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SOME RESULTS ON THE COMPARATIVE GROWTH ANALYSIS
OF ENTIRE FUNCTIONS UNDER THE TREATMENT OF
THEIR MAXIMUM TERMS AND GENERALIZED RELATIVE
L*-ORDERS

SANJIB KUMAR DATTA AND TANMAY BISWAS

ABSTRACT. In this paper we estimate some comparative growth properties of
composition of entire functions in terms of their maximum terms on the basis
of their generalized relative L* order (respectively generalized relative L* lower
order ) with respect to another entire function.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

The value distribution theory deals with various aspects of the behavior of
entire functions one of which is the study of comparative growth properties. For
any entire function f defined in the open complex plane C, My (r), a function of r
is defined as follows:

My (r) = gl‘gglf ().

If f is non-constant then My (r) is strictly increasing and continuous and its
inverse Mf_l(r) 2 (]f (0)],00) — (0,00) exists and is such that slirx;oMfl (s) = o0.
An entire function f has an everywhere convergent power series expansion
as
f=ay+a1z4+ a2’ + -+ apz"+---
The maximum term s (r) of f can be defined in the following way:

— n
py (r) = max (lan|r") .
In fact 1 (r) is much weaker than M (r) in some sense. For another entire

function g, u1, (r) is also defined and the ratio Zf E:; as r — oo is called the growth
“ g

of f with respect to g interms of their maximum term.
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Bernal [1] introduced the definition of relative order of f with respect to g,
denoted by p, (f) as follows:

pg (f) = inf{u>0:M;(r) <M, (r") for all r > ro () >0}
) logMg_le (r)
= limsup———— .
oo log r

Similarly, one can define the relative lower order of f with respect to g denoted
by A4 (f) as follows :

. Jog MMy (r)
Ag (f) = hrnigflgoT .
If we consider g (z) = exp z, the above definition coincides with the classical

definition { cf. [12] } of order ( lower order) of an entire function f which is as
follows:

Definition 1. The order p; and the lower order Ay of an entire function f are
defined as

log!2! M1 loe® pr
py = limsupu and Ay = liminngif(r)7

r—o0 logr r—00 logr
where
log[k] x = log <10g[k_1] a:) Jk=1,2,3,...and log[o] T=x.

Using the inequalities p; (r) < My (r) < R}zr'uf (R) {cf- [11]},for 0 <r < R
one may give an alternative definition of the order p; and the lower order Ay of an
entire function f in the following manner:

log!?! log 2!
pg = lim supw and Ay = liminf o8 " #y () .
r—oo logr r—00 logr

Lahiri and Banerjee [7] gave a more generalized concept of relative order in
the following way:

Definition 2. [7] If k > 1 is a positive integer, then the k- th generalized relative
order of f with respect to g, denoted by pgc] (f) is defined by

pg]k] (f) = inf {u >0: My (r) < M, (exp[k_l] T”) for all r > 1o (u) > 0}
, log!*! M1 My (r)
= limsup .
r—00 IOgT

Clearly p; (f) = Py (f) and P}axpz (f) = Pr-
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Likewise one can define the generalized relative lower order of f with respect to

g denoted by )\[gk] (f) as

log® MMy (r
AL (£) = liminf s g M (1)
g r—00 log r

Now let L = L(r) be a positive continuous function increasing slowly i.e.,
L (ar) ~ L(r) as r — oo for every positive constant a. Singh and Barker [8] defined
it in the following way:

Definition 3. [8] A positive continuous function L (r) is called a slowly changing
function if for e (> 0),

<

1
= <Ek® forr>r(e) and
uniformly for k(> 1).

Somasundaram and Thamizharasi [9] introduced the notions of L-order for
entire function where L = L (r) is a positive continuous function increasing slowly

ie,L(ar) ~ L(r) as r — oo for every positive constant ‘a’. The more generalised
concept for L-order for entire function is L*-order and its definition is as follows:

Definition 4. [9] The L*-order pj%* and the L*-lower order )\]Lc* of an entire func-
tion f are defined as

: log? M; (r) * log® My (r)
L* 1 05 M\ L™ _ liminf—o M\
T o et @] A T R g [rel )]
f

In view of the inequalities iy (r) < My (r) < ler,uf (R) {cf. [11]}, for0<r < R
one may verify that
. log!?! r 2l
p]]? zlimsupig Mf( )

. 1
and )\JI? = lim inf o8 HKr (r)
r—oo log [reL(’“)]

r—oo log [rel(n)] -

In the line of Somasundaram and Thamizharasi [9] and Bernal [1], Datta
and Biswas [2] gave the definition of relative L*-order of an entire function in the
following way:

