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ON (N(k),&)-SEMI-RIEMANNIAN MANIFOLDS:
SEMISYMMETRIES
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ABSTRACT. (N(k),§)-semi-Riemannian manifolds are defined. Examples and
properties of (N (k), £)-semi-Riemannian manifolds are given. Some basic re-
lations involving 7,-curvature tensor in (N(k), £)-semi-Riemannian manifolds
are proved. It is proved that if M is an n-dimensional ¢-Tg-flat (N (k), £)-semi-
Riemannian manifold, then it is n-Einstein under an algebraic condition. It
is also proved that a semi-Riemannian manifold, which is T-recurrent or 7-
symmetric, is always T-semisymmetric, where T' is any tensor of type (1,3).
(7a, Tp)-semisymmetric semi-Riemannian manifold is defined and studied. Sev-
eral interesting results for 7,-semisymmetric, 7T,-symmetric and 7;-recurrent
(N (k), £)-semi-Riemannian manifolds are obtained. The definition of (7, S7;)-
semisymmetric semi-Riemannian manifold is given. (7, ST;)-semisymmetric
(N(k), €)-semi-Riemannian manifolds are classified. Some results for 75-Ricci-
semisymmetric (N (k), £)-semi-Riemannian manifolds are obtained.

1. INTRODUCTION

Let (M, g) be an n-dimensional semi-Riemannian manifold and X(M) the Lie al-
gebra of vector fields in M. Throughout the paper we assume that X, Y, Z, U, V. W €
X(M), unless specifically stated otherwise.

A semi-Riemannian manifold M is said to be flat if R(X,Y)Z = 0. It is said
to be &-flat if R(X,Y)¢ = 0, where £ is a non-null unit vector field in M. The
condition of ¢-flatness is weaker than the condition of flatness. In 2006, De and
Biswas [7] studied the &-conformally flat contact metric manifolds with £ € N(k).
They proved that a contact metric manifold with £ € N(k) is £-conformally flat if
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and only if it is n-Einstein manifold. Recently, in 2010, Dwivedi and Kim [12] proved
that a Sasakian manifold is {-conharmonically flat if and only if it is 7-Einstein.

A semi-Riemannian manifold M is said to be semisymmetric [45] if it satisfies
R(X,Y)-R =0, where R (X,Y) acts as a derivation on R. Semisymmetric manifold
is a generalization of manifold of constant curvature and symmetric manifold (VR =
0). A semi-Riemannian manifold is said to be recurrent [53] if it satisfies VR =
a ® R, where « is 1-form. In 1972, Takagi [46] gave an example of Riemannian
manifolds satisfying R(X,Y) - R =0 but not VR = 0.

A semi-Riemannian manifold M is said to be Ricci-semisymmetric [10] if its Ricci
tensor S satisfies R(X,Y)-S =0, where R (X,Y) acts as a derivation on S. Ricci-
semisymmetric manifold is a generalization of manifold of constant curvature, Ein-
stein manifold, Ricci symmetric manifold, symmetric manifold and semisymmetric
manifold.

Ricci-semisymmetric manifolds are studied by Adati and Miyazawa [2], Hong
et al. [16], Pandey and Verma [34], Perrone [35] and Tripathi et al. [51]. After
this Ozgiir [31] studied the Weyl Ricci-semisymmetric manifold. Hong, Ozgiir and
Tripathi ([16], [33]) studied the concircular Ricci-semisymmetric manifold.

The paper is organized as follows. In Section 2, we give the definition of 7T-
curvature tensor. In Section 3, we define (N(k),)-semi-Riemannian manifolds.
Examples and properties of (N (k), £)-semi-Riemannian manifolds are given. N (k)-
contact metric manifold, (¢)-Sasakian, Sasakian, Kenmotsu, (¢)-para-Sasakian and
para-Sasakian manifolds are examples of (N (k), {)-semi-Riemannian manifolds. We
obtain the relations for T ,-curvature tensor in (N(k),&)-semi-Riemannian mani-
fold. In Section 4, the definition of ¢-T,-flat (N (k), £)-semi-Riemannian manifold
is given. Necessary conditions for a &-T,-flat (N (k),£)-semi-Riemannian mani-
fold are mentioned. It is proved that an n-dimensional &-T,-flat (N (k),&)-semi-
Riemannian manifold is 7-Einstein under an algebraic condition. The necessary
and sufficient condition for an n-dimensional (N (k), £)-semi-Riemannian manifold
to be £-T,-flat is obtained, where 7,-curvature tensor is one of the quasi-conformal
curvature tensor, conformal curvature tensor, conharmonic curvature tensor, M-
projective curvature tensor or Ws-curvature tensor. In Section 5, the definition
of T-recurrent, T-symmetric and T-semisymmetric semi-Riemannian manifolds are
given, where T is any tensor of type (1,3). It is proved that if a semi-Riemannian
manifold is T-recurrent or T-symmetric, then it is always T-semisymmetric. In
Section 6, (7,, 7p)-semisymmetric semi-Riemannian manifolds are defined and clas-
sified. It is proved that 7,-semisymmetric (N (k), )-semi-Riemannian manifolds are
either n-Einstein or Einstein and manifold of constant curvature. 7,-semisymmetric
(N (k), &)-semi-Riemannian manifold is proved to be T,-flat under certain condi-
tion. A 7T,-semisymmetric (N (k),£)-semi-Riemannian manifold is 7;-conservative
under some condition. It is also proved that if an (N (k), £)-semi-Riemannian man-
ifold is of constant curvature, then it is 7,-semisymmetric under some algebraic
conditions. In the last section, the definition of (7, S7T,)-semisymmetric semi-
Riemannian manifold is given. (7, S7; )-semisymmetric (N (k), £)-semi-Riemannian
manifolds are classified. The results for 7,-Ricci-semisymmetric (N (k), &)-semi-
Riemannian manifolds are obtained. An n-dimensional (R, ST,)-semisymmetric
(N (k), €)-semi-Riemannian manifold is Einstein under an algebraic condition. An
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Einstein manifold is (R, ST, )-semisymmetric. If M is an Einstein manifold such
that T, € {R,C.,C, L, V, M, Wy, Wi, W5}, then it is T,-Ricci-semisymmetric.
2. T-CURVATURE TENSOR

