ∈ X,

there exists an element y ∈ E such that

d (x, y) = inf{‖x− z‖ : z ∈ E} = d (x,E) .
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It is known that a weakly compact convex subsets of a Banach space and closed
convex subsets of a uniformly convex Banach space are proximinal. We shall de-
note by CB(E),K (E) and P (E) the collection of all nonempty closed bounded
subsets, nonempty compact subsets, and nonempty proximal bounded subsets of
E, respectively. Let H be a Hausdorff metric induced by the metric d of X, that is

H(A,B) = max{sup
x∈A

d(x,B), sup
y∈B

d(y,A)}

for every A,B ∈ CB(E). It is obvious that P (E) ⊆ CB(E).
Let T : E → CB(E) be a multivalued mapping. An element x ∈ E is said to be

a fixed point of T , if x ∈ Tx. The set of fixed points of T will be denote by F (T ).
Moreover, we will write F = ∩ri=1F (Ti) for the set of all common fixed points of
the mappings T1, T2, ..., Tr. The mapping T : E −→ CB(E) is said to be
(i) nonexpansive if H(Tx, Ty) ≤ ‖x− y‖, for all x, y ∈ E;
(ii) quasi-nonexpansive if H(Tx, Tp) ≤ ‖x− p‖, for all x ∈ E and p ∈ F (T ).
In 2008, Suzuki [17] introduced a condition on mappings, called (C) which is

weaker than nonexpansiveness and stronger than quasi-nonexpansiveness. A mul-
tivalued mapping T : E −→ CB(E) is said to satisfy condition (C) provided that

1

2
d (x, Tx) ≤ ‖x− y‖ ⇒ H(Tx, Ty) ≤ ‖x− y‖

for all x, y ∈ E.
From the above definitions, it follows that a nonexpansive mapping must be

quasi-nonexpansive mapping. However, the converse of this statement is not true,
in general. If T : E −→ CB(E) is a multivalued nonexpansive mapping, then T
satisfies the condition (C) ([1]). Moreover, if T : E −→ CB(E) is a multivalued
mapping which satisfies the condition (C) and has a fixed point, then T is a quasi-
nonexpansive mapping ([5]).
Different iterative processes have been used to approximate fixed points of multi-

valued nonexpansive mappings. Among these iterative processes, Sastry and Babu
[13] considered the following.
Let E be a nonempty convex subset of a Banach space X, T : E −→ P (E) a

multi-valued mapping with p ∈ Tp.
(i) The sequences of Mann iterates is defined by x1 ∈ K,

xn+1 = (1− an)xn + anyn, (1.1)

where for all n ∈ N and yn ∈ Txn;
(ii) The sequence of Ishikawa iterates is defined by x1 ∈ E,{

xn+1 = (1− αn)xn + αnun,
yn = (1− βn)xn + βnzn,

(1.2)

where for all n ∈ N, un ∈ Tyn and zn ∈ Txn.
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They proved that the Mann and Ishikawa iteration processes for multivalued
mapping T with a fixed point p converge to a fixed point q of T under certain con-
ditions. They also claimed that the fixed point q may be different from p. Panyanak
[12] extended result of Sastry and Babu [13] to uniformly convex Banach spaces.
After, Song and Wang [15] noted that there was a gap in the proof of the main
result in [12]. They further revised the gap and also gave the affi rmative answer to
Panyanak’s open question. Shazad and Zegeye [16] extended and improved results
already appeared in the papers [12, 13, 15].
Khan and Yildirim [8] further generalized the results of Song and Cho [14] and

Shahzad and Zegeye [16] partly by incorporating and unifying their techniques. For
results on a three step iteration process, see for example, Khan et al. [7].
Recently, Yildirim and Ozdemir ([19], [20]) proved some strong and weak con-

vergence result for nonexpansive and quasi-nonexpansive mappings by using the
following multistep iteration process: For an arbitrary fixed order r ≥ 2,

xn+1 = (1− α1n) yn+r−2 + α1nT1yn+r−2,
yn+r−2 = (1− α2n) yn+r−3 + α2nT2yn+r−3,
...
yn+1 =

(
1− α(r−1)n

)
yn + α(r−1)nTr−1yn,

yn = (1− αrn)xn + αrnTrxn,

(1.3)

or, in short,  xn+1 = (1− α1n) yn+r−2 + α1nT1yn+r−2,
yn+r−i = (1− αin) yn+r−(i+1) + αinTiyn+r−(i+1),
yn = (1− αrn)xn + αrnTrxn,

