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ENERGY DECAY RATE OF THE SOLUTIONS OF A MARINE
RISER EQUATION WITH A VARIABLE COEFFICIENT

MUGE MEYVACI

ABSTRACT. In this work the initial boundary value problem for a fourth order
non linear equation which describes the marine riser is studied :
utt + Kuzzes — [a(x)uz]z + Yute + b(t)Utlut|p = 0, T € [07 l], t> 0,

Under appropriate conditions on a(z) and b(t), we prove that the energy of
the problem tends to zero as t — oo.

1. INTRODUCTION

We work on the decay properties of solutions to the initial boundary value prob-
lem of the marine riser equation:

Ut + Kgzer — [0(T)ug)e + Yure + 0(B)uu/? =0, z€[0,1], t>0, (1.1
w(0,t) = Uz (0,) = uw(l,t) = uge(l,8) =0, t >0, (1.2)

where k,p,y are given positive numbers, a,b are given functions. This equation
without the variable damping coeflicient is studied in [I] and [2]. This problem
about the offshore drilling operations which done by a long slender vertical pipe
that is including a drilling string and drilling mud, which is so called Marine riser.

The problem of riser stability, that is the stability of pipes conveying fluid has
caught the attention of many authors (see e.g. [1]-[11]).

Since our equation includes a variable coefficient b(¢) the techniques used in
above articles is not applicable to our problem. Therefore we adapt the study of
Martinez [8], in this article a new weighted integral inequality method was used to
estimate the decay rate of solutions of the wave equation. This method is originated
a result of Haraux [3] .

In [9], the following simplest equation that can be used in modeling of marine
riser:

Ut + Upgaw — Ntz =0 z € (0,1), ¢>0,
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under the homogeneous boundary conditions (1.2]) is considered. Where N is a
positive number. Lyapunov’s direct method is used in detail.
In [7], the following nonlinear marine riser equation:

muy + ETugepe — (Nug)e + atgy + bug |ugl =0 z € (0,1), t>0,

under the boundary conditions (|1.2)) is studied and the stability of zero solution of
this problem is established.
In [I1], the initial boundary value problem for the fourth order equation

mug + (Elugg),, + P(t)uze =0, x€(0,1), t>0,

under the boundary conditions (1.2]) is considered. The necessary conditions on
P(t) for the stability of solutions are obtained. In [6], the initial boundary value
problem for the marine riser equation:

mug + kgpes — (a(2)ug), + Y + bug jue|” =0 2 € (0,1),¢ > 0,

under the boundary conditions is considered. The global asymptotic stability
of solutions and the estimates for the rate of decay of the solutions were obtained.

In [I], the globally asymptotically stability of the zero solution to the problem
for multidimensional marine riser equation:

gt + kA%u + aAu + §.Vu, + buy lugl? =0, x€Q,t>0,
under the initial boundary conditions
u(z,0) = uo(x), wu(z,0)=wui(z), z€Q,

Ou(x,t)
v
where Q@ ¢ RN, N < 3 is a bounded domain with sufficiently smooth boundary
0f), v is the unit outward normal vector to the boundary, £ > 0, p > 1, b > 0 and
a € R are given numbers and § = (g1, g2, ...,gn) € RY, is studied. Furthermore,
continuous dependence of the weak and the strong solutions of the problem on the

coeflicients a, b and g were proved.

There are many articles devoted to the study of boundary control of initial
boundary value problems for marine riser type equations (see,e.g.[4],[5], [10]). In
what follows, we will use the following notations:

u(z,t) = =0, € 00,t>0,

1 1
l 2 l q
Ju(t) = ( | v t)dx) - (o)l = ( | e t)dx> |
The proof of our main result will be based on the following pre mentioned Lemma.

Lemma 1.1. (Martinez,[8]) Let E : Rt — Rt be a non increasing function and
¢: Rt — R a strictly increasing function of class C' such that

#(0)=0 and &) — o0 as t— 0. (1.3)
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Assume that there exist 0 > 0 and w > 0 such that
+oo , 1
/ E)™ ¢ (t)dt < ;E(O)"E(S). (1.4)
s

Then E(t) has the following decay property:

ifo =0, then E(t)<E(0)e!™“*® vt >0, (1.5)
1 3
ifo>0, then E(t)gE(O)(1+;JZ(t)) V>0 (1.6)

2. ASYMPTOTIC BEHAVIOR

Theorem 2.1. Suppose that b(t) is a nonincreasing function of class C* on R*
satisfying fot b(s)ds — oo ast — oo and there exists a positive number ag such that

a(z) < ag.

Then each solution of the problem (L.1)-(1.2]) satisfies the following energy decay
property:

S o

E(t) < E(0) (M) RN
wp J, b(s)ds

where
pe2) s
FEE I P ()t
(p+2)(0(p+2)2E10) (p+2)B(p+2)7TE" 7 (0)
and
1 cy?
0= 272 > 0.

