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ABSTRACT. Let 7% (resp. SO(X, 7)) be the family of all a-open (resp. semi-
open) sets in a topological space (X, 7). The topology 7 is constructed in
[I0] as follows: 7¢ = T(SO(X)) ={U C X : UNS € SO(X, ) for every
S € SO(X,7)}. By the same method, we construct topologies 7 (mx) and
T (wmx) for m-structrues mx and wmx defined in [I1], respectively, and show
that w7 (mx) C T (wmx). Furthermore, in [2], a topology M, is constructed
by using an M-space (X, M) with an ideal Z. In this note, we define wM-open
sets on (X, M) and show that the family wM of all wM-open sets is a topology
for X and w(My) = (WM)s = (wWM)*.

1. INTRODUCTION

In 1982, Hdeib [6] introduced and investigated the notions of w-closed sets and
w-closed mappings. Al-Zoubi and Al-Nashef [3] investigated several properties of
the topology of w-open sets. Recently, Noiri and Popa [I1I] have introduced the
notion of wm-open sets in an m-space and, by utilizing wm-open sets, obtained
several properties of m-Lindelof spaces. Let 7 (resp. SO(X, 7)) be the family of
all a-open (resp. semi-open) sets of a topological space (X, 7). Then SO(X,7) is
not a topology but the topology 7% is constructed in [10] as follows: {U C X :
UnsS e SO(X, ) for every S € SO(X,7)} = 7. In this note, by the same method
we construct some topologies from an m-structure and the family of wm-open sets
and investigate their relations.

On the other hand, Al-Omari and Noiri [2] constructed the topology M., from
an M-space (X, M) with an ideal Z. In this note, we define the notion of wM-open
sets in (X, M) and show that the family wM of all wM-open sets is a topology for
X and also w(M,) = (wM),.
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2. PRELIMINARIES

Let (X, 7) be a topological space and A a subset of X. The closure of A and
the interior of A are denoted by Cl(A) and Int(A), respectively. We recall some
definitions and theorems used in this note.

Definition 1. Let (X,7) be a topological space. A subset A of X is said to be
w-open [6] if for each x € A there exists U € T containing x such that U\ A is a
countable set.

The family of all w-open sets in (X, 7) is denoted by wr.

Lemma 1. (Al-Zoubi and Al-Nashef [3]). Let (X, 7) be a topological space. Then
wT 18 a topology and it is strictly finer than 7.

Definition 2. Let X be a nonempty set and P (X ) the power set of X. A subfam-
ily mx of P(X) is called an m-structure on X [II] if mx satisfies the following
properties:

(1) 0 € mx and X € mx,

(2) The arbitrary union of the sets belonging to mx belongs to mx.

By (X, mx), we denote a set X with an m-structure mx and call it an m-space.
Each member of mx is said to be mx-open and the complement of an mx-open
set is said to be mx-closed.

Definition 3. Let (X, mx) be an m-space. A subset A of X is said to be wmx-
open [II] if for each x € A, there exists U, € mx containing x such that U, \ A is
a countable set. The complement of an wmx -open set is said to be wm x -closed.

The family of all wmx-open sets in (X, mx) is denoted by wmx.

Remark 1. Let (X, 7) be a topological space and myx an m-structure on X. If
T C myx, then the following relations hold. We can observe that the implications in
the diagram below are mot reversible.

open

J

w-open ———  wmx-open

mx-open

Lemma 2. (Noiri and Popa [I1]). Let (X, mx) be an m-space and A a subset of
X. Then the following properties hold:

(1) A is wmx-open if and only if for each x € A, there exists U, € mx
containing x and a countable subset C,, of X such that U, \ C, C A,

(2) The family wmx is an m-structure on X and wmx is a topology if mx is
a topology,

(3) mx Cwmx and w(wmyx) =wmx.
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Definition 4. Let (X, 1) be a topological space. A subset A of X is said to be
(1) a-open [10] if A C Int(Cl(Int(A))),
(2) semi-open [8] if A C Cl(Int(A)),
(3) preopen [9] if A C Int(Cl(A)),
(4) b-open [@ if A C Int(Cl(A)) UCl(Int(A)),
(5) B-open [1] if A C Cl(Int(Cl(A))).

The family of all a-open (resp. semi-open, preopen, b-open, (-open) sets in
(X, 7) is denoted by 7 (resp. SO(X), PO(X), BO(X), f(X)).

