Article electronically published on March 02, 2017

Commun.Fac.Sci.Univ.Ank.Series Al
Volume 66, Number 2, Pages 225-242 (2017)
DOI: 10.1501/Commual _ 0000000814

ISSN 1303-5991

COMMUNICATIONS
http://communications.science.ankara.edu.tr/index.php?series=A1 SERIES A1
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ABSTRACT. In this paper we study the pullback and induced crossed mod-
ules of R-algebroids, prove that the related induced crossed module functor is
the left adjoint of the related pullback crossed module functor and give some
consequences of the adjunction.

1. INTRODUCTION

Crossed modules, algebraic models of two types, were firstly invented by White-
head [22, 23] in his study on homotopy groups. Various studies on crossed modules
of groups and groupoids can be found in papers and books such as [8, 9, 19], and
those of algebras in [4, 5, 18, 20, 21] and in [11, 12, 13] with different names. G.H.
Mosa [17] has studied crossed modules of R-algebroids and double R-algebroids.

Pullback crossed modules of groups is introduced in [8, 10] and induced crossed
modules of groups in [7, 8, 10]. It’s proved in [8] that, in the category of crossed
modules of groups, the induced crossed module functor is the left adjoint of the
pullback crossed module functor.

R-algebroids were especially studied by B. Mitchell, [14, 15, 16], and by S. M.
Amgott, [3]. B. Mitchell has given a categorical definition of R-algebroids. G.H.
Mosa has defined crossed modules of R-algebroids and proved the equivalence of
crossed modules of algebroids and special double algebroids with connections in [17].
M. Alp has constructed the pullback and pushout crossed modules of algebroids in
[1] and [2], respectively.

After the introduction, in the second section of this study we give some basic
data on R-algebroids, modules over R-algebroids and (pre)crossed modules of R-
algebroids.

In the third section, first we study the pullback crossed modules of R-algebroids,
whose construction is done by M. Alp in [1]. Then we prove the ‘naturality property’
of this construction (Proposition 2).
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In the fourth section first we give a construction of induced crossed modules of
R-algebroids using the construction of free precrossed modules of R-algebroids in
[6]. Then we prove the ‘naturality property’ of this construction (Proposition 4).
Finally, as the basic goal of this paper, we prove in the category of crossed modules
of R-algebroids that the induced crossed module functor is the left adjoint of the
pullback crossed module functor (Theorem 1).

In the fifth section we explore some consequences of the adjunction given in
Theorem 1.

Throughout the paper R is a commutative ring.

2. PRELIMINARIES
The following data can be found in [3, 14, 15, 16, 17]:

Definition 1. A category of which each homset has an R-module structure and
of which composition is R-bilinear is called an R-category. A small R-category is
called an R-algebroid. Moreover if we omit the axiom of the existence of identi-
ties from an R-algebroid structure then the remaining structure is called a pre-R-
algebroid.

Remark 1. If A is an R-algebroid then:

1. A has an object set Ob (A) = Ay, a morphism set Mor (A) and two functions
s,t: Mor (A) — ODb (A), the source and target functions, respectively.

2. For any a € Mor (A) if sa = x and ta = y then x and y are called as the
source and target of a, respectively, and a is said to be from x to y.

3. For all x,y € Ag the set of all morphisms from x to y, which is denoted by
A (z,y) and called a homset, is an R-module.

Throughout this paper, for any R-algebroid A, a € A will mean that a is a
morphism of A and the composition of any a,b € A with ta = sb will be denoted
by ab. Moreover the identity morphism on any z € Ay will be denoted by 1, or
only by 1 if there is no ambiguity.

Definition 2. An R-linear functor between two R-categories is called an R-functor
and an R-functor between two R-algebroids is called an R-algebroid morphism.
Moreover a map between two pre-R-algebroids obtained by omitting the axiom of
identity preservation from an R-algebroid morphism is called a pre-R-algebroid
morphism.

Note from the Definitions 1 and 2 that an R-algebroid is a pre-R-algebroid and
an R-algebroid morphism is a pre- R-algebroid morphism.

