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INEXTENSIBLE FLOW OF A SEMI-REAL QUATERNIONIC
CURVE IN SEMI-EUCLIDEAN SPACE R}

A. FUNDA YILDIZ, O. ZEKI OKUYUCU, AND 0. GOKMEN YILDIZ

ABSTRACT. In this paper, we investigate a general formulation for inextensible
flows of semi-real quaternionic curve in R%. We obtain necessary and sufficient
conditions for inextensible flow of semi-real quaternionic curves. Moreover, we
give the evolution equation of curvatures as a partial differential equation.

1. INTRODUCTION

The Irish mathematician Hamilton wanted to generalize the complex numbers
by introducing a three-dimensional object failed in the sense that the algebra he
constructed for these three-dimensional object did not have the desired properties
and then he discovered the quaternion in 1843. Quaternions can be represented
as the sum of a scalar and a vector. They are applied to mechanic and physics.
The quaternions set @ is isomorphic to R*, which is a four-dimensional vector
space over R. The Serret-Frenet formulae for a quaternionic curves was given in R?
by K. Bharathi and M. Nagara [7]. Also, they defined Serret-Frenet formulae for
quaternionic curves in R*, by using the formulae in R3. After these studies, a lot
of articles about quaternionic curves are published in R? and R*. And then Serret-
Frenet formulas for quaternionic curves and quaternionic inclined curves have been
defined in Semi-Euclidean space by Coken and Tuna [2]. Gok et al and Kahraman
et al defined a new kind of slant helix in Euclidean space R* [6] and semi-Euclidean
space R} [5]. It called quaternionic Bs-slant and semi-real quaternionic Bs-slant
helix, respectively. Giingor and Tosun studied quaternionic rectifying curves in R*
[8]. Moreover, Yildiz and Karakus examined quaternionic normal curves in R* [T1].

In differential geometry studies, contrary what is known the time parameter
plays an important role. One of the most important of these studies is envolving
curve, which is the family of curves parametrized by time. Also, the time evolution
of curve can be treated as flow of curve. Inextensible flows of curves and developable
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surfaces were studied in R® by Kwon and Park [3, 4]. Inextensible flows of curves
were investigated by according to Darboux frame in R? [J] and were examined in Lie
Group [10]. Ugum et al have studied flows for partially null and pseudo null curves.
Moreover, Koérpinar and Bag have investigated inextensible flows of quaternionic
curves in Euclidean space R* [12].

Our aim is to study inextensible flow of semi-real quaternionic curves in R3. We
give necessary and sufficient conditions for inextensible flows of semi-real quater-
nionic curves. Also, we give the evolution equation of curvatures as a partial dif-
ferential equation.

2. PRELIMINARIES

In this section, we will give a brief summary of the semi-real quaternion in the
semi Euclidean space Rj. A semi real quaternion q is expressed as ¢ = aej + beg +
cez + d such that

€; X € = —Ee, (ISZSB),
€ X ej = Eee €k, in R?,
€ X €j = —E€eEe;€k, 1N R%,

where (ijk) is an even permutation of (123) and a,b,¢,d € R [2]. Further, any
quaternion can be written as ¢ = S; + V; where S, = d and V; = ae; + bex + ce3
denote scalar and vector part of g, respectively. The multiplication of two semi-real
quaternions p and ¢ is defined as p x ¢ = SpSq+ < V,, Vg > +5,V + S,V +
V, AV, for every p,q € RS where <,> and A are scalar and cross product in Rj,
respectively. The conjugate of ¢ is y¢ = S, — V,. By using this, for every p,q € R}
the symmetric, non-degenerate, bilinear form A is defined as follows

h : R;xR; —R,
1
h(p,q) = 3 [€pErg (P X ¥q) + €¢p (g X VD)]

The norm of ¢ is denoted by
lqll? = —a® — b* + & + d2.

If ¢ X v¢ = 0 then ¢ is called a semi-real spatial quaternion. If h(p,q) = 0 then p
and ¢ are called h-orthogonal where p,q € R4 [2]. If ||qH2 = 1, then ¢ is called a
semi-real unit quaternion.

Now, we give the definition of semi-real quaternionic curve and its Serret-Frenet
apparatus. R is identified with the space of unit semi-quaternions and is denoted
by Q.. Let

B:ICR—>Q’U7 B(S):Zﬁi(s)eia 64:17
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be a smooth curve 8 with nonzero curvatures {K, k, (r — e;ereny K)} defined over
the interval I = [0,1]. Let the parameter s be chosen such that the tangent T' =

4
B'(s) = 3 Bi(s)e; has unit magnitude and the Serret-Frenet apparatus of 3 are
i=1
{T, N, By, B>}. The Frenet equations are
T'(s) =enKN(s) (2.1)