(1.4)

where for all n ∈ N, {α1n} and {αin} , i = 2, ...r, are real sequences in [0, 1) .
If T1 = T2 = ... = Tr = T and αin = 0 for i = 2, ...r and all n ∈ N, then (1.3)

reduces to (1.1).
In 2011, Eslamian and Homaeipour [6] introduced a new three-step iterative

process for multivalued mappings in Banach spaces. They also proved some con-
vergence theorems for multivalued mappings satisfying condition (C) in uniformly
convex Banach spaces. Their iteration process with errors as follows:
Let E be a nonempty convex subset of a Banach space X and T1, T2, T3 : E −→

CB(E) be three multivalued mappings. Then for x1 ∈ E, xn+1 = (1− αn − βn)xn + αnun + βns
′′

n,

yn = (1− cn − dn)xn + cnvn + dns
′

n,
wn = (1− an − bn)xn + anzn + bnsn,

(1.5)

where for all n ∈ N, un ∈ T1yn, vn ∈ T2wn and zn ∈ T3xn, {an} , {bn} , {cn} , {dn} ,
{αn} , {βn} ⊂ [0, 1] and {sn} ,

{
s
′

n

}
and

{
s
′′

n

}
are bounded sequences in X.

Inspired by the above works, we introduce the following iterative process for a
finite familiy of multivalued mappings.
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Let E be a nonempty convex subset of a Banach space X and Ti : E −→ CB(E)
(i = 1, 2, ..., r) be a finite family of multivalued mappings. For an arbitrary fixed
order r ≥ 2,



xn+1 = (1− α1n − β1n) yn+r−2 + α1nzn,1 + β1nu1n,
yn+r−2 = (1− α2n − β2n) yn+r−3 + α2nzn,2 + β2nu2n,

...

yn+1 =
(
1− α(r−1)n − β(r−1)n

)
yn + α(r−1)nzn,r−1 + β(r−1)nu(r−1)n,

yn = (1− αrn − βrn)xn + αrnzn,r + βrnurn,

(1.6)

where for all n ∈ N, zn,r ∈ Tr (xn) and zn,i ∈ Ti
(
yn+r−(i+1)

)
for i = 1, 2, 3, ..., r

and {αin} , {βin} ⊂ [0, 1] and {uin} are bounded sequences in X.
Finding common fixed points of a finite family of mappings is an important

problem. Altough many algorithms have been introduced for various classes of
mappings, the existence of common fixed points of a family of mappings are not
known in many situations. So, it is natural to consider approximation results for
such mappings.
The purpose of this paper is to study convergence of the sequence in (1.6) to a

common fixed point of a finite family of multivalued mappings in uniformly convex
Banach spaces. Our work is a significant generalization of the corresponding results
in the literature.

2. Preliminaries

Let X be a real normed linear space. The modulus of convexity of X is the
function δE : (0, 2]→ [0, 1] defined by

δE(ε) = inf

{
1−

∥∥∥∥x+ y2
∥∥∥∥ : ‖x‖ = ‖y‖ = 1, ‖x− y‖ = ε

}
;

X is called uniformly convex if and only if δX(ε) > 0 for all ε ∈ (0, 2].
A mapping T : E −→ CB(E) is said to be semicompact if, for any sequence {xn}

in E such that d (xn, Txn) → 0 as n → ∞, there exists a subsequence {xnk} of
{xn} such that xnk → p ∈ E. We note that if E is compact, then every multivalued
mappings T : E −→ CB(E) is semicompact.
A mapping T : E −→ CB(E) is said to satisfy condition (I) if there is a nonde-

creasing function g : [0,∞)→ [0,∞) with g(0) = 0, g(t) > 0 for all t ∈ (0,∞) such
that

d (x, Tx) ≥ g (d (x, F (T ))) .
Let Ti : E −→ CB(E) (i = 1, 2, ..., r) be a finite family of mappings. The mappings
Ti for all i (i = 1, 2, ..., r) are said to satisfy condition (II) if there exist a nonde-
creasing function g : [0,∞)→ [0,∞) with g(0) = 0, g(t) > 0 for all t ∈ (0,∞) such
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that
r∑
i=1

d (x, Tix) ≥ g (d (x,F)) ,

where F = ∩ri=1F (Ti) .
Throughout this paper, we will denote the weak convergence and the strong

convergence by ⇀ and →, respectively.
A Banach space E is said to satisfy Opial’s condition [11] if for any sequence

{xn} in E, xn ⇀ x implies that

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖

for all y ∈ E with y 6= x.
Examples of Banach spaces satisfying this condition are Hilbert spaces and all

lp spaces (1 < p <∞). On the other hand, Lp[0, 2π] with 1 < p 6= 2 fail to satisfy
Opial’s condition.
The mapping T : E −→ CB(E) is called demi-closed if for every sequence

{xn} ⊂ E and any yn ∈ Txn such that xn ⇀ x and yn → y, we have x ∈ E and
y ∈ Tx. If the space E satisfies Opial’s condition, then I − T is demi-closed at 0,
where T : E −→ K(E) is a nonexpansive multivalued mapping ([4]).
We use the following lemmas to prove our main results.