Definition 3. Let A be an R-algebroid and 1 = {I(z,y) C A (z,y) | z,y € Ao} be
a family of R-submodules. For all w,x,y,z € Ay, @’ € A(w,z), a’ € A(y,z) and
a € I(x,y) if da € I(w,y) and aa’” € 1(x,z) then 1 is said to be a two sided ideal
of A.
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Definition 4. Let A be an-R-algebroid and M be a pre-R-algebroid with the same
object set Ag as A. A family of maps defined for all x,y,z € Ay as

M(x,;%) x?(y,z) — M(x,2)

1s called a right action of A on M, if the conditions

L (m?)" =me, 4. (my+mo)" = mf +m3,
9. ma1+a2 = mat + mag’ 5 (T . m)a =r.mf = mr-a’
3. (m'm)* =m'm*, 6. m'm=m

are satisfied for all v € R, a,ad’,a1,a3 € A, m,m',mi,my € M with tm’' = sm,
tm = tmy = tma = sa = sa; = sas, ta = sa’.
A left action of A on M is defined in the same manner.

Definition 5. Let A be an R-algebroid and M be a pre-R-algebroid with the same
object set Ag as A. If A has a right and a left action on M and if the condition

(am)a/ _a (ma’>

1s satisfied for allm € M, a,a’ € A with ta = sm, tm = sa’ then A is said to have
an associative action on M.

Definition 6. Let A be an R-algebroid and M be a pre-R-algebroid with the same
object set Ag as A. If A has an associative action on M then M is called an
A-module. In this case we write (M, A) and call this pair an (A-)module over R-
algebroids. Moreover, for any two modules (M, A) and (N, B) over R-algebroids, a
pair (f,g) : (M, A) — (N, B) is called a module morphism over R-algebroids if f :
M — N is a pre-R-algebroid morphism, g : A — B is an R-algebroid morphism
and the conditions
L. fm e N(g(sm),g(tm)),

2 f(*m) =9 (fm) and [ (m*) = (fm)""
are satisfied for all m € M, a,a’ € A with ta = sm, tm = sa’.

All modules over R-algebroids and their morphisms form a category denoted by
ModAlg (R). Moreover, all A-modules with the identity morphism on A form a
subcategory ModAlg(R) /A of ModAlg(R).

Definition 7. Let A be an R-algebroid, M be a pre-R-algebroid with the same object
set Ag as A and A have an associative action on M. A pre-R-algebroid morphism
M — A is called a precrossed (A-)module of R-algebroids if the condition

CM1) wu(*m) = a(pm) and u(ma/) = (um)d

is satisfied and a precrossed (A-)module pn : M — A of R-algebroids is called a
crossed (A-)module of R-algebroids if the condition

’
CM2) m+™ = mm/ =
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is satisfied for all a,a’ € A and m,m' € M with ta = sm, tm = sa’ = sm/.

Let M= (pp: M — A) and N = (n: N — B) be two (pre)crossed modules of
R-algebroids, f: M — N be a pre-R-algebroid morphism and g : A — B be an
R-algebroid morphism. The pair (f,g) : M — N is called a (pre)crossed module
morphism if the conditions

Lo fEm) = o (fm) and f(me) = (fm)™,
2. nf = gp
are satisfied for all a,a’ € A, m € M with ta = sm, tm = sa’. Note that if

w:M — A is a (pre)crossed module then M is an A-module and a (pre)crossed
module morphism is a module morphism satisfying the second condition.

All precrossed modules of R-algebroids and their morphisms form a category
denoted by PXAlg(R). Moreover, all precrossed A-modules of R-algebroids with the
identity morphism on A form a subcategory, PXAlg(R) /A, of PXAlg(R). Similarly,
all crossed modules of R-algebroids form the category XAlg(R) and all crossed A-
modules of R-algebroids form the subcategory XAlg(R) /A of XAlg(R) . Obviously,
XAlg(R) is a full subcategory of PXAlg(R) and XAlg(R) /A is a full subcategory
of PXAlg(R) /A.

Example 1. If A is an R-algebroid and 1 is a two sided ideal of A, then the
inclusion morphism
1:1— A
18 a crossed module with the action of A on 1 defined by
% =ab and b =bd

for all a,a’ € A, b el with ta = sb, th = sa’.

