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STABILITY CRITERION FOR DIFFERENCE EQUATIONS
INVOLVING GENERALIZED DIFFERENCE OPERATOR

MURAT GEVGESOGLU AND YASAR BOLAT

ABSTRACT. In this study, some necessary and sufficient conditions are given
for the stability of some class of difference equations including generalized
difference operator. For this, Schur-Cohn criteria is used and some examples
are given to verify the results obtained.

1. INTRODUCTION

Difference equations are the discrete analogues of differential equations and usu-
ally describe certain phenomena over the course of time. Difference equations have
many applications in variety of disciplines such as economy, mathematical biology,
social sciences, physics, etc. Generalized difference equations have special impor-
tance in difference equations. In this study some necessary and sufficient conditions
are given for the stability of some class of difference equations involving generalized
difference operator.

The basic theory of difference equations is based on the difference operator A
defined as

Ay(n)=y(n+1)-y(), neN (1)
where N = {1,2,...}.
In [1],[7],[13] authors suggested the definition of A as

Ay(n)=yn+1l)-y(n), leN (2)
In [14]-[15] authors defined A, as

Asy (k) =y (k+1) —ay (k) 3)
where « is a fixed real constant and k € {ng,ng + 1, ...} and ng is a given nonneg-
ative integer.
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Throughout this paper we define the operator A; , as

Apay(n) =y(n+1l)—ay(n), nleN acR (4)

Stability of solutions of linear difference equations requires analysis of root of

characteristic equation of difference equations. In [2],[4],[5],[8],[9],[10],[11],[12]

authors found some stability results using root analysis. In our study firstly we

will consider the asymptotic stability of the zero solution of the difference equation
involving generalized difference of the form

lay(n) + 1A .y(n) +sy(n) =0 (5)
with the initial conditions
y(i)=¢;,i=0,1,2,--- ,ml—1 (6)

where a,r, s,€ R, I, m,n € N. By solution of equation (5) we mean a real sequence
y(n) which is defined for n = 0,1,2,--- ;ml — 1 and reduce equation (5) to an
identity over N. Later we will consider the asymptotic stability of the zero solution
of the delay difference equation involving generalized difference of the form

lay(n = 1) +rAay(n) +sy(n —1) =0 (7)

with the initial conditions
y(@) =, , i=—l,—l+1,---,(m—1)1—1 (8)
where a,r, s, € R, I,;m,n € N. Similarly by solution of equation (7) we mean a real
sequence y(n) which is defined for n = -, -l +1,---—1,0,1--- ;(m —1)l—1 and

reduce equation (7) to an identity over N.

Paper is organized as follows: In Section 2 we give some definitions, properties of
generalized difference operator and some basic lemmas and theorems. We will give
stability results for equations (5) and (7) in section 3. Also we will give illustrative
examples which verify the results obtained.

2. SOME DEFINITIONS, AUXILIARY LEMMAS AND THEOREMS

In this section we will give some definitions, auxiliary lemmas and theorems
which we use throughout this study. For each positive integer m, we define the
iterates A}, by

lay(n) = Aua (Aﬁfly(n)) -
Basic property of the operator A; , is shown below.

Lemma 1. For each positive integer m

Ay(n) = 3 (-1’ (W)aiy<n+ (m—i)1). (©)
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Definition 1. Let I be some intervals of real numbers and consider the difference
equation

Tn+1 = F(fﬁnv Tp—1y s mn—k) (10)
where F is a function that maps some set I¥*1 into I. Then a point z is called an
equilibrium point of equation (10) if

r, = T for all n > —k.

[3].

Definition 2. Let = be an equilibrium point of equation (10).
(a) An equilibrium point T of equation (10) is called locally stable, if for every
e > 0, there exists 6 > 0 such that if {x,},— _,is a solution of equation (10) with

|x,k - :_c| + |x,k+1 — :_zc| + ...+ |x0 — fv| < 4,
then
‘xn —@‘ <eg, forallm > 0.
(b) An equilibrium point T of equation (10) is called locally asymptotically stable,
if T is locally stable, and if, in addition, there exists v > 0 such that if {zn} - _,is
a solution of equation (10) with

le—k — 2| + |2opg1 — 2|+ o+ o — T] < 7,
then
lim z, = .
n—oo
(¢) An equilibrium point T of equation (10) is called global attractor if, for every

solution {xy,} -, of equation (10) we have

lim z, ==
(d) An equilibrium point T of equation (10) is called globally asymptotically stable
if T is locally stable, and T is also a global attractor of equation (10).
(e)An equilibrium point T of equation (10) is called unstable if it is not stable

Consider the linear difference equation
Tyl = Q0Tp + Q1 Tp—1 + -+ + QTp_k (11)

where a; € R, 1 =0,1,....k, £k € N.