Lemma 1. [2] Let E be a nonempty subset of a uniformly convex Banach space X
and T : E −→ CB(E) be a multivalued mapping with convex-valued and satisfying
the condition (C) then

H(Tx, Ty) ≤ 2d (x, Tx) + ‖x− y‖ , ∀x, y ∈ E.

Lemma 2. [2] (Demi-closed principle) Let X be a uniformly convex Banach space
satisfying the Opial condition, E be a nonempty closed and convex subset of X.
Let T : E −→ CB(E) be a multi-valued mapping with convex-values and satisfying
the condition (C) . Let {xn} be a sequence in E such that xn ⇀ p ∈ E, and let
limn→∞ d (xn, Txn) = 0, then p ∈ Tp, i.e., I − T is demi-closed at zero.

Lemma 3. [1] Let T : E −→ CB(E) be a multivalued nonexpansive mapping, then
T satisfies the condition (C) .

Lemma 4. [18] Let {an} , {bn} and {δn} be sequence of nonnegative real numbers
satisfying the inequality

an+1 ≤ (1 + δn) an + bn.
If
∑∞

n=1 δn <∞ and
∑∞

n=1 bn <∞, then limn→∞ an exists. In particular, if {an}
has a subsequence converging to 0, then limn→∞ an = 0.

Lemma 5. [3] Let X be a uniformly convex Banach space and Br = {x ∈ X : ‖x‖ ≤ r},
r > 0. Then there exists a continuous, strictly increasing and convex function
ϕ : [0,∞)→ [0,∞) with ϕ(0) = 0 such that

‖αx+ βy + γz‖2 ≤ α ‖x‖2 + β ‖y‖2 + γ ‖z‖2 − αβϕ (‖x− y‖) ,
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for all x, y, z ∈ Br and all α, β, γ ∈ [0, 1] with α+ β + γ = 1.

3. Main Results

We start with the following lemma.

Lemma 6. Let E be a nonempty, closed and convex subset of a uniformly convex
Banach space X. Let Ti : E −→ CB(E), (i = 1, 2, ..., r) be a finite family of
multivalued mappings satisfying the condition (C). Assume that F = ∩ri=1F (Ti) 6=
∅, Ti (p) = {p} , (i = 1, 2, ..., r) for each p ∈ F and

∑∞
n=1 βin < ∞ for each i.

Let {xn} be the sequence as defined in (1.6). Then limn→∞ ‖xn − p‖ exist for any
p ∈ F .

Proof. Suppose that p ∈ F . Since the sequences {uin} are bounded for i = 1, 2, ..., r,
there exists λ > 0 such that

max {sup ‖u1n − p‖ , sup ‖u2n − p‖ , ..., sup ‖urn − p‖} ≤ λ.

Using (1.6) and the condition (C), we have

‖xn+1 − p‖ ≤ (1− α1n − β1n) ‖yn+r−2 − p‖+ α1n ‖zn,1 − p‖+ β1n ‖u1n − p‖
≤ (1− α1n − β1n) ‖yn+r−2 − p‖+ α1nd (zn,1, T1 (p)) + β1n ‖u1n − p‖
≤ (1− α1n − β1n) ‖yn+r−2 − p‖+ α1nH (T1 (yn+r−2) , T1 (p))

+β1n ‖u1n − p‖
≤ (1− α1n − β1n) ‖yn+r−2 − p‖+ α1n ‖yn+r−2 − p‖+ β1n ‖u1n − p‖
= (1− β1n) ‖yn+r−2 − p‖+ β1n ‖u1n − p‖
≤ ‖yn+r−2 − p‖+ β1nλ

and

‖yn+r−2 − p‖

≤ (1− α2n − β2n) ‖yn+r−3 − p‖+ α2n ‖zn,2 − p‖+ β2n ‖u2n − p‖
≤ (1− α2n − β2n) ‖yn+r−3 − p‖+ α2nd (zn,2, T2 (p)) + β2n ‖u2n − p‖
≤ (1− α2n − β2n) ‖yn+r−3 − p‖+ α2nH (T2 (yn+r−3) , T2 (p)) + β2n ‖u2n − p‖
≤ (1− α2n − β2n) ‖yn+r−3 − p‖+ α2n ‖yn+r−3 − p‖+ β2n ‖u2n − p‖
= (1− β2n) ‖yn+r−3 − p‖+ β2n ‖u2n − p‖
≤ ‖yn+r−3 − p‖+ β2nλ.
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Similarly, we have