N'(s) = —e1eny KT (s) + e,kB1(s)
B (s) = —etkN(s) + en(r — ereren K) Ba(s)
BY(s) = —ey(r — ereren K) By,

where h(T,T) = ET,]'L(N, N) = ET,h(Bl,Bl) = EnT and h(Bl,Bl) = EpeT [1}

3. FLow OF SEMI-REAL QUATERNIONIC CURVE

Throughout this paper, we assume that « : [0,] x [0, w] — @, is a one parameter
family of smooth semi-real quaternionic curve in @, where [ is arclength of initial
curve and w is the curve parametrization variable, 0 < u < [. Let «(u,t) be
the position vector of the semi-real quaternionic curve at time ¢. The arclength
variation of « (u,t) is given by

[ O
st = [ |5
0
1%}

The operator 4 is given in term of u by % =

du = /vdu. (3.1)
0

1
v Jdu

Definition 1. Let a be smooth semi-real quaternionic curve with the Frenet frame
{T,N, By,Bs}. Any flow of o can be given by

Oa

o1 = NI+ 2N+ fsB1+ fuB> (32)

where f1, fo, f3 and fy are scalar speed functions of «.

In Q,, the inextensible condition of the length of the curve can be expressed by
[l

9 [ v
= t)= | ==du=0. .
ats(u, ) / 57 24 0 (3.3)
0
Definition 2. A semi-real quaternionic curve evolution a (u,t) and its flow %—? m

Q. are said to be inextensible if

= 0. (3.4)

o [oa
ot || Ou
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Lemma 1. The evolution equation for the speed v is given by

0 0
8—1; = sTa—J;l — iETENVES2 (3.5)

Proof. As % and % are commutative and v = h (‘g—z, g—g), we have

ov 0 da O« Oa 0 [Oa
2o = o (auau) =2h (auau (m)) :

o0 Oh
ot = E&T ou ELtETENUVR 2

Thus, we obtain

O
Theorem 1. The flow of semi-real quaternionic curve is inextensible if and only
if
of1
2ot 3.6
Ds Eté‘NI{fQ ( )

Proof. Let the flow of semi-real quaternionic curve be inextensible. From equation

(3.3) and (3.5), we have

P [ )
as (u,t) = 8—:du = / <€T('3fu1 — 5t5Tstnf2> du=0
0 0

This clearly forces

ofi

—— = EtENRKRJ2.
95 — CteNkf2

O

Lemma 2. Let the flow of «a(u,t) be inextensible. Derivatives of the elements of
Frenet frame with respect to evolution parameter can be given as follows;

% = (ngm + % — gtf3k> N+ <8nf2/€ + % —epfa(r— 6t6TENf<a)) By
+ (Enfg (r —eierenk) + 8594) B,

86—];[ =— (5Tf1’€ + 5T5N% - 5t5T5Nf3k> T + enertpy B1 + eperthy Ba,

% = <f2/<; + sn% —enepfa (r— 5t5T5N/@)) T —ent N + epery)3 B,

% = - (Ensbfg (r — eserenk) + Eb@@]“:) T —enyoN — enertpsBy.

where ¢1 =h (8{)7];/7B1)} 1/]2 =h (837];]732)7 ’(/}3 =h (%a32)
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Proof. Let + be inextensible. Then, considering that and are commutative,
we get

oT 0 (O« 0 (O 0
il (83) = 5% <8t> = 55 (fiT + foN + f3B1 + faB2)

substituting (3.6]) in the last equation, we have

oT 0 0
rrie (Eme + % - 6tf3k) N + (Eank + % —epfa (r — &‘tSTENH)) B;
+ (Snf3 (r —eerenk) + af4) By. (3.7)

Now, if we consider orthogonality of {T', N, B, Bo}, then we get

B} T ON
0= h(I.N)=h (at,N> +h (T, 6t>

=EN <5Nf1/‘5+aa];2_5tf3 > < ) 8t>

) oT 9B,
o= Bnrsy = (ZL.m) 4 (r.22

0B
= €T <€nf2k + 8f3 —epfs (r— €tET€N,‘€)> +h ( 1) ,

. o jor 0B,
O—ath(T,Bz)—h(a BQ> ( >

0B
= gper <5nf3 (r — eserenk) + af4) h (T, 8;) 7

9 (N g 0B,

0B,
= 67L6Tw1 + h (N, 8t) 5

_ 9 (N g 0Bs

dBs
= h —_—
EbETYo + (lV, 5 > ;

0 0B, 0B,
0= 5. (B, Ba) = h(at,B2> h<Bl, 8t>

0B,y
=eperPs +h (Bl, 5 >
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which brings about that

ON 0
e (5Tf1/4 + 5T5N£ — stsTeNf3k> T + ener1 B1 + epertpy Ba,
831
= fok + En— —enepfa(r —eterenk) | T —entyy N + eperths B,
8B 0
2= (snabfg T — EETENK) + € a];l) T —enyoN —enerths By
Where%—h(TN 1), ¥ h(at’ 2)a¢3:h(%’32)' 0

Theorem 2. Let the flow of a(u,t) be inextensible. Then the evolution equation
of K 1is

Ok 5 Ok 0% fy 0f3 ok
% gEn fok +f1£+ENw—25t5Ngk—Et5Nf3£

—e1enen fok? + ereven fak (1 — eeTENK)