3. PULLBACK CROSSED MODULES OF R-ALGEBROIDS

M. Alp has given a construction of the pullback crossed modules of R-algebroids
in [1]. In this section, in the proof of the following proposition after giving a brief
summary of his construction in part 1 we show that the pullback crossed module
satisfies the related universal property in part 2. Moreover we also specify the
pullback crossed module functor.

Proposition 1. Let A and B be two R-algebroids, f : A — B be an R-algebroid
morphism and N = (n: N — B) be a crossed B-module of R-algebroids. There
exists a crossed A-module f*N = (nf* N — A) of R-algebroids and a crossed
module morphism (f, f) 2 f*N — N such that for any crossed A-module M =
(b : M — A) of R-algebroids and crossed module morphism (v,f) : M — N
there exists a unique crossed A-module morphism (h,ida) : M — f*N such that
v = fh, i.e. the universal diagram in Figure 1 is commutative:
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Figure 1

f*N, with the morphism (f, f), is called the pullback crossed module of N along

f- The pullback crossed module is unique up to isomorphism.

Proof. 1. i. Define the source and target of each (n,a) € N x A as s(n,a) = sa
and t (n,a) = ta, respectively, and for all z,y € Ay form the subset f*N (z,y) =
{(n,a) | s(n,a) =z, t(n,a) =y and fa =nn} of N x A.

ii. For all z,y € Ao the set f*N(z,y) has an R-module structure with the
addition defined as (n1,a1)+ (ng, az) = (n1 + n2,a1 + a2) and the R-action defined
asr-(n,a) = (r-n,r-a).

4. The family f*N = {f*N (z,
composition defined as (n,a) (n,a’)
ciative A-action defined as @ (n,a) = (fa”n,a”a> and (n,a)al = (nfal, aa’) under
the conditions ta” = s (n,a), t(n,a) = sa’.

iv. The map ng. : f*N — A defined as 7. (n,a) = a is a crossed module. (for
details see [1])

2. Define ]?: N — A as f(n, a) = n. Clearly fis a pre- R-algebroid morphism

and (f, f) is a crossed module morphism since

y) | x,y € Ag} is a pre-R-algebroid with the
= (nn’,ad’) and an A-module with the asso-

f(n,a) = neN(sn,tn)=N(s(nn),t(mn)) =N (s (fa) t (fa))
N(f (sa), f (ta)) = N(f (s (n,a)), f (¢ (n,a)))

and
f((ma)al) = f(nfa/,aa’) =nfv = (f(n,a)) fa,,
]?(“” (n, a)) = J?(f“”n, a”a) =ty = 1d" (f(n, a))

Now, for any crossed A-module M = (p: M — A) and crossed module morphism
(v,f) : M — N, define h : M — f*N as h(m) = (vm,um) . h is well defined
since nv = fu and so n (vm) = f (um) for all m € M. By a direct calculation, it can
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be shown that (h,ids) : M — f*N is a crossed A-module morphism. Moreover
vm = f(um, um) = fhm for all m € M, which means v = fh7 as required.

Let (h/,idp) : M — f*N be a crossed A-module morphism satisfying v = fh’.
Then b’ must be defined as h’'m = (h)m, hm) where him € N and him € A. But,
in this case, him = 7 im,him) = fW'm = vm and hym = np. (him, hym) =
ng-h'm = pm since nph' = p. So h'm = (hym, hym) = (vm,pm) = hm for all
m € M, which means & is unique.

Finally, assume that f*./\/' = (77)7* :f*N — A) is a crossed module of R-

algebroids and (f, f) : f*N — N is a crossed module morphism which together

satisfy the same conditions as f*A and (]?, f) Then there exists unique mor-

phisms (E,idA> . f*N — f*N and (h,idp) : f*N — f*N making related
universal diagrams commutative. So 7. = 7]]7*% = nf*hﬁ and N = nph = n];*iNLh
which together requires hh = idg-n and hh = idf*N' Thus A is an isomorphism

and the pullback crossed module f*N, with the morphism <ﬁ f), is unique up to
isomorphism. ([l

So, we get a pullback crossed module functor f* : XAlg(R)/B — XAlg(R)/A
which gives a crossed A-module f*N for any crossed B-module N and is defined
as f*(g,idg) = (f*g,ida) on morphisms such that (f*g) (n,a) = (gn,a).