‖yn+1 − p‖ ≤
(
1− α(r−1)n − β(r−1)n

)
‖yn − p‖+ α(r−1)n ‖zn,r−1 − p‖

+β(r−1)n
∥∥u(r−1)n − p∥∥

≤
(
1− α(r−1)n − β(r−1)n

)
‖yn − p‖+ α(r−1)nd (zn,r−1, Tr−1 (p))

+β(r−1)n
∥∥u(r−1)n − p∥∥

≤
(
1− α(r−1)n − β(r−1)n

)
‖yn − p‖+ α(r−1)nH (Tr−1 (yn) , Tr−1 (p))

+β(r−1)n
∥∥u(r−1)n − p∥∥

≤
(
1− α(r−1)n − β(r−1)n

)
‖yn − p‖+ α(r−1)n ‖yn − p‖

+β(r−1)n
∥∥u(r−1)n − p∥∥

=
(
1− β(r−1)n

)
‖yn − p‖+ β(r−1)n

∥∥u(r−1)n − p∥∥
≤ ‖yn − p‖+ β(r−1)nλ,

and

‖yn − p‖ ≤ (1− αrn − βrn) ‖xn − p‖+ αrn ‖zn,r − p‖+ βrn ‖urn − p‖
≤ (1− αrn − βrn) ‖xn − p‖+ αrnd (zn,r, Tr (p)) + βrn ‖urn − p‖
≤ (1− αrn − βrn) ‖xn − p‖+ αrnH (Tr (xn) , Tr (p)) + βrn ‖urn − p‖
≤ (1− αrn − βrn) ‖xn − p‖+ αrn ‖xn − p‖+ βrn ‖urn − p‖
≤ ‖xn − p‖+ βrnλ.

Therefore

‖xn+1 − p‖ ≤ ‖xn − p‖+ (1− βrn)
(
1− β(r−1)n

)
... (1− β2n)β1nλ

+(1− βrn)
(
1− β(r−1)n

)
... (1− β3n)β2nλ+ ...

+(1− βrn)β(r−1)nλ+ βrnλ
≤ ‖xn − p‖+ β1nλ+ β2nλ+ ...+ β(r−1)nλ+ βrnλ
= ‖xn − p‖+ (β1n + β2n + ...+ β(r−1)n + βrn)λ

≤ ‖xn − p‖+
(
β1n + β2n + ...+ β(r−1)n + βrn

)
λ

= ‖xn − p‖+ µn (3.1)

where µn = λ
(
β1n + β2n + ...+ β(r−1)n + βrn

)
. Using the fact that

∑∞
n=1 µn <∞

and Lemma 4, we conclude that limn→∞ ‖xn − p‖ exist for any p ∈ F . �

We now give some strong convergence theorems.
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Theorem 1. Let E be a nonempty, closed and convex subset of a uniformly convex
Banach space X. Let Ti : E −→ CB(E), (i = 1, 2, ..., r) be a finite family of
multivalued mappings with nonempty convex-values and satisfying the condition
(C). Assume that F = ∩ri=1F (Ti) 6= ∅, Ti (p) = {p} , (i = 1, 2, ..., r) for each p ∈ F
and Ti (i = 1, 2, ..., r) satisfying the condition (II). Let αin + βin ∈ [a, b] ⊂ (0, 1)
for i = 1, 2, ..., r and

∑∞
n=1 βin <∞ for each i. Then the sequence {xn} defined in

(1.6) converges strongly to a common fixed point of Ti for i = 1, 2, ..., r.

Proof. We will do our proof in two steps.
Step 1. Assume that p ∈ F . By Lemma 6, limn→∞ ‖xn − p‖ exists. Since {xn}

is bounded, there exists r > 0 such that xn − p, yn+r−m − p ∈ Br (0) all for some
positive integer m, 2 ≤ m ≤ r and n ∈ N. As Step 1, there exists η > 0 such that

max
{
sup ‖u1n − p‖2 , sup ‖u2n − p‖2 , ..., sup ‖urn − p‖2

}
≤ η.