Definition 2.1. In an n-dimensional semi-Riemannian manifold (M, g), T -curvature
tensor [52] is a tensor of type (1,3), which is defined by

21) TX,Y)Z = aR(X,Y)Z
+a1SY,2) X +a25(X,2)Y +a3S(X,Y)Z
Tasg(Y,Z)QX +a59(X,2) QY +as9(X,Y)QZ
+arr(g(Y,2)X —g(X,2)Y),

where aq, . .., a7 are real numbers; and R, S, () and r are the curvature tensor, the
Ricci tensor, the Ricci operator and the scalar curvature respectively.

In particular, the T-curvature tensor is reduced to

(1) the curvature tensor R if
CLO:]-a alz...:a7:0’
(2) the quasi-conformal curvature tensor C, [56] if

ay=—ay=a4=—as, a3=ag=0, ay=—

(3) the conformal curvature tensor C [13, p. 90] if
1 1

= ]_7 = — = = — = - —, — — 07 — ,
ao a1 a9 a4 as n—2 as ae ar (n — 1)(7’7, — 2)
(4) the conharmonic curvature tensor L [14] if
1
a():l, ] = —A =04 = — 05 = — —, a3:a6:O, CL7=0,
n—2
(5) the concircular curvature tensor V ([54], [55, p. 87]) if
1
a=1, am=a=a=a=a=0a6=0 a=——T"—,
n(n—1)

(6) the pseudo-projective curvature tensor Py [39] if

1 ag
ay=—a2, az=ag=as=as=0, ar=—— +a1 |,
n\n—1

(7) the projective curvature tensor P [55, p. 84] if

1
aw=1 a=—-aa=—-——, az=a4 =as=as =ay =0,
=1
(8) the M-projective curvature tensor [37] if
1
ap =1, a1 =—ay=a4=—a5=— az =ag = a7 =0,

2(n —1)’
(9) the Wy-curvature tensor [37, Eq. (1.4)(] if )

ap=1, a3 =—a5=— as=ag=a4 =ag =a7 =0,



(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(19)
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the Wi -curvature tensor [37, Eq. (2.1)] if

aozl, a1 = — a5 =

(n—1)’
the Wi -curvature tensor [37] if

1
(n—1)’

apg=1, a1 =—ax=

the Wy -curvature tensor [37] if

1
(n—1)’

ap=1, a1 =—ax=—

the Wa-curvature tensor [36] if

1

-1 L
ao y 04 as (n—1)
the Ws-curvature tensor [37) if

1

ap =1, 02=—a4:—ma

the Wy-curvature tensor [37)] if

ap =1, as=—ag=

(n—1)
the Wis-curvature tensor [38] if

1
(-1

ap=1, ay=—as=—

the Wg-curvature tensor [38] if
b
—1)’
the Wr-curvature tensor [38] if

b
(n—1)’

aozl, a] = —ag = —

a():l, a1 = — Q4 = —

the Ws-curvature tensor [38] if

1
(n—1)’

ap=1, a1 =—az3=—

the Wy-curvature tensor [38] if

ap=1, az3=—a4=

Denoting

az =az =a4 =ag = ay =0,

a3 =aq4 =as = ag = a7y =0,

a3 =ay4=as =ag = ay =0,

ay =ag =az =ag = a7 =0,

ay =az =as =ag = a7 =0,

ay=az =az=aq4 =ay =0,

ay =az=a4 =ag =ay =0,

a2=a3=a4=a5=a7:0,

a2:a3:a5:a6:a7:0,

a2:a4:a5:a6:a7:0,

a1 =as =as = ag = a7y = 0.

T(X.Y, 2, V) =g(T(X,Y)Z,V),
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we write the curvature tensor 7 in its (0,4) form as follows.

2.2)  TX,Y,ZV) = ayR(X,Y,Z,V)
+a1SY,2)g(X,V)+a2S(X,2)g(Y,V)
+a3S(X,Y)g(Z,V)+asS(X,V)g(Y,2)
+asS(Y,V)g(X,Z2)+asS(Z,V)g(X,Y)
+arr(g(Y,2)g(X,V) —g(X,Z2)g(Y,V)).

In a semi-Riemannian manifold (M, g), let {e;}, ¢ = 1,...,n be a local orthonormal

basis, define
n

(leT) (Xa K Z) = Zgzg((VeLT)(X’ Y)Za ei)v

where ; = g(e;, e;). Then -
(23) (divT) (X,Y,Z2) = (a0 +a1)(VxS) (Y, Z) + (—ao + az)(Vy5)(X, Z)
+aa(VZ9)(X.Y) + (5 +ar) (Vxr)g(¥. 2)
+ (5 —ar) (Vym)g(X. 2) + S (Var)g(X.Y),
(2.4) ST(X,Y) = (ap+mnas+az+az+as+as)SX,Y)

+ (ag + (n — Day)rg(X,Y).

