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ON WEIGHTED GRUSS TYPE INEQUALITIES FOR DOUBLE
INTEGRALS

HUSEYIN BUDAK AND MEHMET ZEKI SARIKAYA

ABSTRACT. In this study, we obtain some new weighted inequalities of Griiss
type for functions of two independent variables. Special cases of the results
presented here reduce the results given in earlier works.

1. INTRODUCTION

In 1935, G. Griiss [3] proved the following inequality:

/f dx——/f d:zc

provided that f and g are two integrable function on [a, b] satisfying the condition
o< f(xr) <P and v <g(z) <T for all x € [a,]. (1.2)

The constant i is best possible.
In 1882, P. L. Cebysev [1] gave the following inequality:

T(f,0)l < 50— 0 17 e l9'e (13)

where f, g : [a,b] — R are absolutely continuous function, whose first derivatives f’

and ¢’ are bounded,
. b
—a/f b_a/g(x)da: (1.4)

a

/ (@)do| < (@ = )T =), (L1)

T(f,9) x)dx —

and |||, denotes the norm in Lo[a,b] defined as ||p|| . = esssup|p(t)|.

t€la,b]

The following result of weighted Griiss type was proved by Dragomir [2]:
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Theorem 1. Let f and g be two functions defined and integrable on [a,b]. If
(1.2) holds, where o, ®,v and T' are given real constant, and w : [a,b] — [0,00) is
b

integrable and [ w(z)dz > 0, then

a

a

/bW(fﬂ)dx~/bf(fC)g($)de—jf(fﬂ)w(x)dw/bg(w)w(w)dx (1.5)
2

b

< j@-or-9) | [

and the constant i 1s the best possible.

In the last years, many authors were interested in the generalization of Griiss
type inequalities for mapping of one variable, we can mention the works [2], [4]-]8].

Recently, Sarikaya and Kiris have proved the following Griiss type inequality for
double integrals in [9]:

Theorem 2. Let f,g: [a,b] X [¢,d] — R be two functions defined and integrable on
[a,b] X [¢,d]. Then for

¢ < fla,y) < ® and v < gla,y) < T for all (a,y) € [a,5] x [c,d]

we have

b d
=g [ e (w6

<b—>1<d—>/ / flay)dyda <b—>1<d—>/ / gl y)dyd

< @-Q)r 1)

In this study, we establish some new inequalities of weighted Griiss type involving
functions of two independent variables for double integrals.

2. MAIN RESULTS

Throughout this work, we assume that the weight function h : [a,b] X [¢,d] —
[0,00) is integrable, nonnegative and satisfies

b d
m(a,b;c,d) = //h(x,y)dydx < 00.
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Definition 1. Consider a function f : V — R defined on a subset V of R™ n € N.
Let L = (L1, Lo, ..., L,) where L; > 0, i = 1,2, ...,n. We say that f is L-Lipschitzian
function if

[f(z) = fy)] < ZL | — yil

for all z,y € V [9].

Theorem 3. Let h be as above and let f,g : [a,b] — R be two functions defined
and integrable on [a,b] X [c,d]. If

< flz,y) <® and v < g(x,y) <T for all z € [a,b] X [¢,d], (2.1)
then we have
bd bd
‘(ffh(wyy)dydx> J [ @ y)g(z, y)h(z, y)dyda
b d b d
- <fff($»y)h(w y dydw) (ffg(w,y)h(x,y)dydxﬂ (2.2)
b d 2
<@ —@)(T -7 <ffhwydydx> :

The constant i is the best possible in the sense that it cannot be replaced by smaller
one.

Proof. For mappings f, g : [a,b] X [¢,d] — R, we have the identity

fbfdfbfd ft )l g, s) — gt y)l h(t, y)h(z, s)dsdtdydx
bdbd
= ffff[f(x,s)g(a:,s)h(t, y)h(x’s) - f(xas)g(tay)h(tay)h(xas)

—f(t.y)g(@, )h(t, y)h(z,s) + f(t.y)g(t, y)h(t, y)h(z, s)] dsdtdydz (2.3)

b d b d
=2 [ [h(t,y)dydt [ [ f(z,s)g(z, s)h(x, s)dsdx

b d b
—2 (fff(a:,s) x sdsdm) <f

O —a.

g(t,y)h(t y)dydt) .
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Appling Cauchy-Buniakowski-Schwarz’s inequality, we have the inequality

bdbd 2
[gm(a},dﬂz I T (@, s) = f(ty)llg(, s) — g(t 9)] h(t, y)h(z, S)dsdtdydx]

— f(t, )] h(t,y)h(z, S)dsdtdydx>

Q%&

bdbd
= 2[mabcd)]2{{af

d
I la( g(t, )] h(t,y)h(z, S)dsdtdyda:>

[ —

b d
X m(abcd)]2 ‘([‘c[
) bd 2

= m(ab d)fff x, s)h(x, s)dsdx — e fff(z,s)h(m,s)dsdx

2

b d b d
X {m(a});c’d) [ [ ¢*(z, s)h(z, s)dsdx — (Wffg(ax,s)h(x,s)dsdm) ]
(2.4)

It is easy to observe that

2
bd b d
mfffz(x,s)h(z,s)dsdx— (WIIf(z,s)h(z,s)dsdx)
1 b d
=P - Wfff(m,s)h(m,s)dsdm

b d
X (W{ff(x, s)h(z, s)dsdz — go)