It follows from Lemma 5 that

‖xn+1 − p‖2 ≤
(
1− α(r−1)n − β(r−1)n

)
‖yn+r−2 − p‖2 + α1n ‖zn,1 − p‖2 (3.2)

+β1n ‖u1n − p‖
2 − α1n (1− α1n − β1n)ϕ (‖yn+r−2 − zn,1‖)

≤ (1− α1n − β1n) ‖yn+r−2 − p‖
2
+ α1nd (zn,1, T1 (p))

2

+β1n ‖u1n − p‖
2 − α1n (1− α1n − β1n)ϕ (‖yn+r−2 − zn,1‖)

≤ (1− α1n − β1n) ‖yn+r−2 − p‖
2
+ α1nH (T1 (yn+r−2) , T1 (p))

2

+β1n ‖u1n − p‖
2 − α1n (1− α1n − β1n)ϕ (‖yn+r−2 − zn,1‖)

≤ (1− β1n) ‖yn+r−2 − p‖
2
+ β1n ‖u1n − p‖

2

−α1n (1− α1n − β1n)ϕ (‖yn+r−2 − zn,1‖)
≤ ‖yn+r−2 − p‖2 + β1nη − α1n (1− α1n − β1n)ϕ (‖yn+r−2 − zn,1‖)

and

‖yn+r−2 − p‖2 ≤ (1− α2n − β2n) ‖yn+r−3 − p‖
2
+ α2n ‖zn,2 − p‖2 (3.3)

+β2n ‖u2n − p‖
2 − α2n (1− α2n − β2n)ϕ (‖yn+r−3 − zn,2‖)

≤ (1− α2n − β2n) ‖yn+r−3 − p‖
2
+ α2nd (zn,2, T2 (p))

2

+β2n ‖u2n − p‖
2 − α2n (1− α2n − β2n)ϕ (‖yn+r−3 − zn,2‖)

≤ (1− α2n − β2n) ‖yn+r−3 − p‖
2
+ α2nH (T2 (yn+r−3) , T2 (p))

2

+β2n ‖u2n − p‖
2 − α2n (1− α2n − β2n)ϕ (‖yn+r−3 − zn,2‖)

≤ (1− α2n − β2n) ‖yn+r−3 − p‖
2
+ α2n ‖yn+r−3 − p‖2

+β2n ‖u2n − p‖
2 − α2n (1− α2n − β2n)ϕ (‖yn+r−3 − zn,2‖)

≤ ‖yn+r−3 − p‖2 + β2nη
−α2n (1− α2n − β2n)ϕ (‖yn+r−3 − zn,2‖) .
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Again, we apply Lemma 5 to conclude that

‖yn+1 − p‖2

≤
(
1− α(r−1)n − β(r−1)n

)
‖yn − p‖2 + α(r−1)n ‖zn,r−1 − p‖2 (3.4)

+β(r−1)n
∥∥u(r−1)n − p∥∥2 − α(r−1)n (1− α(r−1)n − β(r−1)n)ϕ (‖yn − zn,2‖)

≤
(
1− α(r−1)n − β(r−1)n

)
‖yn − p‖2 + α(r−1)nd (zn,r−1, T2 (p))2

+β(r−1)n
∥∥u(r−1)n − p∥∥2 − α(r−1)n (1− α(r−1)n − β(r−1)n)ϕ (‖yn − zn,2‖)

≤
(
1− α(r−1)n − β(r−1)n

)
‖yn − p‖2 + α(r−1)nH (Tr−1 (yn) , Tr−1 (p))2

+β(r−1)n
∥∥u(r−1)n − p∥∥2 − α(r−1)n (1− α(r−1)n − β(r−1)n)ϕ (‖yn − zn,2‖)

≤
(
1− α(r−1)n − β(r−1)n

)
‖yn − p‖2 + α(r−1)n ‖yn − p‖2

+β(r−1)n
∥∥u(r−1)n − p∥∥2 − α(r−1)n (1− α(r−1)n − β(r−1)n)ϕ (‖yn − zn,2‖)

≤
(
1− β(r−1)n

)
‖yn − p‖2 + β(r−1)nη

−α(r−1)n
(
1− α(r−1)n − β(r−1)n

)
ϕ (‖yn − zn,2‖)

and

‖yn − p‖2 ≤ (1− αrn − βrn) ‖xn − p‖
2
+ αrn ‖zn,r − p‖2 + βrn ‖urn − p‖

2(3.5)

−αrn (1− αrn − βrn)ϕ (‖xn − zn,r‖)
≤ (1− αrn − βrn) ‖xn − p‖

2
+ αrnd (zn,r, Tr (p))