Definition 2.2. An n-dimensional semi-Riemannian manifold is said to be T-
conservative [52] if div T = 0.

Notation. We will call T-curvature tensor as 7,-curvature tensor, whenever it is
necessary. If ag,...,ar are replaced by bg,..., b7 in the definition of T-curvature
tensor, then we will call T-curvature tensor as T,-curvature tensor.

3. (N(k),&)-SEMI-RIEMANNIAN MANIFOLDS

Let (M, g) be an n-dimensional semi-Riemannian manifold [30] equipped with a
semi-Riemannian metric g. If index(g) = 1 then g is a Lorentzian metric and (M, g)
a Lorentzian manifold [3]. If g is positive definite then ¢ is an usual Riemannian
metric and (M, ¢g) a Riemannian manifold.

The k-nullity distribution [48] of (M, g) for a real number k is the distribution
N(K) :p s Ny(k) = {Z € T,M : R(X,Y)Z = h(g(Y, Z)X — g(X, Z)Y)}.
Let & be a non-null unit vector field in (M, g) and 7 its associated 1-form. Thus

9(&:¢) =¢,
where € = 1 or — 1 according as £ is spacelike or timelike, and
(3.1) n(X)=eg(X,§), n(=1L

Definition 3.1. An (N(k), £)-semi-Riemannian manifold consists of a semi-Riema
nnian manifold (M, g), a k-nullity distribution N (k) on (M, g) and a non-null unit
vector field £ in (M, g) belonging to N (k).

Now, we intend to give some examples of (N (k), £)-semi-Riemannian manifolds.
For this purpose we collect some definitions from the geometry of almost contact
manifolds and almost paracontact manifolds as follows:
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Almost contact manifolds. Let M be a smooth manifold of dimension n =
2m + 1. Let ¢, £ and 71 be tensor fields of type (1, 1), (1,0) and (0, 1), respectively.
If ¢, & and 7 satisfy the conditions

(3.2) ' =-T+n®¢,

(3.3) n€) =1,

where I denotes the identity transformation, then M is said to have an almost
contact structure (p,&,n). A manifold M alongwith an almost contact structure is
called an almost contact manifold [4]. Let g be a semi-Riemannian metric on M
such that

(3.4) 9 (X, 0Y) =g(X,Y) —en(X)n(Y),

where e = +1. Then (M, g) is an (g)-almost contact metric manifold [11] equipped
with an (g)-almost contact metric structure (p,&, 1, g,€). In particular, if the metric
g is positive definite, then an (¢)-almost contact metric manifold is the usual almost
contact metric manifold [4].

From (3.4), it follows that

(3:5) 9(X,9Y) = —g(pX,Y)
and

(3.6) 9(X, &) = en(X).
From (3.3) and (3.6), we have

(3.7) g(§¢) =e

In an (g)-almost contact metric manifold, the fundamental 2-form ® is defined
by
(3.8) (X, Y) = g(X, ¢Y).
An (g)-almost contact metric manifold with ® = dn is an (¢)-contact metric mani-
fold [47]. For e = 1 and g Riemannian, M is the usual contact metric manifold [4].

A contact metric manifold with £ € N(k), is called a N(k)-contact metric manifold
[5].

An (e)-almost contact metric structure (¢,&,n,9,¢€) is called an (g)-Sasakian
structure if

(Vxp)Y =g(X,Y)§ —en(Y) X,

where V is Levi-Civita connection with respect to the metric g. A manifold endowed
with an (g)-Sasakian structure is called an (¢)-Sasakian manifold [47]. For e =1
and ¢g Riemannian, M is the usual Sasakian manifold [41, 4].

An almost contact metric manifold is a Kenmotsu manifold [18] if
(3.9) (Vxp)Y = g(pX,Y)E =1 (Y) pX.
By (3.9), we have
(3.10) Vx§=X —n(X)§.
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Almost paracontact manifolds. Let M be an n-dimensional almost paracontact
manifold [42] equipped with an almost paracontact structure (¢,&,n), where @, &
and 7 are tensor fields of type (1,1), (1,0) and (0, 1), respectively; and satisfy the
conditions

(3.11) ' =1-1®¢,

(3.12) n(©) = 1.

Let g be a semi-Riemannian metric on M such that

(3.13) 9 (X, 0Y) =g(X,Y) —en(X)n(Y),

where e = £1. Then (M, g) is an (¢)-almost paracontact metric manifold equipped
with an (g)-almost paracontact metric structure (¢,&,m,g,¢). In particular, if
index(g) = 1, then an (g)-almost paracontact metric manifold is said to be a
Lorentzian almost paracontact manifold. In particular, if the metric g is positive
definite, then an (¢)-almost paracontact metric manifold is the usual almost para-
contact metric manifold [42].

The equation (3.13) is equivalent to

(3.14) 9(X,0Y) =g(pX,Y)
along with

(3.15) 9(X,§) = en(X).
From (3.12) and (3.15), we have

(3.16) 9(§,8) =e.

An (e)-almost paracontact metric structure is called an (¢)-para-Sasakian struc-
ture [51] if

(3.17) (Vxe)Y = —g(eX,pY)E —en(Y) X,

where V is Levi-Civita connection with respect to the metric g. A manifold endowed
with an (e¢)-para-Sasakian structure is called an (¢)-para-Sasakian manifold [51].
For ¢ = 1 and ¢g Riemannian, M is the usual para-Sasakian manifold [42]. For
e = —1, g Lorentzian and £ replaced by —&, M becomes a Lorentzian para-Sasakian
manifold [22].