As is customary, a zero solution of (11) is said to be asymptotically stable iff all
zeros of the corresponding characteristic equation are in the unit disk. Otherwise
the zero solution is called unstable.
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As it is well known, the asymptotic stability of the zero solution of the linear
difference equation is determined by the location of the roots of the associated
characteristic equation

k
ARHL Zai)\kfi —0
i=0

Thus, for each particular choice of the coefficients a;,7 = 0, ..., k, one can use the so
called Schur—Cohn criterion. However, with this method, it is very difficult to get
explicit conditions for a general form of (11) depending on the coefficients. This
kind of explicit conditions are of special importance in the applications, where the
coeflicients are meaningful parameters of the model [10].

Definition 3 (Inners of a matrix). The inners of a matriz are the matriz itself and
all the matrices obtained by omitting successively the first and the last rows and the
first and the last columns [6].

The inners of the following matrix A are shown below.
bi1 bz b1z bia bis

bar bag b2z bas bos baz  baz  boy
A= b31 bzy bsg bsa bss |, | bsa bsz bsa | ,[b33]
bar baz baz baa  bus bio bz baa

bs1 bs2 bsz bss bss

Definition 4. A matriz is said to be innerwise if the determinants of all of its
inners are positive [6].

Consider the linear homogeneous difference equation with constant coefficient

y(n+k) +pry(n+k—1) +pay(n+k—=2)+---+ppy(n) =0 (12)

where p1, pa, -+, p, are real numbers. Then the zero solution of (12) is asymptotically
stable iff |A] < 1 for all characteristic roots A of (12), that is for every zero A of
the characteristic polynomial

PN = AF - p N N2 (13)

Now the following theorem gives a necessary and sufficient conditions for the zeros
of the polynomial (13) lie inside the unit disk |A\| < 1 [6, sec 5.1, page 246].

Theorem 1 (Schur-Cohn Criterion). The zeros of the characteristic polynomial
(7) lie inside the unit disk if and only if the following hold:

p(1) >0, (=1)*p(=1) >0
and (k—1) x (k — 1) matrices
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1 0 0 0 0 0 0 Dk
D1 1 0 0 0 0 Dk Pk—1
A= S : (14)
Pk—-3 Pk—a -+ 1 0 0 & D3
Pk—2 Pk—3 -+ p1 1 Pk Pk—1 -+ P33 D2

are innervise [6].

In [6] using the Schur-Cohn Criterion (Theorem 1), necessary and sufficient con-
ditions are given on the coefficients p; such that the zero solution of (12) is as-
ymptotically stable. Some compact necessary and sufficient conditions for the zero
solutions of (12) to be asymptotically stable are available for lower order difference
equations. Hence conditions for second and third order difference equations are
given below.

For the second order difference equation

z(n+2)+pz(n+1) 4+ pax(n) =0 (15)
the characteristic polynomial is

p(A) = X + 1A + pa.
The characteristic roots are inside the unit disk if and only if

p(1) =1+4p1 +p2>0, (16)
p(-1)=1-pi+p2>0 (17)

and
AT =1+4p, >0. (18)

It follows from (16) and (17) that 1+ ps > |p1] and 1+ ps > 0. Now (18) reduces
to 1 — pa > 0. Hence zero solution of (15) is asymptotically stable if and only if

[p1] <1+p2 <2 (19)
For the third order difference equation

z(n+3) +pix(n+2) +px(n+1) + psz(n) =0 (20)
the characteristic polynomial is

P(A) = N’ + p1A* + paA + p3 = 0.
The Schur-Cohn criterion are
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Thus

and

Hence
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1+p1+p2+p3 >0, (21)
(1)’ [~14pi—po+psl=1—p1+ps—p3 >0 (22)

1 0 O P3 1 P3
=1 le 1}4_{173 P2” 'P1+P3 1+ p2 (23)

2

1+p2—pip3 —p3>0 (24)

_ 1 0 0 ps3 1 P3
AT = — = > 0. 25
|42 le 1] [p3 pz” ‘p1—p3 1—p2 (25)
1 —po+pips — pg > 0. (26)

(21),(22),(24), (26) a necessary and sufficient condition for the zero solution

of (20) to be asymptotically stable is concluded as

Ip1 4+ p3| < 14 p2 and [p2 — pips| < 1—p3 [6]. (27)

3. MAIN RESULTS

In this section we will give some stability results for the difference equation (5)
with initial conditions (6), the difference equation (7) with initial conditions (8)
and illustrative examples. For this we will use Schur-Cohn criterion .