2
+ βrn ‖urn − p‖

2

−αrn (1− αrn − βrn)ϕ (‖xn − zn,r‖)
≤ (1− αrn − βrn) ‖xn − p‖

2
+ αrnH (Tr (xn) , Tr (p))

2

+βrn ‖urn − p‖
2 − αrn (1− αrn − βrn)ϕ (‖xn − zn,r‖)

≤ (1− αrn − βrn) ‖xn − p‖
2
+ αrn ‖xn − p‖2 + βrnη

−αrn (1− αrn − βrn)ϕ (‖xn − zn,r‖)
≤ ‖xn − p‖2 + βrnη − αrn (1− αrn − βrn)ϕ (‖xn − zn,r‖) .

By using (3.2), (3.3), (3.4) and (3.5), we obtain

‖xn+1 − p‖2 ≤ ‖xn − p‖2 + β1nη + β2nη + ...+ β(r−1)n + βrnη

−
r∏
i=1

αin

[
r∑
i=1

(1− αin − βin)ϕ
(∥∥yn+r−(i+1) − zn,i∥∥)

]
.
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From the condition αin + βin ∈ [a, b] ⊂ (0, 1) for i = 1, 2, ..., r, we obtain

ar
r∑
i=1

(1− b)ϕ
(∥∥yn+r−(i+1) − zn,i∥∥)

≤
r∏
i=1

αin

[
r∑
i=1

(1− αin − βin)ϕ
(∥∥yn+r−(i+1) − zn,i∥∥)

]
≤ ‖xn − p‖2 − ‖xn+1 − p‖2 +

(
β1n + β2n + ...+ β(r−1)n + βrn

)
η.

This implies that
∞∑
n=1

[
ar

r∑
i=1

(1− b)ϕ
(∥∥yn+r−(i+1) − zn,i∥∥)

]

≤ ‖x1 − p‖2 +
∞∑
n=1

(
β1n + β2n + ...+ β(r−1)n + βrn

)
η <∞

from which it follows that limn→∞ ϕ
(∥∥yn+r−(i+1) − zn,i∥∥) = 0. Since ϕ is contin-

uous at 0 and is strictly increasing, we have

lim
n→∞

∥∥yn+r−(i+1) − zn,i∥∥ = 0. (3.6)

Hence for i = 1, 2, ..., r, we have

lim
n→∞

‖yn+r−2 − zn,1‖ = lim
n→∞

‖yn+r−3 − zn,2‖ = ... = lim
n→∞

‖xn − zn,r‖ = 0. (3.7)

Also, using (1.6), (3.7) and
∑∞

n=1 βin <∞ for each i, we have

lim
n→∞

‖yn − xn‖ = lim
n→∞

(αrn ‖zn,r − xn‖+ βrn ‖urn − xn‖) = 0, (3.8)

lim
n→∞

‖yn+1 − xn‖ = lim
n→∞

((
1− α(r−1)n − β(r−1)n

)
‖yn − xn‖

+ α(r−1)n ‖zn,r−1 − xn‖+ β(r−1)n
∥∥u(r−1)n − xn∥∥)

= 0

...

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

(αrn ‖zn,r − xn‖+ βrn ‖urn − xn‖) = 0.

From (1.6), we obtain

‖xn+1 − zn,1‖ = (1− α1n − β1n) ‖yn+r−2 − zn,1‖+ β1n ‖u1n − zn,1‖ .
It follows from (3.7) and

∑∞
n=1 βin <∞ for each i that

lim
n→∞

‖xn+1 − zn,1‖ = 0.

From the triangle inequality, we have

‖xn − zn,1‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − zn,1‖ .
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Taking the limit of both sides of this inequality and using (3.8), we have

lim
n→∞

‖xn − zn,1‖ = 0.

Again, by the triangle inequality, we obtain for each i = 1, 2, ..., r

‖xn − zn,i‖ ≤
∥∥xn − yn+r−(i+1)∥∥+ ∥∥yn+r−(i+1)−zn,i∥∥ .

Similarly, for i = 1, 2, ..., r

lim
n→∞

‖xn − zn,i‖ = 0. (3.10)

Hence, it follows from Lemma 1, (3.7), (3.8) and (3.10) that

d (xn, T1 (xn)) ≤ d (xn, T1 (yn+r−2)) +H (T1 (yn+r−2) , T1 (xn))

≤ d (xn, T1 (yn+r−2)) + 2d (yn+r−2, T1 (yn+r−2)) + ‖yn+r−2 − xn‖
≤ ‖xn − zn,1‖+ 2 ‖yn+r−2 − zn,1‖+ ‖yn+r−2 − xn‖ → 0 as n→∞,

and

d (xn, T2 (xn)) ≤ d (xn, T2 (yn+r−3)) +H (T2 (yn+r−3) , T2 (xn))

≤ d (xn, T2 (yn+r−3)) + 2d (yn+r−3, T2 (yn+r−3)) + ‖yn+r−3 − xn‖
≤ ‖xn − zn,2‖+ 2 ‖yn+r−3 − zn,2‖+ ‖yn+r−3 − xn‖ as n→∞.