Now we prove an important property of pullback crossed module:

Proposition 2. If A, B, C are R-algebroids and f : A — B, f' : B — C are
R-algebroid morphisms then the functor f*f'* is naturally isomorphic to (f'f).

Proof. Forany N' = (n: N — C) € XAlg(R)/C, the B-module f*N, the A-module
(f*f*)N = f*(f*N) and the A-module (f'f)*N is formed by the pairs (n,b),
((n,0),a) and (n,a), respectively, under the conditions nn = f'b, 1. (n,b) = fa
and nm = (f'f)a, the second of which means b = fa since ng. (n,b) = b by
definition. So, any element ((n,b),a) of (f*f"*) N is, in fact, of the form ((n, fa),a).

It can easily be shown that, for all crossed modules N' = ( : N — C), the map
ax: (f*f")N — (f'f)" N, defined as ax ((n, fa) ,a) = (n,a), is an isomorphism.
Moreover, for all N' = (n: N — C),N’ = ( : N — C) € XAlg(R)/C, for all
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crossed module morphisms (g,idc) : N' — N and for all ((n, fa),a) € (f*f*)N

(((F) g) ax) ((n, fa) ,a) = ((f’f):g) ((ax) ((n, fa),a))
((f'1)g) (n,a)

(gn,a)

QN ((gn fa) ’a)

= ax ((f"g) (n, fa) ,a)

— an (" (F*9)) (n. fa) ,a))
= an (((f* 1) 9) ((n, fa) , a))
= (an (S F) 9) ((n, fa),a),

i.e. the diagram in Figure 2 is commutative:

(f /"IN —"—=(f'/)'N

(f1")g (£7)"

(f*ff*) Nf fff)* N.'

Flgure

That means ((f'f)" g) ax = an' ((f*f*) g) and the family
{(an,ida) - (F fIN — (f /) N | N = (n:N — C) € XAlg(R)/C}

is a natural isomorphism between f*f"* and (f'f)". |

4. INDUCED CROSSED MODULES OF R-ALGEBROIDS

Although a similar crossed module construction might be possible to that in [2]
given by M. Alp, for the construction of the induced crossed module, we prefer
to use the free precrossed modules of R-algebroids constructed in [6], to provide
an application. The summary of the construction, in [6], of the free precrossed A-
module Fp (w) = (w, : Fp (w) — A) of R-algebroids determined by the function
w: K — A where K is a set and A is an R-algebroid such that wk is a morphism
of A for all k € K, is as follows:

1. The building blocks are elements of the form aka’ with ta = s(wk) and
t (wk) = sa’, and words of the form a1 k1 a}askaalb...anknal, with ta) = sas,....ta),_, =
sap, where n € Nt a,aq,...,an,a’,a},...;al, € A and k, ki, ..., k, € K. The source
and the target of any word p = a1kia}azkaab...anknal, are sp = sa; and tp = ta),,
respectively.

2. For all z,y € Ag, Fp (w) (z,y) is the quotient group obtained by dividing the
free additive abelian group generated by all words with source z and target y by
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its normal subgroup generated by all elements of the form

arkial... (ai + a;’) kial...anknay, — a1kial...askial...anknal, — a1kia)...afk; a ..anknal,,
arki1al...aik; (a; + ag”) .anknal, —arkial..a;k;al...anknal, —arkial.. alk a’...anknay,,
(r-a1) kia}...a:k;a)...anknal, —arkial... (r- ai) kial...anknar,,
(r-a1) kia)...aiksal...ankna), —arkia...a;k; (r . a;) ..anknal,.