Theorem 2. Consider the difference equation (5) with initial conditions (6) . Then
the following statements are equivalent.

(a)

The zero solution of (5) is asymptotically stable.

(b) Followings hold;

m—2

Z (-1)" (T) a4 (1) P ma™ 4 (—1) ™ a™ —ar 45 > 0,
=0

(28)
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1 0 0 0
—(Ma 1 0 0
PP T “Me 1 00|,
( 1)m72 (m"—IZ)ami2 (71)"173 (7n’,ﬂ—13)am73 1
0 0 0 (=)™ a™ —ar+s
0 0 (-D)"am—ar+s (1) taml4r
6 (-D)™a™ —ar+s
(~D)™a™ —ar+s (=)™ tam 4 ... (3)a?

matrices are innerwise. Here entries of Arinq is formed by the coefficients of p(t)
where

p(t) = Z_: (—1)’ <m> a't™ "t + ((—1)m_1 ma™ 4+ r) t+(=1)"a™ —ar +s.

Proof. (a) = (b) . Suppose that zero solution of (5) is asymptotically stable. Since
(5) is a linear difference equation with constant coefficients then the roots of the
corresponding characteristic equation must be in the unit disk. Using Lemma 1 we
reduce (5) to

m

(—1)i <:n> aly (n+ (m —i)l) +ry(n +1) — ary(n) + sy(n) = 0. (31)
=0

i
Rearranging (31) we get

m—2
0 (5 )atw oot (= 90+ (07 e )y )+
i=0

(=)™ a™ —ar +s)y(n) = 0. (32)
The characteristic equation of (32) is

m—2

Z (-1)’ <m) a' Nl ((—1)m*1 ma™ " + 7‘) M (=1)"a™—ar+s =0. (33)
i

i=0

Getting A = ¢ in (33)we obtain

m—2

Z (-1)" (T:) a't™ "t 4 ((—l)m_1 ma™ " + 7’) t+(=1)"a™ —ar+s=0. (34)

=0
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In (34)taking
m—2

pt)= > (-1) (T>aitm—i+ ((—1)7”_1mam_1 +7~) t4+(—1)" a™ —ar+s, (35)

=0

pi = (-1) (Ma' for 0 < i <m—2, ppo1 = ((—l)m_lmamf1 —|—7‘) and p,, =
(—=1)"™a™ — ar + s in view of Theorem 1 following conditions are necessary and

sufficient condition for the roots of polynomial in (35) to be inside the unit disk
lt] < 1.

p(l) = (-1)" <T> A+ (=)™ T ma™ e+ (=)™ a™ —ar + 5> 0,

(=)™ [(=1)" a™ — ar + 5]

m-2
= Z ( , )ai—i-(—l)mJrl {(—1)”171 ma™ !+ ’I"} +(=1)"[(=1)™a™ — ar + s] > 0,

i=0
and the matrices AT | whose entries are formed the coefficients of p(t) must be
innerwise where
1 0 0 0
—(Ma 1 0 0
A = (3)a? —(7)a 0.0y
m—2 m m— m—3 m m—
( 1) (m72)a 2 (_1) (m73>a ’ 1
0 0 0 (-D)™a™ —ar+s
0 0 (=D)™a™—ar+s (—l)m_1 m=1 4 p
0 (=)™ a™ —ar+s
(~1)"am —arts ()" (5)a”

Since |t| = ))\l‘ < 1 and ! > 0 we can see that |A| < 1. Hence (b) is satisfied.

(b) = (a). If (28),(29) and (30) hold then for characteristic polynomial of (5),
conditions of Schur-Cohn criteria are satisfied. So roots of characteristic polynomial
be inside the unit disk. Hence the zero solution of (5) is asymptotically stable. O

Corollary 1. Consider the difference equation involving generalized difference

A7 ,y(n) + rAay(n) + sy(n) =0 (36)
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with the initial conditions
y(@)=¢,;,1=0,1,2,--- 21 =1 (37)
where a,r,s,€ R, [,n € N. Then the following statements are equivalent.