Definition 5. For an m-space (X, mx), we define T(mx) as follows:
Timyx) ={U C X :UNMx € mx for every Mx € mx}.

Remark 2. Let (X,7) be a topological space and mx = PO(X) (resp. BO(X),
B(X)). Then T'(mx) is denoted by T~ (resp. T, T'5) and the following properties
are known:

(1) T(SO(X)) = 7@ [10], (2) 7 C T = T [5], and (3) T, = T4 .

3. TOPOLOGIES GENERATED BY mx AND wmx

Theorem 1. Let (X, mx) be an m-space. Then T (mx) is a topology for X such
that T(mx) C mx.

Proof. (1) Tt is obvious that 0, X € 7 (mx).

(2) Let V, € T(mx) for each a € A. Let A be an arbitrary element of myx. For
eacha e A V,NAemx and {UV,:a€e A}NA=U{V,NA:ae€ A} € mx by
Definition [2] (2). Therefore, we have UpeaVa € T (mx).

(3) Let V1,Vo € T(mx). For any A € mx, VaNA € mx and (ViNVa)NA=
V1N (Van A) € mx. Therefore, we obtain Vi NV, € T (mx).

Furthermore, for any V € T(mx), V. = VN X € mx and hence T(mx) C
mx. O

The following corollary is results established by Nastad [10], Ganster and Andrijevid
[5] and Andrijevid [4].

Corollary 1. Let (X, 7) be a topological space. Then the families SO(X ), PO(X),
BO(X), B(X ) are m-structures on X. Therefore, 7, T, Ty and T 5 are topologies
for X.

Theorem 2. Let (X,mx) be an m-space. Then wT (mx) C T (wmx).

Proof. Suppose that A € w7 (mx). To obtain that A € 7 (wmx), we show that
AN B € wmx for every B € wmy. For each x € AN B,z € A € wT(mx) and
by Lemma [2} there exist U, € T(mx) containing x and a countable set C, such
that U, \ C; C A. On the other hand, since x € B € wmy, there exist V,, € mx
containing = and a countable set D, such that V,, \ D, C B. Now, we have
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ANB D (U \Co)N(Va\Dy) = U N(X\C)) N (Vo N (X \ Dy)) = (U NV) N
[(X\Ce) N(X\ Dy)] = (Us NVa) N[X N\ (Cp U D) = (Uz NV2) \ (Cp U Dy).

Since C, and D, are countable, C,, U D,, is a countable set. Since U, € 7 (mx)
and V, € mx, U, NV, € mx and x € U, NV,. Therefore, by Lemma2] AN B €
wmx. This shows that A € 7 (wmx). Therefore, w7 (myx) C T (wmx). O

Remark 3. By Lemma[3 and Theorems|[1] and[3, we obtain the following diagram:

T Fem)

T(mx) wT(mX)

QUESTION: Is the converse implication of Theorem [2] true 7

Corollary 2. Let (X,7) be a topological space. Then wt® C T (wSO(X)).

4. TOPOLOGIES GENERATED BY M-SPACES WITH IDEALS

Definition 6. Let X be a nonempty set and P (X ) the power set of X. A subfamily
M of P(X ) is called an M-structure on X [2] if M satisfies the following properties:
(1) M contains O and X,
(2) M is closed under the finite intersection.

By (X, M), we denote a set X with an M-structure M and call it an M-space.
Each member of M is said to be M-open and the complement of an M-open set is
said to be M-closed.

Definition 7. Let (X, M) be an M-space. A subset A of X is said to be wM-open
if for each x € A, there exists U, € M containing x such that U, \ A is a countable
set. The complement of an wM -open set is said to be wM -closed.

The family of all wM-open sets in (X, M) is denoted by wM.

Lemma 3. Let (X, M) be an M-space and A a subset of X. Then A is wM -open
if and only if for each x € A, there exists U, € M containing x and a countable
subset Cy, of X such that U, \ C, C A.

Proof. Necessity. Let A be wM-open and x € A. Then there exists U, € M
containing = such that U, \ A is a countable set. Let C, = U, \ A. Then we have
U\ C, C A.