— labed jfd[q) — f(z,9)][f(z,s) — @] h(z, s)dsdzx.
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Since [® — f(x, s)] [f(z,s) — ] > 0 for each (z,s) € [a,b] X [¢,d], then we get

2
b d b d
ez J S (@ s)h(z, s)dsdz — (W fff(xas)h(JS,S)dex)

bd
< <<I> - W[ff(w,s)h(&s)dsdw) (2.5)
bd
X 77”((17});6@) [ [ f(z,s)h(z,s)dsdz — ¢ | .
Similarly, we obtain
2
) bd ) bd
m(a,b;c,d) ffg (ZE,S)h(IE,S)de.T |\ m(a,bic,d) ffg(x,s)h(l',S)del'
b d
(2.6)

< (F— Wffg(w,s)h(m,s)dsdw)

16y
a c

b d
X (Wffg(m,S)h(x,s)dsdx —7> .

Using (2.5) and (2.6) in (2.4), we get the following inequality

bdbd 2
2[m(a%)c d)]? :lf[af}:[ [f(.’l?, S) - f(tvy)] [g((,C, S) - g(t7y)] detdydx‘|

b d b d

b d b d
X (F - m(abcd ffﬂx,s)h(x,s)dsdm) (W [ [ g(z,s)h(z,s)dsdz — 'y) )
(2.7)

Now, using the elementary inequality for real numbers

dpg < (p+4q)°, pgeR
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2
bdbd
simapeazd ST (@s) = fE )] gz, 8) = g(t,9)] At y)h(z, s)dsdtdydz

which completes the proof. To prove the sharpness of (2.2), let choose h(z,y) =1
and

1, a<z<oft c<y< ol
-1, a<m<a+b ""ﬁ;d<y<d

-1, “+b<x<b c<y<CJ2rd

flx,y) =g(z,y) =

1, “+b<x<b ekd <y <d

then
b d
//h (z,y)dydx = (b —a)(d — ¢),
b d
[ [ 1ewgte b pdyde = 0 - @) @),
b d b d

//f(w,y)h(x,y)dydw = //g(%y)h(ﬂc,y)dydx =0

and

(@ —p)=T=7)=2

which the equality (2.2) is realized. This implies the constant 1 7 is the best possible.
|

Remark 1. If we choose h(xz,y) = 1 in (2.2), then the inequality (2.2) reduces the
inequality (1.6).

The following inequality of weighted Gruss type for Lipschitzian mappings holds:

Theorem 4. Let f,g: A C R? — R satisfies L-Lipschitzian conditions. That is,
for (z,s) and (t,y) belong to A :=[a,b] X [c,d], then we have

[f(z,8) = ft,y)] < Lo fe — 1] + La|s -y

|g($73) _g(tvy)‘ < L3 |£L’—t| +L4 |S _y|
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where Ly, Lo, Ly and Ly are nonnegative constants. Then, we have the following
inequality:

(
(

§ LlLS |:m(a’, b7 ¢, d)

f(z,y)g(z,y)dydz

8~
0 —nq,
8 e
0 —nq,

h(z, y)dydas)

jlf(xay)h(l’,y)dydx> <

2
bd
22h(z,y)dydz — (fth z,y dyd:v) } (2.8)

8 —o
O —a

g(z,y)h(z, y)dydz> ‘

8 —
O —a

2
b d b d
+LoLy [mabcd fnyhxydyda:<ffyhxydydx>]

b d
+%ffz4(x,y)dxdy

where

b

Az, y) //\x —t| |y — s| h(t, y)h(z, s)dsdt.

a

Proof. Since f,g are L-Lipschitzian, we have

lf(z,5) = F(t,y)] l9(z, s) — g(t,y)]|

< LiLs(x —t)> 4+ LoLa(s — y)? + (L1Ly + LoL3) |z — t||s — v
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for all (z,s), (t,y) € A :=[a,b] X [¢,d]. Then, we have

1 1F(@s) = £ )] oo 5) — 90t )] bt y)h(e, s)dsdtdyda

ol
m%@"
0 —a

[f (@, s) = [t )l [g(x, 8) — gt Yl h(t, y)h(x, s)dsdtdydx

O —a.
8 —o
O —a.

IN
N
8 —o

<

8 —
o —

[L Ls(x —t)? + LaLy(s — y)?

N[
[ —
O —a.

+(L1Ly + LaL3) |z — t| s — y|] h(t, y)h(z, s)dsdtdydz

2
b d b d
=L1L;3 mabcdffohxydydx—<ffmhxydydm>

2
b d b d
+LsLy |m(a,b;c,d) fnyhxydydx—<ffyhmydydx>

bd
+7L1L4;L2L3 [ [ A(z,y)dzdy

a ¢

which completes the proof. (I

Remark 2. If we choose h(z,y) = 1 in the inequality (2.8), then we have the
inequality

b d
=aa=a | @)z y)dydz

1
=a)(d=c)

< CLO Ly + GO oL,y + CmO0 (L) Ly 4 Ly L)

8 — o
0 —a

b d
ﬂ%yﬂwh><@a@icffgxydwm>

which was given by Sarikaya and Kirig in [9].
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