(a) The zero solution of (36) is asymptotically stable.
(b) |r —2a| < a® —ar+s+1 <2 holds.

Proof. (a) = (b). Suppose that the zero solution of (36) is asymptotically stable.
For m = 2 equation (5) reduces to equation (36) which is equivalent to

y(n+20) + (r —2a)y(n+1) + (a®> — ar + s) y(n) = 0. (38)
In view of Theorem 2 and (19) , the roots of the characteristic polynomial of
(38) be inside the unit disk |[A| < 1 if and only if

Ir—2a| <a®—ar+s+1<2 (39)

holds. Hence (b) is satisfied.

() = (a). If |r —2a| < a®> —ar + s+ 1 < 2 holds then for characteristic
polynomial of (36), conditions of Schur-Cohn criteria are satisfied. So roots of
characteristic polynomial be inside the unit disk. Hence the zero solution of (36) is
asymptotically stable. O

Example 1. Consider the generalized difference equation of the form
AF 1 29(n) +11/6A4 12y (n) +5/6y(n) = 0 (40)

where l =4, a=1/2, r =11/6, s =5/6. For m = 2 all the conditions of Theorem
2 are satisfied. Hence the zero solution of equation (40) is asymptotically stable.

Corollary 2. Consider the difference equation involving generalized difference

A} y(n) +rALay(n) + sy(n) =0 (41)
with the initial conditions
y(z):4p1f0r2:03132’33171 (42)

where a,r,s,€ R, n,l € N. Then the following statements are equivalent.

(a) The zero solution of (41) is asymptotically stable.
(b) |-3a+s—ar—a®| <1+3a®+7r and |3a® +r + 3as — 3a’r — 3a*| < 1 -
3 2
(s —ar —a ) hold.

Proof. (a) = (b). Suppose that the zero solution of (41) is asymptotically stable.
For m = 3 equation (5) reduces to equation (41) which is equivalent to

y(n+31) — 3ay(n+20) + (3a®> +r) y(n+ 1) + (s — ar — a®) y(n) = 0. (43)



STABILITY CRITERION FOR DIFFERENCE EQUATIONS 257

In view of Theorem 2 and (27), the roots of the characteristic polynomial of (43)
be inside the unit disk |A| < 1 if and only if

|—3a+s—ar—a3 <1+3a®+r (44)
and

2

|3a® + 7 + 3as — 3a®r — 3a*| < 1— (s — ar — a?) (45)
hold. Hence (b) is satisfied.
(b) = (a) . Proof is same as in proof of Corollary 1. O
Example 2. Consider the generalized difference equation of the form
A3,1/32‘/(71) —1/36A31/3y(n) =0, (46)

where l =3, a =1/3, r = —1/36, s = 0. For m = 3 all the conditions of Theorem
2 are satisfied. Hence the zero solution of equation (46) is asymptotically stable.

Theorem 3. Consider the delay difference equation(7) with initial conditions (8) .
Then the following statements are equivalent.

(a) The zero solution of (7) is asymptotically stable.

(b) Followings hold ;

w

m—

p(1) =3 (-1 <T> @'+ (=)™ (ﬂ;) R B

=0

—ar+(=1)"a™ + s> 0, (47)

(=1)"p(=1) = ﬂS (T) a'+(-1)" {(—1)’”2 (”;) a™ 2 4 r} n

=0

(_1)m+1 [(_l)m mam—l _ (M’] +a™+ (_1)m s >0, (48)
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1 0 0 0
—(Ma 1 0 0
AE | = (5)a” —(1)a 100y
( 1)m72 (myi2)am72 +r ( 1)m73 (WZTLB)amig) 1
0 0 0 (-D)™a™+ s
0 0 (=D)"am+s (- 'mam ! —ar
6 (-D)™a™+s
(-1)"am+s (=)™ 'mamt —ar - (y)a?

matrices are innerwise. Here entries of A,jfkl 18 formed by the coefficients of
p(t) where

p(t) = mz: (—1)’ (T) a'tm Tt ((—1)’”2 (”;) am 2+ r) 24
(D" ma™ " —ar)t+ (-1)"a™ +s. (50)

Proof. (a) = (b) . Suppose that the zero solution of (7) is asymptotically stable.
Since (7) is a linear difference equation with constant coefficients then the roots of
the corresponding characteristic equation must be in the unit disk. Using Lemma
1, we reduce (7) to