So, the elements of Fp (w) (x,y) are of the form > [p;] where p; is a word with

sp; = x and tp; = y, and [p;] is the coset of p;.
3. Fp (w) (z,y) has an R-module structure with the R-action defined as r - [p;] =

[(r-aq) ki a}, ...a; ki, af | and as 7 (Z [p~]> Zr [p4]-

4. Fp(w)={Fp (w)(z,y) | z,y € Ao} is a pre- R-algebrmd on Ag with the com-
position defined as Z[ i Z [pj] = >_ [pip;] where if p; = a; ki, aj, ...a;, ki, a; and

tn My
,J

— /
pj = aj, kj,aj, ...a;, ,kj", i then pip; = ai, ki, a;, ...a; ki a

under the condition ¢ [p;] = taj = sa;, = s[p;].
5. Fp (w) is an A-module with the associative A-action defined as * (Z [ z]) =

ahk aj a’jn’k

/
tn Yy, 71 %71 ]n/a’jn/

i

> [*pi] and <ZM) = % [p'] where p; = (aa) ki, al, i, ki, af, and pi’ =

7

ai, ki ah a ki, (a’in a’) with the condition that ta = sp; , tp; = sa’.

1%y "

6. w, : Fp(w) — A is defined as w, [aka’] = a(wk)a’ on generators and
as wPE[ 1] Zw [pi] on elements where w,, [p;] = w, [ai, ki, a} ...a; ki, a] | =
P [azlkllall] . P I:a/znk;lnal ]

Proposition 3. Let A and B be two R-algebroids, f : A — B be an R-algebroid
morphism and N' = (n: N — A) be a crossed A-module of R-algebroids. There
exists a crossed B-module f N = (nf* :fiN — B) of R-algebroids and a crossed
module morphism (?, f) : N — f.N such that for any crossed B-module M =
(1 : M — B) of R-algebroids and crossed module morphism (v, f) : N — M
there exists a unique crossed B-module morphism (h,idg) : fxN' — M such that
v =hf, i.e. the universal diagram in Figure 3 is commutative:
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Figure 3

fi N, with the morphism (?, f), is called the crossed module induced from N by
f- The induced crossed module is unique up to isomorphism.

Proof. As summarised above, there exists a free precrossed B-module Fp ( fnm) =
((fnm)P :Fp(fn ) — B) determined by fn where n : Mor(N) — A is

defined as i (n) = nn. Let I be the two sided ideal of Fp (fn ) generated by all
elements of the form

[b111b) bamaby] — [(by (frna) b1b2) nabh)],
[b172161banabh] — [bina (b1b2 (frnz) b3)],
[bnd'] + [bn '] — [b(n + ny1) V'],
[b(“n)b'] = [(b(fa))nb'],

b (n) ] = lon (£ 8],
[(r-b)nb'] = [b(r-n)b],
bn(r-b)] —[b(r-n)b].

Obviously, I is closed under the actions of R and B. Now, construct the family f.,N =

w = {f*N(x,y) = M{?xfw | z,y € BO} of quotient R-modules. For

any word bynqb}...bynb} let’s denote the coset of [bynqb]...byn.b}] by binib)...byn.b;.
Then, note that, any coset binib)...byn.b; is, in fact, of the form binib{, where
= biby (fyne) bh...b: (fnne) b, € B. Thus each element of f.N is of the form
> bin;bl for some b;, b, € B, n; € N. Clearly, f.N is an R-algebroid B-module

7

tilanks to the addition, composition, R-action and associative B-action induced by
those defined on Fp (fnn)

Moreover ( fnm)P induces a precrossed module f,N = (n I f«N — B) defined
as 1y, (bnb') = (fnm)P [bnb'] = b(fn,n)b = b(fnn)b on generators and the
precrossed module f, N is also a crossed module thanks to the first two generators
of I.
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Define the function f: N — f,N as fn = Inl where Inl = 1,(fyn)nli(fyn)- By
this definition the pair (?, f) is a crossed module morphism since

1. f(TLl +TL2) = 1(n1+n2)1:1n11+1n21: 1n11—|—1n21 :fnl +?TL2,
2. f(nn') = 1(mn)1=10m")1=1n((fym')1) = 1In (11 (fyn')1)
= Inlln/l =1Inl 10/l = f(n) f (n'),
3. firon) = 1(-n)l=@F-Ynl=r-Inl=r-fn,
L Few) = Tewi=(0a)nl = (o Dl
= fo(lnl) = JoInl = To(fn),
5. 7 (n) = T =1n((fa)1) = In (1 (fa'))
= ) =Tl = ()"
6. ny (fn) = ny, (Inl) =1(fgm) 1= fin

for all n,n1,n2,n € N, a,a’ € A and r € R such that sn; = sng, tny = tng,ta =
sn,tn = sn’ = sa’.