Example 3.1. The following are some well known examples of (N(k),£)-semi-
Riemannian manifolds:

(1) An N(k)-contact metric manifold [5] is an (N (k), £)-Riemannian manifold.

(2) A Sasakian manifold [41] is an (N(1),£)-Riemannian manifold.

(3) A Kenmotsu manifold [18] is an (N(—1),)-Riemannian manifold.

(4) An (e)-Sasakian manifold [47] an (N (¢), £)-semi-Riemannian manifold.

(5) A para-Sasakian manifold [42] is an (N(—1),£)-Riemannian manifold.

(6) An (¢)-para-Sasakian manifold [51] is an (N (—¢), {)-semi-Riemannian man-
ifold.

In an n-dimensional (N(k),€)-semi-Riemannian manifold (M, g), it is easy to
verify that

(3.18) R(X,Y)E = ek(n(Y)X —n(X)Y),
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(3.19) R(&, X)Y =ek(eg(X,Y)E —n(Y)X),

(3.20) R(&, X)§ = ek(n(X)¢ — X),

(3:21) R(X,Y,Z,§) =ck(n(X)g(Y,Z) —n(Y)g(X,2)),
(3:22) n(R(X,Y)Z)=k(n(X)g(Y,Z) —n(Y)g(X,2)),
(3.23) S(X,¢) =cek(n—1)n(X),

(3.24) Q¢ =k(n —1)¢,

(3.25) S(€,€) = ek(n - 1),

(3.26) n(QX) =eg(QX,§) =eS(X,§) = k(n — 1)n(X).
Moreover, define

(3.27) SUX,Y) =g(QX,Y) = S(Q'X,Y),
where £ = 0,1,2,... and S° = g. Using (3.26) in (3.27), we get
(3.28) SHX,€) = ekf(n — 1)'n(X).

Now, we state the following Lemma without proof.

Lemma 3.1. Let M be an n-dimensional (N(k),&)-semi-Riemannian manifold.
Then

(3.29) To(X, V)¢ = (—ckag+ck(n—1)ag —earzrn(X)Y
+ (ekag 4+ ek(n — 1)ay + eazr)n(Y)X
+a3S(X,Y)E +casn(Y)QX
+easn(X)QY + k(n — Lagg(X, Y)S,

(3.30) T.(&,X)¢ = (—ckag + ek(n—1)as —carr)X +cas QX
+{ekao + ek(n — 1)a; + ek(n — 1)as
+ ek(n — 1)ag + ek(n — 1)ag + earr}n(X)E,

(3.31) T.&Y)VZ = (kao+k(n—1as+arr)g(Y,2)¢
+a1S(Y,2) ¢+ ck(n —1)agn(Y)Z
+easn(2)QY +eagn(Y)QZ
+ (—ckag + ek(n — 1)ag —earr)n(2)Y,

(3.32) (T (X,Y)§) = ek(n—1)(a1 + a2 + as + as)n(X)n(Y)
+a3S(X,Y)+ k(n—1)agg(X,Y),

(3.33) T.(X,Y, &, V) = (—ckag +¢ek(n—1)az —earr)n(X)g(Y,V)
+ (ekag + ek(n — )ay + earr)n(Y)g(X,V)
+eaz S(X,Y)n(V) +easn(Y)S(X,V)
+eas n(X)S(Y, V) + ek(n — 1)as g(X,Y)n(V),
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(3.34) T.(X, 8¢ = {—ckag +ck(n—1)az +ek(n—1)as
+ ek(n — 1)as + ek(n — 1)ag —earr}n(X)E
+ (ekag + ek(n — 1)ay + carr) X + cas QX,

(
(3.35) S7(X, &) = A{ek(n—1)(ap+nay + az + az + as + ag)
+er(as + (n —1)az)} n(X),

(3.36) S7(&,8) = ek(n—1)(ap+ nay + az + as + as + ag)
+er(ag + (n—1)ay).

Remark 3.1. The relations (3.18) — (3.36) are true for

(1) a N(k)-contact metric manifold [5] (¢ = 1),
(2) a Sasakian manifold [41] (k =1, e =1),
(3) a Kenmotsu manifold [18] (k= -1, =1),
(4) an (e)-Sasakian manifold [47] (k = ¢, ek = 1),
(5) a para-Sasakian manifold [42] (k= —1, e =1), and
(6) an (e)-para-Sasakian manifold [51] (k = —¢, ek = —1).
Even, all the relations and results of this paper will be true for the above six cases.

4. &-T,-FLAT (N (k),&)-SEMI-RIEMANNIAN MANIFOLDS

Definition 4.1. An n-dimensional (N (k), §)-semi-Riemannian manifold (M, g) is
said to be &-7,-flat if it satisfies

7;(X7 Y)£ =
In particular, if 7, is equal to R, Cs, C, L, V, Py, P, M, Wy, Wi, Wi, Wi, W,
Ws, Wy, Ws, Ws, Wz, Ws, Wy, then it becomes &-flat, £-quasi-conformally flat, &-
conformally flat, £&-conharmonically flat, £-concircularly flat, £-pseudo-projectively
flat, &-projectively flat, £&-M-flat, &-Wp-flat, &-W§-flat, E&-W;-flat, &-W5-flat, E&-Ws-
flat, &-Ws-flat, {&-W,y-flat, &-Ws-flat, &-We-flat, E&-Wr-flat, £-Ws-flat, &-Wo-flat, re-
spectively.