(—l)i (T) ady(n+(m—1=0)1) +ryn+1) —ary(n) +sy(n —1) =0, (51)
i=0

rearranging (51) we obtain
m—3
> v (Mt on= 1=+ (072 (5 )ar e )yt +
i=0

(1" ma™ =t~ ar) y(n) + ((-1)™ @™ + 5) y(n — 1) = 0. (52)

The characteristic equation of (52) is

m—3
e (e (O T P
(3
=0

K2

((—1)m ma™ ! — a?‘) PR (=1)™a™ +s=0. (53)
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Getting Al =t we obtain

5 o (e (o (e

(D" ma™ " —ar)t+(-1)"a™ +s=0. (54)
In (54)taking
m—3
_ i (TN iym—i m—2 (M -2 2
p(t)_i;(—l) (Z.)at” Z+<(—1) <2>a’” +r>t+
(D" ma™ " —ar)t+ (1) a™ + s, (55)
pi = (—1)i (T)ai for0<i<m-—3, pp_o= ((—1)7"72 (gl)am_2 —+ T) y Pm—1 =
(=)™ ma™ ! —ar and p,, = (—1)" a™ + s in view of Theorem 1 following condi-

tions are necessary and sufficient condition for the roots of polynomial (55) to be
inside the unit disk [¢| < 1.

p(1) = "f (-1)" <m> a4+ (=1)"? (7;) a2+ (=1)" ma™ —ar+(=1)" a™+s > 0,

(=1)"p(=1) = niLB (m> a'+(-1)" {(—1)’”2 (”;) a™ 2 4 r} n

()™ (1) ma™ "t —ar] +a™ + (-1)" s > 0,
and the matrices AT | constructed with the coefficients of p(t) must be innerwise
where

1 0 0 0
—(7)a 1 0 0
AE = (3)a? —(P)a L0 04
( 1)"1—2 (mﬂZZ)ami2 +r ( 1)m_3 (m"—ZS) mes 1
0 0 0 (—1D)™a™+ s
0 0 (-1)"am™+s (1) 'ma™ ! —ar
0 (-D)™a™+s
(~1)"am+s (=) mam Tt —ar - (y)a?

Since |t| = ‘/\l‘ < 1 and I > 0 we can see that |A| < 1. Hence (b) is satisfied.
(b) = (a) . Proof is same as in proof of theorem 2. O
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Corollary 3. Consider the generalized difference equation involving generalized

difference
Afy(n—1) +71A1y(n) + sy(n —1) =0 (56)
with the initial conditions
y(@) =, i=—L—l+1,-,1-1 (57)

where a,r,s,€ R, r # —1, I,n € N. Then the following statements are equivalent.
(a) The zero solution of (56) is asymptotically stable.

() |a (1+ 54) | < S8 +1 < 2 holds.

r+1

Proof. (a) = (b) . Suppose that the zero solution of (56) is asymptotically stable.
For m = 2 equation (7) reduces to equation (56). Using definition of A, ; (56)
reduces to

(r+Dyn+1)+ (—ar —2a)y(n) + (a2 + 8) yin—0)=0, r#—1, (58)

which is equivalent to

y(n+l)a<1+1) y(n)+(a2+s>y(nl)0. (59)

r+1 r+1

In view of Theorem 3 and (19), the roots of the characteristic polynomial of (59)
be inside the unit disk |A| < 1 if and only if

1 2
all+ <UL (60)
r+1 r+1

holds. Hence (b) is satisfied.
(b) = (a) . Proof is same as in proof of Corollary 1. O

Example 3. Consider the generalized difference equation of the form
AZ 1 5y(n = 5) = 3/5A5 1 /6y(n) + 1/180y(n — 5) = 0, (61)

where I = 5, a = 1/6, r = —3/5, s = 1/180.For m = 2 all the conditions of
Theorem 8 are satisfied. Hence the zero solution of equation (61) is asymptotically
stable.

4. CONCLUSIONS

In this paper using Schur-Cohn criterion we investigated the asymptotic stability
of difference equations involving generalized difference operator A; , . If the linear
difference equation with constant coefficients is lower order then some compact
conditions can be given for zeros of corresponding characteristic polynomials to
be inside the unit disk. But in the higher order case such conditions are very
complicated. In Theorem 2-3 the general case is given. In corollaries although the
difference equations are higher order we give some compact necessary and sufficient
conditions for asymptotic stability of zero solution.
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