Now for all crossed B-module M = (u: M — B) of R-algebroids and for all
crossed module morphism (v, f) : N' — M define the function h : f,N — M
as h (W) =0 (un)b/ on generators. It can easily be shown that h preserves the
addition, R-action and B-action. Moreover

h(WM) = h(blnl(b’lbg(fan)b’Q)>: b (g )it (ma)b

b2 () b5
b (an)b’l(bg(u(ung))bé) _ <b1 (an)b;)ﬂ( (vna) z)

_ (b1 (an)bll) (bz (Vn2)b/2) =h (blnlbll) h (bgnzbé)

for all generators bynib], bangobl, of f.N with tb] = sby, which means h preserves
the composition. Besides,

(uh) @) = g (ke (Ba0) = (" o))
= b(u(wn)V =b((uw)(n))V/
= b((fn) ()b’ =ny, (bnb')
= (idsny,) (bnb')
on generators. That is, (h,idp) is a crossed B-module morphism. Finally
(hf) (n) = h (In1) ="' (vn)' = vn

for all n € N, i.e. h makes the universal diagram in Figure 3 commutative. It can
also directly be shown that (h,idg) is the unique morphism satisfying v = hf, and
f+ N, with the morphism ( 7, f), is unique up to isomorphism. O

Thus we get an induced crossed module functor f, : XAlg(R)/A — XAlg(R)/B
which gives a crossed B-module f, N for any crossed A-module N and is defined as
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fi(g,ida) = (fvg,idg) on morphisms such that (f.g) (bnd’) = b(gn)¥ on genera-
tors.

Proposition 4. If A, B, C are R-algebroids and f : A — B, f' : B — C are
R-algebroid morphisms then the functor flf. is naturally isomorphic to (f'f),.

Proof. For any N = (n: N — A) € XAlg(R)/A, generators of the B-module f.N
the C-module (f,f.)N = f. (f«N) and the C-module (f’f), N are of the forms bnbd’,

c(bnb') ¢ and cnc’, respectively.
For all crossed module N' = (n: N — A) define an : (fLf-)N — (f'f). N as

an (c (bnd') c’) = (c(f'0))n((f'V) ') on generators. Obviously ax preserves the
addition, R-action and C-action. It also preserves the composition since

an (Cl (W) e (m) C’2>
= an (cl (W) (0’162 ((f’nf*) bgngb c ))
)

= (e (J"0)) na ((f701) (¢hez (7 (b2 (1) (n2)) 5)) ¢3) )

(ex (f701)) ma (1) ciea ((f'b2) ((F'fn) (n2)) (f'03)) ¢5)
= (e (f'00)) na (((f761) 1) (e2 (f762)) (((F7 ) m) (n2)) ((f05) ¢5) )
= (er (f'0)) ma ((f'01) €1) (2 (f'b2)) ma ((f73) )

= ay (c1 blnlb’l) c’1> aN <c2 (bgnzbé) 0’2)

for all generators ¢y (byniby | ¢y, ca (banabh ) b of (fLf«) N with tc] = sco.
1) ¢ 2| Co 1

Moreover
(n(f’f)*aN) (C(W)C') = ((bnbl) ))
. (CF () )

g,.;

N
¢
= (c(SO) ((1])mm) (S'V) )
= (o) (S ((fn) (n))) (f¥)) ¢
= c(f (b((fn) (n) b))
= (S (ny, (nb))) ¢
= c((f'ny,) (bnd)) &
= (1), (@) )
(zdc ng. f’) (c (bnb’) c’)
(

on generators, which means (ay,idc) :
module morphism.
Now, for all crossed modules N' = (n:N — A) define 8y : (f'f),N

(fif«)Nas By (cnc’ ) =c (m) ¢ on generators, in the reverse direction. Obviously

fifON — (f'f), N is a crossed C-
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B preserve the addition, R-action and C-action. It also preserves the composition
since

By (emd comach) = By (crm (s (P 1) (2)) )

= alml(ge (f (f1) (n2))) ¢)

= alml(de (f (1((f1)(n2)) 1)) ch)
= alml(de (f (0, Ina1)) c)

= alml (e ((fny.) (Tn2l)) )

= clngld] ealngld,

= b (amd;) oy (e2nay)

for all generators cinic}, canach of (f'f), N with tcj = sca. Moreover

((11.),, ) @)

|
—~
=
[y
~— ~—
~
%2
—~
=y
Z
—_
Q
S
QU
~
~—

1 | | | A A |
o0 0 o0

= (2 Cn(f’f)*) (enc)

on generators, which means (By,idc) : (f'f), N — (fifs)N is a crossed C-
module morphism.