Theorem 4.1. Let M be an n-dimensional £-T,-flat (N (k), €)-semi-Riemannian
manifold.

1. Ifag #0 and ag+ (n — 1)ar # 0, then

(4.1) S=Dyg+ Dsn®n,
where
k k(n—1
(4.2) D, — _ ka0 +k(n —1ar +arr
a4
and
(4.3) D; = kag — (n — 1)k(az + a3 + a5 + ag) + CL77"

Eay
Therefore it is an n-FEinstein manifold and
k(n—1) (ag + nay + a2 + az + a5 + ag)
a4 —+ (n — 1)(17

In particular, M becomes an FEinstein manifold provided

(4.4) r=—

= D (say).

kag — (n — 1)k(a2 + a3+ a5+ CL6) + arr = 0.
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2. Ifay =0 and a7 # 0, then
(4.5) — _ k(ao+na; + a;: as + as + ag)
3. If ay = 0 and a7y = 0, then either k =0 or
(4.6) ag +nay + as + az + as + ag = 0.
Proof. By (2.2) and (3.1), we get
(4.7) T(X, Y&, W) = aoR(X,Y,{,W)
+ a1 5 (Y, §) g(X, W) + a5 (X, ) g(V, W)
+ azeS(X,Y)n(W) + asen(Y)S(X, W)
+ asen(X)S(Y, W) + as g(X,Y)S(E, W)
+ azer (n(Y)g(X, W) —n(X)g(Y, W)).

Using Y = £ in (4.7), we get

(4.8) T(X.&6W) = agR(X, &6 W)
+a15(&,8) g(X, W) + a2 5(X,£) (&, W)
+aseS(X, (W) + asen(§)S(X, W)
+azen(X)S(E W) + ag g(X,£)S(E W)
+azer (n(€)g(X, W) —n(X)g(&, W)).

Case 1. If as # 0 and a4 + (n— 1)ar # 0, then using (3.1), (3.20) (3.23) and (3.25)

and the fact that M is £-T,-flat in (4.8), we get (4.1) and (4.4).

Case 2. If a4 = 0 and a7 # 0, then by using (3.1), (3.20) (3.23) and (3.25) and the

fact that M is £-T,-flat in (4.8), we get
e(apk + (n — Vkay +arr)g(Y,Z) = (—(n—1)k(az+ as+ a5 + as)

+ (aok + azr))n(Y)n(Z).

Contracting the above equation, we get

(4.9) arr = —k (ap +na1 + az + as + a5 + ag) .

Since a7 # 0, we get (4.5).
Case 3. If a4 = 0 and a7 = 0, then from (4.9) either k¥ = 0 or (4.6) is satisfied.
This proves the result. (I

Theorem 4.2. Let M be an n-dimensional (N (k),&)-semi-Riemannian manifold
such that as # 0 and as + (n — 1)ar # 0. If M satisfies (4.1), then

(4.10) T(X,Y)¢ = (ckag+cek(n—1)a; +ecasDs+ea7D1)n(Y)X
+ (—ekag + ek(n — 1)ag + cas Dy — a7z D1)n(X)Y
+ (k(n — 1)ag + azD2)g(X,Y)§
+ (a3 + a4 + as)D3n(X)n(Y)E.
§)-

Remark 4.1. If M is &-conformally flat (N (k), £)-semi-Riemannian manifold, then
from (4.4), the scalar curvature r is in indeterminate form.

Suppose that a (N(k),&)-semi-Riemannian manifold is n-Einstein. Then there
are functions a and § such that

(4.11) S(X,Y) = ag(X,Y) + An(X)n(Y).



52 MUKUT MANI TRIPATHI AND PUNAM GUPTA

On contracting (4.11), we get

(4.12) r=an+ fe.
Taking X = ¢ =Y in (4.11), we get
(4.13) kE(n—1) = a+ Se.

Using (4.12) in (4.13) yields
(4.14) (k+a)(n—1).
Theorem 4.3. Let M be an n-Einstein (N (k), £)-semi-Riemannian manifold. Then
(4.15) T(X,Y,6,V) = ef(as + as + as)n(X)n(Y)n(V)
+e(—kao + (a+ B)az + aas — (k + a)(n — 1)a7) n(X)g(Y,V)
+e(aaz + (a+ B)ag) n(V)g(X,Y)
+e(kao + (a + B)ay + aag + (k+ a)(n — 1)ar) n(Y)g(X, V).

T =

Proof. Let M be an n-Einstein (N (k), £)-semi-Riemannian manifold. Taking Z = ¢
in (2.2) and the using (3.18), (3.23), (3.24) and (4.14), we get (4.15). O

In view of Theorem 4.1, we have the following Corollaries:

Corollary 4.1. Let M be an n-dimensional §-quasi-conformally flat (N(k),&)-
semi-Riemannian manifold such that a1 # 0 and ag+ (n—2)a; # 0. Then we have
the following table:

M S =

N (k)-contact metric | k(n —1)g
Sasakian (n—1)g
Kenmotsu —(n—1)g
(€)-Sasakian e(n—1)g
para-Sasakian —(n—1)g
(€)-para-Sasakian —e(n—1)g

Corollary 4.2. Let M be an n-dimensional &-conformally flat (N(k),§)-semi-
Riemannian manifold. Then we have the following table:

M S =
N (k)-contact metric [7] "k g+ nk— — nen
n—1 n—1
Sasakian —1)g+(n— " n®n
n—1 n—1
T T
Kenmotsu < +1)g <”+>77®77
n—1 n—1
(e)-Sasaki ! elg+ele ! ®
asakian — g n e
para-Sasakian " +1)lg—(n+——)nen
n—1 n—1
(€)-para-Sasakian < " +g>g—g<5n+ T>77®77
n—1 n—1
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Corollary 4.3. Let M be an n-dimensional §-conharmonically flat (N (k), £)-semi-
Riemannian manifold. Then we have the following table:

M S =

N (k)-contact metric | —kg+ knn®n
Sasakian [12] —g+nnen
Kenmotsu g—nnen
(e)-Sasakian —eg+nn®n
para-Sasakian g—nnemn
(e)-para-Sasakian eg—nnen

Corollary 4.4. Let M be an n-dimension
Riemannian manifold. Then we have the fol

al &-concircularly flat (N (k),&)-semi-

lowing table:

M

T =
N (k)-contact metric | kn(n — 1)
Sasakian n(n —1)
Kenmotsu —n(n—1)
(€)-Sasakian en(n —1)
para-Sasakian —n(n—1)
(€)-para-Sasakian —en(n—1)

Corollary 4.5. Let M be an n-dimensional &-pseudo-projectively flat (N(k),&)-
semi-Riemannian manifold such that ag+(n—1)a; # 0. Then we have the following
table:

M r=

N (k)-contact metric | kn(n — 1)
Sasakian n(n —1)
Kenmotsu —n(n—1)
(e)-Sasakian en(n —1)
para-Sasakian —n(n—1)
(€)-para-Sasakian —en(n—1)

Corollary 4.6. Let M be an n-dimensional
manifold. Then we have the following table:

&-M-flat (N (k),&)-semi-Riemannian

M S =

N (k)-contact metric | k(n —1)g
Sasakian (n—1)g
Kenmotsu —(n—=1)g
(€)-Sasakian e(n—1)g
para-Sasakian —(n—1)g
(€)-para-Sasakian —e(n—1)g
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Corollary 4.7. Let M be an n-dimensional E-Wa-flat (N (k), £)-semi- Riemannian
manifold. Then we have the following table:

M S =

N (k)-contact metric | k(n —1)g
Sasakian (n—1)g
Kenmotsu —(n—1)g
(€)-Sasakian e(n—1)g
para-Sasakian —(n—1)g
(e)-para-Sasakian —e(n—1)g

Corollary 4.8. Let M be an n-dimensional £-Ws-flat (N (k), £)-semi-Riemannian
manifold. Then we have the following table:

M S =

N (k)-contact metric | —k(n—1)g+ 2k(n —1)n®n
Sasakian —n=1Dg+2(n—1)nen
Kenmotsu (n—=1)g—2(n—1)n®n
(e)-Sasakian —em—1)g+2(n—1)n®n
para-Sasakian (n=1)g—-2(n—1)nen
(e)-para-Sasakian en—1)g—2n—1)n®n

Corollary 4.9. Let M be an n-dimensional £-W;-flat (N (k), £)-semi- Riemannian
manifold. Then we have the following table:

M S =
N(k)-contact metric | k(n —1)n®n
Sasakian (n—1)n®n
Kenmotsu —(n—=1man
(€)-Sasakian (n—1nen
para-Sasakian —(n—1nen
(€)-para-Sasakian —(n=1)n®n

Corollary 4.10. Let M be an n-dimensional E-Wy-flat (N (k), £)-semi- Riemannian
manifold. Then we have the following table:

M S =

N (k)-contact metric | k(n —1)g
Sasakian (n—1)g
Kenmotsu —(n—=1)g
(e)-Sasakian e(n—1)g
para-Sasakian —(n—=1)g
(e)-para-Sasakian —e(n—1)g

Remark 4.2. For projective curvature tensor, Wy-curvature tensor, Wi -curvature
tensor, Wg-curvature tensor and Ws-curvature tensor, the equation (4.6) is true.

For Wj-curvature tensor, WW;-curvature tensor, Wy-curvature tensor and Ws-curvature
tensor (4.6) does not hold.

In view of Theorem 4.1 and Theorem 4.2 , we have the following

Corollary 4.11. Let M be an n-dimensional (N(K),§)-semi-Riemannian mani-
fold. Then the following statements are true:
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(a) For T, € {C,L}, M is &-T,-flat if and only if it is n-Einstein.
(b) For T,e {Cs, M, Wi}, M is £-T,-flat if and only if it is Einstein.

5. T-RECURRENT MANIFOLDS

Definition 5.1. Let T be a (1, 3)-type tensor. A semi-Riemannian manifold (M, g)
is said to be T'-recurrent if it satisfies

(5.1) (VuT)(X,Y)Z = o(U)T(X,Y)Z,

for some nonzero 1-form «. In particular, if T is equal to 7,, R, Cs, C, L, V, P,
P, M, Wo, Wi, Wi, Wi, Wa, Wi, Wy, Ws, Wes, Wy, Ws, Wy, then it becomes To-
recurrent, recurrent, quasi-conformal recurrent, Weyl recurrent, conharmonic recur-
rent, concircular recurrent, pseudo-projective recurrent, projective recurrent, M-
recurrent, Wy-recurrent, Wy -recurrent, Wi-recurrent, Wy -recurrent, Ws-recurrent,
Ws-recurrent, Wy-recurrent, Ws-recurrent, Ws-recurrent, Wr-recurrent, Wsg-recur
rent, Wy-recurrent, respectively.