Let z € A. Then there exists U, € M containing x and a countable set C, such
that U, \ C, C A. Therefore, U, \ A C C, and U, \ A is a countable set. Hence A
is wM-open. (I

Theorem 3. For an M-space (X, M), the following properties hold:
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(1) The family wM is a topology for X,
(2) M CwM and w(wM) = wM.

Proof. (1) (i) It is obvious that 0, X € wM.

(ii) Let A,B € wM and z € AN B. Then, by Lemma there exist U,V € M
and countable sets C, D such that z € U and U\C C Aand z € V and V\ D C B.
Therefore, t e UNV € M, CU D is countable and we have

(UNV)\(CUD) = (UnV)N[(X\C)N(X\D)] = [Un(X\C)Nn[VN(X\D)] =
(U\NC)Nn(V\D)c AnB.

This shows that AN B € wM.

(iii) Let {A, : a € A} be any subfamily of wM. Then for each & € Uyep Aa,
there exists a(z) € A such that x € A, ;). Since Ay ;) € wM, there exists U, € M
containing x such that U, \ A,() is a countable set. Since U, \ (UacaAa) C
Uz \ Aa(z)s Uz \ (UacaAa) is a countable set. Therefore, Upen Ao € wM. This
shows that wM is a topology.

(2) Since every M-open set is wM-open, M C wM. Therefore, by (1) we
have wM C w(wM). Let A € w(wM). By Lemma [3] for each = € A, there exists
U, € wM containing  and a countable set C,, such that U,\C, C A. Furthermore,
by Lemma [3| there exists V, € M containing = and a countable set D, such that
Ve \ D, C U,. Therefore, we have V,; \ (C, UD,) = (V,\ D)\ C, C U, \C, C A.
Since C,UD, is a countable set, we obtain that A € wM. Therefore, w(wM) C wM
and hence w(wM) = wM. O

A subfamily 7 of P(X) is called an ideal [7] if it satisfies the following properties:

(1) A€ T and B C A imply that B € T;

(2) A€ 7 and B € 7 imply that AUB € 7.

An M-space (X, M) with an ideal Z is called an ideal M-space and is denoted
by (X, M,Z) [2]. In [2], for a subset A of X the M-local function of A is defined
as follows:

AZM)={zx e X:ANU ¢TI for every U € M(x)},
where M(z) = {U € M : x € U}. In case there exists no confusion A,(Z, M) is
briefly denoted by A.. By Theorem 4.2 of [2], it is shown that Cl,.(A) = AU A, is

a Kuratowski closure operator. The topology generated by Cl, is denoted by M.,
that is, M, ={U C X : Cl.(X\U)=X\U}.

Lemma 4. (Al-Omari and Noiri [2]) Let (X, M,T) be an ideal M-space. Then
BM,T) ={V\I:V eM,I €I} isa basis for M,.

Theorem 4. For any ideal M -space (X, M,I), w(M,) = (wM).,.

Proof. First, we show that w(M,) D (wM),. Let A € (wM), and € A. Then,
by Lemma there exist V € wM and I € T such that z € V\ I C A. Since z €
V € wM, there exist G, € M and a countable set C, such that z € G, \ C, C V.
Therefore, x € G, \ I € M, and (G, \I)\ Cy, = (G \ Cz)\I C V\ I C A. This
shows that A € w(M.,). Therefore, w(M,) D (WM)..
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Next, we show that w(M.,) C (wM).. Let A € w(M,) and z € A. Then there
exist V, € M, and a countable set C, such that z € V,\ C,, C A. Since V,, € M,,
by Lemma |4} there exist G, € M and I € 7 such that x € G, \ I C V,. Then
x € Gy \Cp € wM and (G \ Cp)\I = (G, \I)\Cy C V; \ C, C A. This
shows that A € (wM),. Therefore, w(M,) C (wM),. Consequently, we obtain
that w(M,) = (WM).. O

In an ideal topological space (X, 7,Z), the topology generated by the local func-
tion is denoted by 7*. It is known in [7] that 7* = 7¢ if Z is the nowhere dense
ideal. Thus, we have the following corollaries:

Corollary 3. For any ideal M -space (X, M,I), w(M,) = (wWM), = (wM)*.
Corollary 4. Let (X,7,7) be an ideal topological space. Then w(r*) = (wT)*.

Corollary 5. Let (X,7,Z) be an ideal topological space. If T is the nowhere dense
ideal, then wr® = (wT)*.
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