Now, for all generators ¢ (W) c of (fifi)N

) (tT12) = s (o (T )
= By (B n (7))
= () IL((fV) <)
= ¢ (bmb,> c
= c(@Unm)e
= c (W) d,
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i.e. Byan =id(s ¢ n and for all generators cnc’ of (f'f), N

(anBy) (end) = ax (By (end))

= ay |(clnld

= (c(fLsrne)) n ((F Lermen) ©)
= (cQsrrmen)) 7 (e pyny) €)
= (c( 1tc)) (Lser) )

i.e. anfBy =id(y ) n- That is, ax is an isomorphism from (ff.) N to (f'f), N
Moreover, for all N = (n: N — A) , N = (' : N’ — A) € XAlg(R)/A, for all

crossed module morphisms (g,ida) : N'— N and for all generators c (W) c of

(fLf)N
(D)) o) (c@B) ) = (7). 9) (en (e () ) )
= (N9 (T (V) ))
= () ) (7))

which means the diagram in Figure 4 is commutative:

(fif)N (f'f),N

(fif)e (7'F).9

(fif N ———— (/). N
Figure 4

So, we can conclude that
{(anyide) « (fLf )N — (f'f). N[N = (n:N— A) € XAlg(R)/A}
is a natural isomorphism between f f. and (f’f),. O

Theorem 1. For any R-algebroids A and B, and any R-algebroid morphism f :
A — B the induced crossed module functor f. is the left adjoint of the pullback
crossed module functor f*.
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Proof. We must find a natural equivalence
O (XAlg(R)/B) (f«(=),—) = (XAlg(R)/A) (= f"(-))

which is required to give a map

®: Ob(XAlg(R)/A) x Ob (XAlg(R)/B) — Sets
(M,N) — & (M,N)

where ® (M, N), from (XAlg(R)/B) (fxM,N) to (XAlg(R)/A) (M, f*N), is a bi-
jection and natural in both M and N.

For all crossed modules M = (p: M — A) and N' = (n: N — B) define
O (M,N)as®(M,N) (h,idg) = (® (M, N) (h),ida) such that (& (M, N) (h)) (m)
= (h (Im1), pm) for all (h, idg) € (XAlg(R)/B) (fsM,N)and m € M. <I> (M, N) (h)
is well defined since n (h (Im1)) = pg (ImI) = 1((fp)m)1 = f(um) for all
m € M. Moreover, it can easily be seen that (® (M, N)(h),ids) is a crossed
A-module morphism and ® (M, N) is 1-1.

For any (g,ida) € (XAlg(R)/A) (M, f*N') the morphism g : M — f*N must
be defined as gm = (g1m, gom), for all m € M, such that g;m € N, gaom € A and
ngim = fgam. But gam = 1. (g1m, gam) = 1. (gm) = (nf*g)m = pm since
(g,ida) is a crossed A-module morphism. So we can write gm = (g1m, um) where
ngim = fum. Define h: f,M — N as h (W) =bg;m" on generators. Clearly h
is an R-algebroid morphism preserving B-action and (h, idg) is a crossed B-module
morphism since