Definition 5.2. Let T be a (1, 3)-type tensor. A semi-Riemannian manifold (M, g)
is said to be T-symmetric if it satisfies if

VT = 0.

In particular, if T is equal to T, R, Cs, C, L, V, Py, P, M, Wy, W, Wi, WY,
Wa, Ws, Wy, Ws, Ws, Wz, Ws, Wy, then it becomes 7,-symmetric, symmetric,
quasi-conformal symmetric, Weyl symmetric, conharmonic symmetric, concircular
symmetric, pseudo-projective symmetric, projective symmetric, M-symmetric, Wy-
symmetric, W;-symmetric, W;-symmetric, Wj-symmetric, Ws-symmetric, Ws-
symmetric, Wy-symmetric, Ws-symmetric, Ws-symmetric, Wr-symmetric, Wg-sym
metric, Wy-symmetric, respectively.

Definition 5.3. Let T be a (1, 3)-type tensor. A semi-Riemannian manifold (M, g)
is said to be T'-semisymmetric if it satisfies if

R(V,U)-T =0,

where R (V,U) acts as a derivation on T. In particular, if T is equal to T,, R,
Ci, C, L, V, Py, P, M, Wo, Wi, Wi, WY, Wa, Wa, Wy, Ws, Ws, Wr, Ws, W,
then it becomes 7,-semisymmetric, semisymmetric, quasi-conformal semisymmet-
ric, Weyl semisymmetric, conharmonic semisymmetric, concircular semisymmetric,
pseudo-projective semisymmetric, projective semisymmetric, M-semisymmetric,
Wo-semisymmetric, W;j-semisymmetric, WW;-semisymmetric, Wj-semisymmetric,
Ws-semisymmetric, Ws-semisymmetric, W,-semisymmetric, W5 -semisymmetric,
We-semisymmetric, YWr-semisymmetric, Wg-semisymmetric, Wy-semisymmetric, re-
spectively.

Theorem 5.1. Let M be a semi-Riemannian manifold. If M is T-recurrent or
T-symmetric then it is T-semisymmetric.

Proof. Let us suppose that T'# 0 and M be a T-recurrent semi-Riemannian man-
ifold. Then using (5.1), we get

Vy (g(T, T)) = 2a(Y)g(T, T)

and
VxVy (T, T)) =2(Xa(Y))g(T,T) + 4a(X)a(Y)g (T, T),
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where the metric g is extended to the inner product between the tensor fields in
the standard fashion [27]. Therefore

0 = (VxVy =VyVx —Vixy))g(T,T)
= 4da(X,Y)g(T,T).

Since g(T,T) # 0, therefore da(X,Y) = 0. Therefore the 1-form « is closed.
Now, from (5.1) we have

(VyVuT)(X,Y)Z = (Va(U) + a(V)a(U)T(X,Y)Z.

Hence
(VyVuT —VyVyT — V[MU]T)(X7 Y)Z = 0.

Therefore, we have R(V,U)-T = 0. Similarly, we can prove that if M is T-symmetric
semi-Riemannian manifold, then it is T-semisymmetric. This proves the result. [

6. (T, Tp)-SEMISYMMETRY

It is well known that every (1,1) tensor field A on a differentiable manifold
determines a derivation A- of the tensor algebra on the manifold, commuting with
contractions. For example, the (1, 1) tensor fields B(V,U) induces the derivation
B(V,U)-, thus associating with a (0, s) tensor field K, give the (0, s+2) tensor B- K.
The condition B - K is defined by

6.1)  (B-K)(Xi,...,Xs, X,Y) = (B(X,Y) K)(Xu,...,X,)
= —KBX,Y)X1,...,X,)—--
—K(X1,...,B(X,Y)X,).

Definition 6.1. A semi-Riemannian manifold (M, g) is said to be (75, % )-semisymmetric
if

(6.2) T(X,Y) B =0,

where 7,(X,Y) acts as a derivation on 7,. In particular, it is said to be (R, T;)-
semisymmetric if

(6.3) R(X,Y) T =0,
which, in brief, is said to be 7T,-semisymmetric.

Theorem 6.1. Let M be an n-dimensional (T, Ty)-semisymmetric (N (k), &)-semi-
Riemannian manifold. Then
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—ebg(kag + ek(n — Dag + a7r)R(U, V,W, X) — ea1b0S(X, R(U, V)W)
— 2k — 1) (kbo + k(n — Dby + byr)n(X)n(U)g(V, W)
—2k(n — 1)ag(—kbo + k(n — 1)bs — brr)n(X)n(V)g(U, W)
+ea1bsS*(X,U)g(V, W) + a1b5S*(X, V)g(U, W)
+ea1b6S* (X, W)g(U, V) — as(by + b3)S*(X, V)n(U)n(W)
— a5 (b1 + b2) S*(X, W)n(U)n(V) — as(bz + b3) S* (X, U)n(V)n(W)
—2agb1 S*(V, W)n(X)n(U) — 2agba S (U, W)n(X)n(V)
—2a6b3 S* (U, V)n(X)n(W) — 2k*(n — 1)asbeg (U, V)n(X)n(W)
—2(k(n — 1Dasby + ag(kby + k(n — 1)by + byr)) (X )n(U)S(V, W)
—2(k(n — 1)agbs 4+ ag(—kby + k(n — 1)bs — bzr)) n(X)n(V)S(U, W)
= 2k(n — 1)(asbs + agbe ) S(U, V)n(X)n(W)
+e(ba(kap + k(n — 1)ag + a7r) — a1 (kby + k(n — 1)by))S(X,U)g(V, W)
+e(bs(kag + k(n — 1)ag + arr) — a1 (—kbg + k(n — 1)bs))S(X, V)g(U, W)
+ebg(kag + k(n —1)(as — a1) + a7r)S(X, W)g(U,V)
—e(kby + k(n — 1)bg)(kao + k(n — Dag + a7zr)g(X,U)g(V, W)
—e(—kbo + k(n — 1)bs)(kag + k(n — 1)ag + a7r)g(U, W)g(X,V)
—ek(n — 1)bg(kag + k(n — 1)ag + a7r)g(X, W)g(U, V)
—k(n—1)((ba + b3)(kag + k(n — 1)ag + arr)