In a similar way, for each i = 1, 2, ..., r we obtain that

lim
n→∞

d (xn, Ti (xn)) = 0.

Step 2. We now show that {xn} converges strongly to q ∈ F .
From Step 1, we know that limn→∞ d (xn, Ti (xn)) = 0. Since the condition (II),

limn→∞ d (xn,F) = 0. Therefore, we can choose a sequence {xnk} of {xn} and a
sequence pk in F such that for all k ∈ N

‖xnk − pk‖ <
1

2k
.

From (3.1), we have the following inequality for all p ∈ F ,∥∥xnk+1 − p∥∥ ≤
∥∥xnk+1−1 − p∥∥+ µnk+1−1

≤
∥∥xnk+1−2 − p∥∥+ µnk+1−2 + µnk+1−1
...

≤ ‖xnk − p‖+
nk+1−nk−1∑

l=1

µnk+l
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which implies that

∥∥xnk+1 − p∥∥ ≤ ‖xnk − pk‖+
nk+1−nk−1∑

l=1

µnk+l

<
1

2k
+

nk+1−nk−1∑
l=1

µnk+l.

Now, we will show that {pk} is a Cauchy sequence in E. Note that

‖pk+1 − pk‖ ≤
∥∥pk+1 − xnk+1∥∥+ ∥∥xnk+1 − pk∥∥

<
1

2k+1
+
1

2k
+

nk+1−nk−1∑
l=1

µnk+l

<
1

2k−1
+

nk+1−nk−1∑
l=1

µnk+l.

Thus {pk} is a Cauchy sequence in E. Since E is complete, this sequence
is convergent. Let limn→∞ pk = q. We need to show that q ∈ F . Since for
i = 1, 2, ..., r

d (pk, Ti (q)) ≤ H (Ti (pk) , Ti (q)) ≤ ‖pk − q‖

and pk → q as k →∞, it follows that d (q, Ti (q)) = 0 for i = 1, 2, ..., r. Hence q ∈ F
and {xnk} converges strongly to q. Since limn→∞ ‖xn − q‖ exists, we conclude that
{xn} converges strongly to q. �

Since the condition (II) is weaker than the compactness of K and the semi-
compactness of the multivalued mappings {Ti : i = 1, 2, ..., r}, therefore we already
have the following theorem.

Theorem 2. Let E be a nonempty, closed and convex subset of a uniformly convex
Banach space X. Let Ti : E −→ CB(E), (i = 1, 2, ..., r) be a finite family of
multivalued mappings with nonempty convex-values and satisfying the condition
(C). Assume that F = ∩ri=1F (Ti) 6= ∅ and Ti (p) = {p} , (i = 1, 2, ..., r) for each
p ∈ F . Let {xn} be defined in (1.6), and αin + βin ∈ [a, b] ⊂ (0, 1) for i = 1, 2, ..., r
and

∑∞
n=1 βin < ∞ for each i. Assume that either E is compact or one of the

multivalued mappings {Ti : i = 1, 2, ..., r} is semicompact. Then {xn} converges
strongly to a common fixed point of Ti for i = 1, 2, ..., r.

Proof. As in the proof of Theorem 1, we have limn→∞ d (xn, Ti (xn)) = 0 for
each i. We assume that either E is compact or one of the multivalued mappings
{Ti : i = 1, 2, ..., r} is semicompact. Then there exists a subsequence {xnk} of {xn}



AN ITERATIVE PROCESS FOR MULTIVALUED MAPPINGS 63

such that limk→∞ xnk = z for some z ∈ E. By Lemma 1, we have for i = 1, 2, ..., r
d (z, Ti (z)) ≤ ‖z − xnk‖+ d (xnk , Ti (z))

≤ ‖z − xnk‖+ d (xnk , Ti (xnk)) +H (Ti (xnk) , Ti (z))
≤ 3d (xnk , Ti (xnk)) + 2 ‖z − xnk‖ → 0 as k →∞,

this implies that z ∈ F . Since {xnk} converges strongly to z and the limit
limn→∞ ‖xn − z‖ exists (as in the proof Theorem 1), it follows that {xn} converges
strongly to z. �

Theorem 3. Let E be a nonempty, closed and convex subset of a uniformly convex
Banach space X with the Opial property. Let Ti : E −→ CB(E), (i = 1, 2, ..., r) be
a finite family of multivalued mappings with nonempty convex-values and satisfying
the condition (C). Assume that F = ∩ki=1F (Ti) 6= ∅ and Ti (p) = {p} , (i = 1, 2, ..., r)
for each p ∈ F . Let {xn} be defined in (1.6), and αin + βin ∈ [a, b] ⊂ (0, 1) for
i = 1, 2, ..., r and

∑∞
n=1 βin < ∞ for each i. Then {xn} converges weakly to a

common fixed point of Ti for i = 1, 2, ..., r.

Proof. It follow from Lemma 6 and Theorem 1 that {xn} is bounded and limn→∞
d (xn, Ti (xn)) = 0 for each i. Since a uniformly convex Banach space is reflexive,
there exists a subsequence {xnk} ⊂ {xn} such that xnk ⇀ q as nk → ∞ for some
q ∈ X. We will show that q ∈ F . By Lemma 2, I − Ti is demi-closed at zero for
each i. Hence from limn→∞ d (xn, Ti (xn)) = 0, q ∈ F (Ti). By the arbitrariness of
i ≥ 1, we have q ∈ F .
If there exists another subsequence {xnl} ⊂ {xn} such that xnl ⇀ q∗ ∈ E and

q 6= q∗. As in the proof above, we can also prove that q∗ ∈ F . So by Lemma 6,
limn→∞ ‖xn − w‖ and limn→∞ ‖xn − z‖ exist. Then by using Opial’s property,

lim
n→∞

‖xn − w‖ = lim
nk→∞

‖xnk − w‖

< lim
nk→∞

‖xnk − z‖ = lim
n→∞

‖xn − z‖

= lim
nl→∞

‖xnl − z‖ < lim
nl→∞

‖xnl − w‖

= lim
n→∞

‖xn − w‖

which is a contradiction. Therefore {xn} converges weakly to a common fixed point
of Ti for i = 1, 2, ..., r. �

From Lemma 3, we know that if T is a multivalued nonexpansive mapping, then
T satisfies the condition (C). So we have the following results:

Corollary 1. Let E be a nonempty, closed and convex subset of a uniformly convex
Banach space X. Let Ti : E −→ CB(E), (i = 1, 2, ..., r) be a finite family of
multivalued nonexpansive mappings. Assume that F = ∩ri=1F (Ti) 6= ∅ and Ti (p) =
{p} , (i = 1, 2, ..., r) for each p ∈ F . Let {xn} be defined in (1.6), and αin + βin ∈
[a, b] ⊂ (0, 1) for i = 1, 2, ..., r and

∑∞
n=1 βin < ∞ for each i. Assume that Ti
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(i = 1, 2, ..., r) satisfying the condition (II). Then {xn} converges strongly to a
common fixed point of Ti for i = 1, 2, ..., r.

Corollary 2. Let E be a nonempty, closed and convex subset of a uniformly convex
Banach space X. Let Ti : E −→ CB(E), (i = 1, 2, ..., r) be a finite family of
multivalued nonexpansive mappings. Assume that F = ∩ri=1F (Ti) 6= ∅ and Ti (p) =
{p} , (i = 1, 2, ..., r) for each p ∈ F . Let {xn} be defined in (1.6), and αin + βin ∈
[a, b] ⊂ (0, 1) for i = 1, 2, ..., r and

∑∞
n=1 βin <∞ for each i. Assume that either E

is compact or one of the multivalued mappings {Ti : i = 1, 2, ..., r} is semicompact.
Then {xn} converges strongly to a common fixed point of Ti for i = 1, 2, ..., r.
Corollary 3. Let E be a nonempty, closed and convex subset of a uniformly convex
Banach space X with the Opial property. Let Ti : E −→ K(E), (i = 1, 2, ..., r) be a
finite family of multivalued nonexpansive mappings. Assume that F = ∩ri=1F (Ti) 6=
∅ and Ti (p) = {p} , (i = 1, 2, ..., r) for each p ∈ F . Let {xn} be defined in (1.6),
and αin+βin ∈ [a, b] ⊂ (0, 1) for i = 1, 2, ..., r and

∑∞
n=1 βin <∞ for each i. Then

{xn} converges weakly to a common fixed point of Ti for i = 1, 2, ..., r.
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