() @) = (Pgm®”) = b(mgim) ¥ = b (fum) V'
b((7) ()Y = g, () = (idsy.) (D)
on generators. That is (h idg) € (XAlg(R)/B) (f«M,N). Moreover
(® (M, N) (h) = (h (Im1),pm) = (*g1m', pm) = (g1m, pm) = gm
for all m € M which means ® (M, N) is onto and so is a bijection.
Moreover, provided that (—)® is composition with (—) from right, for all crossed

module M’ = (' : M’ — A), for all (g,ida) € (XAlg(R)/A) (M, M), (h,idp) €
(XAlg(R)/B) (fsM',N) and m € M

defin
)) (m

((®(MN) (fo9)") () (m) = (2 (M,N) ((fo9)" k) (m)
= (o(M )( (£.9))) (m)
= ((h( f*g (Tm1) . m)
= (n(Tlm)1).(w'g) (m))
= (h(Llgm)1) .4 (g ))
- <<I> N) (0)) (gm)
= (@A) (1)) ()
= o (0 (0N U0
= ((g°® (M, N)) (h)) (m)
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which means the diagram in Figure 5 is commutative and so ® (M, N) is natural

in M:
(Alg (R) /B) (.M, N) — 0 (Alg (R) /A) (M., f*N)
((f-9)*idB) (g°,ida)
(Al () /B) (- M1 N) — o (Alg (R) /) (M £°A)
Figure 5

Finally, provided that (—)

is composition with (=) from left, for all crossed

module N/ = (' : N — B), for all (g,idg) € (XAlg(R)/B) (N,N"), (h,idg) €

(XAlg(R)/B) (f«M,N) and m € M
((® (M, N7) go) (h)) (m)

NN N N o N

which means the diagram in Figure 6 is commutative and so ® (M, N) is natural

in \V:

BM,N)

(Alg (R) /B) (f. M, N (Alg (R) /A) (M, [*A)

(96idB) ((F79)usida)

(Alg(R)/B) (f-M,N) (Alg(R) /A) (M, f*N")

S(MN)
Figure 6

5. CONSEQUENCES OF THE ADJUNCTION

Theorem 1 has some consequences:
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1. In the proof of the Theorem 1, since ® (M, N) is a bijection, its inverse
®~1 (M, N) is also a bijection from (XAlg(R)/A) (M, f*N) to (XAlg(R)/B) (f«M,N)
and defined for all (g,ids) € (XAlg(R)/A) (M, f*N) as @1 (M, N) (g,ids) =
(@1 (M, N) (g) ,idg) such that (= (M, N) (g)) (bmb') = bfgm®’ on generators.

2. The family, called the unit of the adjunction,

{(am,ida) = @ (M, N) (idg. i idg) : M — f* fuM | M € Ob (XAlg(R)/A)}

is a natural transformation from 1xaie(r)/a to f™ fi where 1xa1g(r)/a is the identity
functor on XAlg(R)/A. Moreover apr = (am,ida) is universal for each M =
(u:M— A) € Ob(XAlg(R)/A), i.e. for each N' € Ob(XAlg(R)/B) and for
each morphism (g,ida) : M — f*N there exists a unique morphism (g’,%dp) :
fiM — N making the universal diagram in Figure 7 commutative:

M — f*f*M f*M
(9:ida) 1*(4'vids) El (¢'vidp)
f*N N
Figure 7

It can be shown that an (m) = (Iml,pm) for all m € M and (¢, idg) =

&~ (M, N)(g,ids) which requires g’ to be defined on generators as g’ (bmb’) =
bfgmb’.

3. The family, called the counit of the adjunction,

{(Bx,idp) = @~ (M, N) (idg+n,ida) : fof*N — N | N € Ob (XAlg(R)/B)}

is a natural transformation from fif* to 1xaig(r)/B Where 1xaig(r) B is the iden-
tity functor on XAlg(R)/B. Moreover 85, = (By,%dp) is universal for each N' =
(n: N — B) € Ob (XAlg(R)/B), i.e. for each M € Ob (XAlg(R)/A) and for each
morphism (h,idg) : f«M — N there exists a unique morphism (h/,ids) : M —
f*N making the universal diagram in Figure 8 commutative:

feM M
Fu(B'ida) (hids) 3 (n'ida)
v v
JofN — =N SN

Figure 8
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It can be shown that Sy (b (n,a) b’) = bp¥ on generators and (h',idy) =

® (M, N) (h,idg) which requires b’ to be defined as b’ (m) = (h (ImI), um) for

all

meM.
4. For each M € Ob (XAlg(R)/A) and for each N' € Ob (XAlg(R)/B)

Br. ks (@r) =idg aa and f* (Bpr) cpens = idpen
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