Definition 5. [2] The relative L*-order of an entire function f with respect to
another entire function g , denoted by pg* (f) in the following way

pE™(f)

m
inf {,u >0: My (r) < M, {reL(’")} for allr > 1o (n) > 0}

oy log M, ' My (r)
P log [rel(")]
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Similarly, one can define the relative L*-lower order of f with respect to g denoted
by )\5 (f) as follows :

. log M1 M; (r)
L IS FIN g
)\g (f) o hﬂg}f log [TeL(T)]

In the case of relative L*-order (relative L*-lower order) , it therefore seems
reasonable to define suitably an alternative definition of relative L*-order (relative
L*-lower order) of entire function in terms of its maximum terms. Datta , Biswas
and Ali [4] also introduced such definition in the following way:

Definition 6. [4] The relative order pé* (f) and the relative lower order A, (f) of
an entire function f with respect to another entire function g are defined as

. log piy s (1) . log g 'y (1)
L ; g f L S g "f
=1 —————— and A =1 f——m—
Pg (f) 1£risolip log [reL(T)] and Ay (f) mmin log [reL(’“)]
Similarly in the line of Lahiri and Banerjee [7], Biswas and Ali [4] one can
define the generalized relative L*-order and generalized relative L*-lower order of
an entire function in the following way :

Definition 7. Let k be an integer > 1. The generalized relative L*-order and
generalized relative L*- lower order of an entire function f with respect to another
entire function g , denoted respectively by p[gk]L* (f) and AL’“]L* (f) are defined in
the following way

(K] (k]

. 1 —1 . 1 -t
p‘gk]L (f) = limsup 08 1y 1y (7) and )\Lk]L (f) = liminf 08ty ty (1)

r—oo  log [rel(n)] r—oo  log [rel(M]
In this paper we will establish some results related to the growth rates
of composite entire functions in terms of their maximum terms on the basis of
generalized relative L*-order (generalized relative L*-lower order ). Also we extend
some results of Datta et al. {[5], [6]}. We do not explain the standard definitions
and notations in the theory of entire functions since those are available in [13].

2. LEMMAS
In this section we present some lemmas which will be needed in the sequel.

Lemma 1. [10] Let f and g be any two entire functions. Then for every a > 1
and 0 <r < R,

o aR
:u’fog (T) S o — 1/”’f <Mug (R)) .

Lemma 2. [10] If f and g are any two entire functions with g (0) = 0. Then for
all sufficiently large values of T,

r

gea(®) = g1 (00 (5) =19 0)1)
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Lemma 3. [3] If f be an entire function and @ > 1, 0 < 8 < «, then for all
sufficiently large T,

pplar) > Bus(r) .

3. THEOREMS

In this section we present the main results of the paper.

Theorem 1. Let f, g and h be any three entire functions such that

log™ i (1, (1))

(7) limsup A, a real number > 0,

r—oo  (logrel ()
(

(#4) liminf B, a real number >0

— ﬁ+1
r—00 (log[k] N}:I (7“ )

log™ i (4 (r)
)

and g (0) = 0 for any pair of a, B satisfying 0 < a <1, >0 and a(f+1) > 1.
Then

P (fog) =00,

where k =2,3,4----

Proof. From (i), we get for a sequence of values of r tending to infinity that
tog*! i, (1, (1)) > (A 2) (logret™)" (1)
and from (47) , it follows for all sufficiently large values of r that
log™ i (115(r)) > (B - ) (1og™ i ).

As p, (r) is continuous, increasing and unbounded function of r, we obtain from
above for all sufficiently large values of r that

10g[k] H;fl (Mf(ﬂg (r))) > (B —¢) (1og[k] M;Zl (#g (r)))ﬁ+1 . (2)
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Since ,u,:l (r) is an increasing function of r, we have from Lemma 2, Lemma 3,
equations (1) and (2) for a sequence of values of r tending to infinity that

qo_ _ 1 r
log! iy pigog(r) > log[k]#hl{“f (24“9 (2))}
. _ _ r
ice.y 108" 1 gy () = 108™ 1t iy (1 (355 ) }
B+1
- k-1 > (B_ wo-1(, (T
e 1087ty ppog(r) 2 (B =) (log Fn (“H (100)))
. _ r e\ @18+
ie., log® py ppog(r) = (B —¢) [(A —€) (log (ﬁ) e 0)> ]
~ \\ @(B+1)
i.e., log*! ,u;lufog(r) > (B—¢)(A—g) (log (ﬁ) eL(m))
_\1B+1)
B+1 T L(+¢
oM (B9 (A=) s (555) )
77 log [rel(] - log [rel(")]
1 k], —1
i.e., limsup %8 Fn 'uf()g(r)
r—oo log [rel(n)]
B — A— B+1 1 L(r) o1 a(B+1)
= g B2 (A=) logre0) + 0(1)]

r—00 log [reX ()]