Proof. Suppose that u is a solution to the problem (1.1))-(1.2)). Multiplying equation
(1.1) by u; and integrating over (0,1) we get

d

l
£ B(r) = -2 /O D) e, £) [P+ 2, (2.1)

where

l
E(t) = lue(®)|* + & lluss (0] + /0 a(x)u (z, t)dz. (2.2)
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Now, multiplying equation (I.1) by ¢%u and integrating over (0,1) x (S,7) and
using boundary conditions we get

l
o/ (t) B / (u(, tyue (2, 1)) [Sda — / & (1) (1) [[us (1))
/ / "B + g8 ()BT (1) B (1), s, £)ddt
l
n /S & (O BU)E() — ()2t + / & (1) F(1) / (i, gz, £)dadt
! a w(z, t)|ug(z, t) [P dadt = 0.
+/S o (t)/obu) (Ol &)t = 0
So we have
T l
/ o (O B (1)t = ¢ (1) E7(1) / (u, tyue (1)) (S
S 0
T T l
+2/S &' (t)E1(t) ||ut(t)||2dt—/s ¢'(t)Eq(t)A yu(w, t)ug, (v, t)dodt
T l
+ /S /O [d) L)EY(t)+q9' (t)EI(t)E (t)]u(x,t)ut(x,t)dzdt
T l
—/ qS’(t)Eq(t)/ b(t)u(w, t)|us(z, t)|P T dodt. (2.3)
S 0

Using Cauchy inequality, Holder’s inequality, definition of E(t) and ¢'(t)u we get

1 1
< (/0 u (x,t)dm) (/0 uy (x,t)dx) < cE(t), (2.4)

!
gb/(t)Eq/O u(:c,t)ut(x,t)d:cg

1
/ u(zx, t)u(x, t)dx
0

< cpBTH(S), (2.5)

T / q 2 r / q p”? lu T p+2 T ﬁ
2/5 ¢ () BT (t)[ur (£)]| dté?/s ¢ () E(t)l (/0 |ug (2, 8)|P7d dt

p(2e1) [T e 2 T _E(t)
Si/s (o't E dt +(p+2)ef32/s( 5 )dt, (2.6)

p+2
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l
[¢" () EL(t) + q¢' () BT () E' (t)|u(x, t)us(, t)dodt

T
< /S (6" (1) E(t) + g6/ (1) BT () ' (t)| e E(t)dt

Al g+
< ——FE97 (S
T qg+1 (%)

)

/ Tt

/ yu(z, t)u, (z, t)dedt

T l
¢ (1)E (1) / bt ), 8) e, P
S

p+2

< (“dL/ ¢ (t)Eala+s )p+2()dt+L1E(S),

Pz (P+2)es™
where
l2 2[2 Z%er%
=——, di=14 "%, dy=——"7—.
TRl T T my BT oW

(2.7)

(2.8)

(2.9)

Thanks to Sobolev inequality [[u(t)[],, o < 17t lug (t)]| (vef. [6]) and the defini-

tion of E(t) we have
17t

[u(@)llpye <
Employing the inequalities 2.9 and 23] we get

p+2

T
/ 1 pl 2‘51 P q(p+2)
[ s wma < oy + PO [ g

1 r / qcp +1 d1 / +1
+7p+2/s ('t + 22 e (S)+?/S ¢ (0 BT (1)t

(p+2)e;”

_;'_WLQQ/ ¢ E(q+ )(P+2)( )dt—l—LlergE(S)?
p+ (p+2)es™"

If we choose g = § we get

/ " S E ar < aqupoyE(s) + PEaL T / o' (HET (1)t
S

p+2
1 T ’ qcp +1 di ’ +1
b | (B @)t + L s+ D ng(t)Eq (t)dt
(p+2)e,” 75 ¢+l 2 Js
doer)P T 1
+(“;jf2/ ¢ (B ()at + —L T B(S),

(p+2)e;™
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Hereﬁ:p(p;Z) Chooslngk>2l—;7WegetG:%fcﬂY > 0,

r / q+1 q pl 261 q(p+2>
qﬂ¢aw+ths cuE(0)1E(S) + ./¢ (t)dt

1 qch
+(2)W/S (—E'(t))dt + P Eq(O)E(S’)

D+

dyea)" 1
(”L/ &' ()BT () dt + LWE(S),

p+2 (p+2)ers

p+2
If we choose eb™? = % and 7 = 29&2)1 we get
P p

g / ! &' (BT (4)dt < epE1(0)E(S) + L1 E1(0)E(S)
S

q+1
RHEE o DA EF )
b6 O T e )

Thus we obtain .

| o @B Wi < ZEU0E(S)

S w
Now, using Lemma [I.T we get

E(t) < E(0) (W) T v,
2+wp [, b(s)ds
Here
w4:mw{w (275 ph) (p+ 1) (4(dap)"2) 717 },
0 " (p+2)(0(p+2)2E10) (p+2)(0(p+2)) 7T ETF(0)

O
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