Proof. Since % (%—F‘f) = % (%—f), we have

0 (0T 0
% <8t> = (—gtflfeQ — EtEN%H + ENf3l<uk') T
0 02 0 Ok
+ <€tf2f€ +5Nf1j + an 2e¢ 8j;3 _Etf3$ — et f2k?
+  eenfak (r — ererenk)) N
fz ok  0°f3
+ <anazvf1fik + 20— as — erenf3k® + 5nf2$ t ez
0 o(r—
- 251;% (r —eierenk) — Ebf4w —éencof3 (r— EtETENﬁ)z) By
O Ff.
+ (lec (r —eerenk) + 25”87: (r — eserenk) — enepfs (1 — eserenk)’
O(r —eierenk) 0%f4
T oenfs 0s - 0s? B
and
0 (0T 0 Ok ON
ot (83) gr (EveN) =engr N+ enngr

= (—ETEme2 - ET%K + EtETfsfik) T+en—, O

s 5 N + enerent KBy

+ EbETEN’QZJQKJBQ.
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From equality of the component of N in above two equations, we obtain

Ok 0?2 dfs3 Ok
5 = 1N fok? +f1*+ EN 8f2 2e4EeN aj; k*€t€Nf3% — £1EneN fok?

+ercven fak (1 — 5t5T5NH) .

Corollary 1. In theorem (@, from rest of the equality, we get

dfa ok D% fs
kY, = erfrke + QETsNgk — gieren fak? + €T6Nf2 + EnTEN 5’5
0 — E4ETENK
- 25n5b5T5N£ (r — eierenk) — 5n5b5T5Nf4w
Js 0s
— everenfs (r — eserenk)’

df3 2
Ky = erepfok (r — ererenk) + 2@5,@,@ (r —eterenk) — eten fa (1 — eteTENK)

0 (r — eierenk 02 f4
+ ctenen f3 O(r = eerenk) (9t ) +er 755
s 0s

Theorem 3. Let the flow of a(u,t) be inextensible. Then the evolution equation
of k is

ok dfs 0y

— = gen fakk + giene — €EnbEN fak (1 — eeT7eENK) + €

o tEN f2 +tnN6$ ten€beN fak ( tETENK) T 5
— ey (r — €tETENK) .

Proof. Noticing that % (—N) = g (%—]g), it is seen that

2

0 (0N 0 0 0 ok
% <6t> = <—5‘t€T6Nf2:‘£2 - 6Tf1£ — ETEN BSJ;Q + €t€T6N£k + 6t€T€Nf388) T

+

0f
5T5Nf1/-@ —er 8{: K+ e fark — ereneri k ) N

(-
N ( — eqty (r — gthgNn)> B,
(ort

0
+ | er (r —ererenk) ¥y + cper 81/; )Bg
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and
0 (ON 0
a (88) 5 ( €t€NHT + EnkBl)

( EtEN — enfok?® — af3k+€bf4k (r— stETENK;)> T

Ofs
—efik? — een 50T enfakk —enent ik | N
k
( Etenen fokk — e 8(;;3/1 + eieven fak (r — ererenk) + 6n(9t) B

0
+ <—stsn5Nf3/-@ (r —eterenk) — €t€N£I£ + EnEbET¢3k) By

0s

From above equations, we get

ok 0
9 = ey fokk + erenenN 823 — €1EnErEN fuk (r — EtET€N:‘€) +eT (;/;1
— ey (r — e1ETENK) .
O
Corollary 2. In theorem (@, from rest of the equality, we obtain
_ 9y Ja
(r —eerenk) Yy = —gp—— Bp —eteneren fak (r — erereNk)— 5t5TsN§n+eneb1p3k

Theorem 4. Let the flow of a(u,t) be inextensible. Then the evolution equation
of (r — eierenk) is

w = EnELENYK + EnEpeT (;bg
Proof. Noticing that - (aaBtl) = % (6521 ), it is seen that
9 (831) — (_% — f2 % + 5ngb% (r — eteTenk)
Js \ Ot " 0s? s
+5n5bf4(r_+w + Et%fi) T

+ <€Nf2/€k — EnEN—F— 0fs

3 K+ enepen fak (1 — eiereNk) — EN d}l) N
S

Js

+ (—enen1k — ery3 (r — ererenk)) By + <8b6T gj) b
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0 (0B 0
En <8sl) =5 (—etkN + &, (r — ererenk) Ba)

0
= <5t5Tf1k/-@ + EteTeNgk — 5T5Nf3k:2

0
—enf3 (r — ererenk)’ — €n€b£ (r— 3t<9T5NH')> T
ot
+ (—etenerihik — erds (r — ererenk)) By

O (r — eterenk)
ot > B

ok
+ (—Et — eneNs (1 — EtETENKJ)) N

+ (—EtabET%k +én

From above equations, we obtain

O (r — eierenk)

oY
T = enEbENYok + EnabETTS'
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