As e (> 0) is arbitrary and a (8 + 1) > 1, it follows from above that

e (fog) =00

Thus the theorem follows. O

In the line of Theorem 1, one may state the following two theorems without
their proofs :

Theorem 2. Let f, g and h be any three entire functions such that
logl) !
lim inf & Hn (Mg(;))
r—oo (logrel(n)

log™ ;" (ug(r))
B+1

A, a real number >0,

lim sup
7 (logh iyt (1)

and g (0) = 0 for any pair of o, B satisfying 0 < a <1, 8 >0 and «(f+1) > 1.
Then

B, a real number > 0,

P (f o g) = oo,

where k =2,3,4----
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Theorem 3. Let f, g and h be any three entire functions such that
1 k], —1
lim inf %8 Hn (Mg(,:))
r—oo (logrel(n)

logl®l i1 r
lim inf & Hn (Mf( )) = B, a real number > 0,

T (g ()

and g (0) = 0 for any pair of o, 8 satisfying 0 < a <1, 8 >0 and a(f+1) > 1.
Then

A, a real number >0,

NI (Fog) = o0,

where k =2,3,4----

Theorem 4. Let f, g and h be any three entire functions such that

log* it r
(1) limsup & Fn (Mg( )> = A, a real number >0,

r—00 (lOg[2] 7") ¢

lo {l(’gm pr (“.f(r)):|

N e logl*! 1 (r)
(i4) liminf 3 = B, a real number >0
T fog it ()]

and g (0) = 0 for any pair of o, B satisfying a > 1, 0 < 8 <1 and o > 1. Then

P (f o g) = oo,

where k =2,3,4----

Proof. From (i), we get for a sequence of values of r tending to infinity that

logh it (1, () > (A —¢) (1og[2] r)a 3)

and from (iz) , we obtain for all sufficiently large values of r that

log™ i, ' (g (r)) 1 1,17
. [ log[k]h i (r) > (=) [log" ! )]
i.e., log " t (15(1) > exp {(B —€) [1og[k] ! (T)]B] )

log™™ it (r)

As pg (r) is continuous, increasing and unbounded function of r, we have from
above for all sufficiently large values of r that

logl -1 (kg (1) S 5
log® 7 (1 () 2 exp [(B —¢) [105; pon (g (r))} ] : (4)
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Further p, ! (r) is increasing function of r, it follows from Lemma 2, Lemma 3,
equations (3) and (4) for a sequence of values of r tending to infinity that

log!¥! ,u']:lﬂfog(r) S log!" py {rs (5amg (5)) )
log [ret™M] = log [rel ()]

log™ iy pyoy () Yog™ it {1y (1, (365)) }
log [rel(M] log [re(")]

i.€.,

log"! g1, 10y ()
log [rel ()]

log!"’ :uh {Mf( o (w5)) ) g™ it (g (555))
log ,u ( ( )) log [TEL(T)}

i.e.,

10g™ 113 110 (7)
log [rel(")]

i.e.,

. o] A9 (108” ())”
> exp |:(B - E) {10g[k] Mhl (,ug (100))} :| ’ log [TBL(T)]
- log™) g1, 110 (1)
7 log [rel(]
o] (A—e) (log (155))"
S PR T e it
loglk] -1
i.€e., %8 P ufog(r)

log [rel ()]
(4 <) (108 (525))”

> exp |(B-e)(4- ) (logm (100)>Oéﬁ_11 g[2] (100)} log [reL(T)}l
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log[k} M}:llufog(r)

log [reX ()]

i.e.,

> (log (145)) (B-e)(A=e)" (o2 (1)) """ (A —¢) (108 (%Da

1
log [reX(m)]

100
o 1og™™ i3 41 40y (1)
i.e., limsup

roo log [rel(n)]

o) (A=) (1og®) (325))*" "t (A —e) (log?! (55) “
R )

>  liminf
r—00

Since € (> 0) is arbitrary and a > 1, af > 1, the theorem follows from above. O

In the line of Theorem 4, one may also state the following two theorems
without their proofs :

Theorem 5. Let f, g and h be any three entire functions such that

k] —1
lim inf log™ #n (,uga(r))
e (logm r)

log {log[k] a l(ﬂf(f))}

A, a real number >0,

logl®l it (r)
lim sup ! = B, a real number >0

r—o0 [logm M;;l (r)} B

and g (0) =0 for any pair of a, f witha>1, 0 < <1 and of > 1. Then

P (f o g) = oo,

where k =2,3,4----
Theorem 6. Let f, g and h be any three entire functions such that

logl®l ,,—1
Jim inf—2 Hh (115(r) = A, a real number > 0,

00 (logm T) @

N (LIS

o logl# iyt (r)
lim inf
r—00

3 B, a real number >0

[logh i (r)]
and g (0) = 0 for any pair of o, B satisfying a > 1, 0 < 8 <1 and o > 1. Then

AFE (Fog) = o,

where k =2,3,4----
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Theorem 7. Let f, g and h be any three entire functions such that 0 < )\%k]L* (9) <
ka}L (9) < oo where k=2,3,4----, g(0) =0 and

log{k]

-1
lim sup 'l]:h (fo(r)) = A, a real number < oco.
r—00 log[ ],U,}: (7")

Then
N (Fog) < AN (g) and g (Fog) < A-p" (g)

Proof. Since p; ' (r) is an increasing function of r, it follows from Lemma 1 for all
sufficiently large values of r that

log™ i prgog(r) _ log™ iy {y (g (267)) }
log [rel(] = log [rel(")]
., 108" 1 oy (1)

log [rel ()]
log™ 1, {11y (g (26r))} 1og™ " (u, (267))

()
log™ 17 ( 1, (267)) log [rel()]
logl®l ;=1
i.e., liminf 08 Hn “ng(T)
r—00 log [reL('r’)]
K — W
o i 108 i ey (g (267)) ) og™ it (s (261))
r—00 log[k] H‘}?l (HJQ (261")) log [reL(r)]
logl®l ,—1
i.e., liminf o8 Hn “ng(T)
r—o00 IOg [TGL(T)]
logl®l ;,=1 9% loglt -1 26
< tmoup s L 1y GON} o lon v Gy 267)
r—00 IOg 'U,h (‘u,g (267”)) r—00 log I:Te ]
ien NI (Fog) <A NI (g) . (6)
Also from (5), we obtain for all sufficiently large values of r that
10g™ 1y 1oy (1)

liﬁsip log [rel ()]

log! 171 2% loe =1 (1 (26
< limsup o8 /E;’]l i?f (“g( T))} log™ py, (lz(gg 7"))
ree log™ iyt (1, (267)) log [rel ("]
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log[k] N}:ly’fog (T)

e., hillsolip Tog [reL(T)]
log*! ;! 26 log™™ it (1, (26
i ) )
r—oo log®™ p;* (p, (267)) 00 log [reX ()]
e oy (fog) < A0 (g) - (7)
Therefore the theorem follows from (6) and (7) . O

Theorem 8. Let f, g and h be any three entire functions such that 0 < )\%k]L*

oo where k=2,3,4----,g(0) =0 and

(9) <

logll ! r
lim sup & 'LI: (M ( )) = A, a real number < oo.
r—co  log*l p S
Then
KL KL
A (fog) =B A (g)
Proof. Since p; ' (r) is an increasing function of r, it follows from Lemma 2 for all
sufficiently large values of r that

log™ 1y oy (r) _ og™ iyt {1y (1 (55)) }
log [rel(M] = log [rel ()]

10g™ 115, 110 (7)
log [rel(")]

log My, {Mf (Nq (W))} ) IOg[k] M; (NM (100))
g i (i (i) lox[rer ]

i.e.,

10g™ 165 10 (1)

e., limsup

rooc log [rel(n)]
> limsup log!" l‘;l {'“f (“g (fﬁ))} log!" P (MM (100))
-l log s ( ﬁ)) log [reL( )]
. log[ ]:uh ,u“fog(r)
e ) h”IAILSOl;p log [']"eL(T):I
S limsuplog Ky, - {Uf (“g ( ))} Jim in flog ]:“h (MM (100))
= log[k] Y (M, (155)) r—00 log [reX ()]

. K]L* k
ie, pp" (fog) = BN (g) .
Thus the theorem follows. O



SOME RESULTS ON THE COMPARATIVE GROWTH ANALYSIS 173

Theorem 9. Let f, g and h be any three entire functions such that 0 < )\%k]L* (9) <
ka}L (9) < oo where k=2,3,4----,g(0) =0 and

W ! (ks (r))

()

log

lim inf

= B, a real number < oco.
77— 00 log

Then
k|L* k| L*
AEE (Fog) < B plME (g)
(k)L™

Theorem 10. Let f, g and h be any three entire functions such that0 < p,~ (g) <
oo where k=2,3,4---+,g(0) =0 and

log[k]

-1
lim sup all (,uf(r))

H 1 = A, a real number < oo.
r—00 log iy, (7«)

Then
k|L* k|L*
pFE (Fog) > A plHE (g) .

The proof of Theorem 9 and Theorem 10 are omitted because those can be
carried out in the line of Theorem 7 and Theorem 8, respectively.
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