+ (a2 + aq)(=kbo + k(n — 1)(bs + bs) — brr)) g(X, U)n(V)n(W)
—k(n—1) ((by + b3)(kao + k(n — 1)as + a7r)
+ (a2 + aq)(kbo + k(n — 1)(bs + be) + b7r)) g(X, V)n(U)n(W)
— ((by + b3)(=kag + k(n — 1)(a1 + a2) — arr)
(a1 + as)(kbo + k(n — 1)(bs + bg) + b7r)) S(X, V)n(U)n(W)
((by + b3)(—kao + k(n — 1)(a; + az) — ayr)
(a1 + as)(kbo + k(n — 1)(bs + be) + brr)) S(X, U)n(V)n(W)

((by + b2)(—kag + k(n — 1)(a1 + a2) — arr)
+ k(n = 1)(bs + bs)(a1 + as)) S(X, W)n(U)n(V)
—k(n—1)(k(n—1)(bg + bs)(az + ay)
+ (b1 + b2)(kao + k(n — L)as + arr)) g(X, W)n(U)n(V).

_|_
+

In particular, if M is an n-dimensional (T,,T,)-semisymmetric (N (k),&)-semi-
Riemannian manifold, then
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—eap(kag + ek(n — Dag + azr)R(U, V, W, X) — eaga1 S(X, R(U, V)W)
—2k(n — 1)ag(kao + k(n — Dag + azr)n(X)n(U)g(V, W)
—2k(n — 1)ag(—kao + k(n — 1)as — arr)n(X)n(V)g(U, W)
+ea1a48%(X,U)g(V,W) + earasS*(X, V)g(U, W)
+earagS* (X, W)g(U, V) — as(ar + a3)S*(X, V)n(U)n(W)
—as(a1 + a2)S*(X, W)n(U)n(V) — as(az + as)S*(X, U)n(V)n(W)
— 21683 (V, W)n(X)(U) — 2a5a6S3(U, W)n(X (V)
— 203653 (U, V)(X)n(W) — 20k2(n — Dasasg(U, V)g(X)n(W)
—2(k(n — D)ayas + ag(kap + k(n — V)ag + azr)) n(X)n(U)S(V, W)
—2(k(n — 1Dagas + ag(—kao + k(n — Das — arr)) n(X)n(V)S(U, W)
—2k(n — 1)(agas + asae)S(U, V)n(X)n(W)
+e(as(kag + k(n — 1)ag + azr) — a1 (kag + k(n — 1)aq))S(X,U)g(V, W)
+e(as(kag + k(n — V)ag + arr) — a1 (—kag + k(n — 1)as))S(X, V)g(U, W)
+eag(kag + k(n —1)(as — ar) + a7r)S(X, W)g(U, V)
—e(kag + k(n — 1)as)(kao + k(n — 1)as + arr)g(X,U)g(V, W)
—e(—kag + k(n — 1)as)(kao + k(n — 1)as + a7r)g(U, W)g(X,V)
—ek(n — Vag(kao + k(n — 1)ag + arr)g(X, W)g(U, V)
—k(n—1)((a2 + a3)(kag + k(n — 1)ay + arr)
T (as + aa)(—kay + k(n — 1)(as + ag) — arr)) g(X, U)n(V)n(W)
—k(n—1) (a1 + a3)(kag + k(n — V)ay + a7r)
+ (0 + aa) (hao + K(n — 1)(as + ag) + a7r) g(X, V)n(U)n(W)

— ((a1 + a3)(=kap + k(n — 1)(a1 + a2) — arr)
(ar + as) (kao + k(n — 1)(as + ag) + arr)) SCX, Vyn(U)n(W)
((ag + a3)(—kao + k(n — 1)(a1 + az) — arr)
( )(k

2

(

(

)

(
)
+ (
- )
+ (a1 + as)(kag + k(n — 1)(as + ag) + arr)) S(X, U)n(V)n(W)
— ((a1 + a2)(—=kap + k(n — 1)(a1 + a2) — arr)
+k(n —1)(as + as)(a1 + as)) S(X, W)n(U)n(V)
—k(n—1) (k(n —1)(aq + as)(az + a4)
+

a1 + az)(kag + k(n — 1)as + azr)) g(X, W)n(U)n(V).

Proof. Let M be an n-dimensional (7,, T)-semisymmetric (N (k), £)-semi-Riemannian
manifold. Then

(6.5)

(T(Z, X) - T)(U, V)W =

Taking Z = ¢ in (6.5), we get

(Ta(&, X) - T)(U, V)W =0

which gives

(Ta (& X), B(U, VIIW = T(Ta(§, X)U,VIW = T (U, Ta(§, X)V)W =0,
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that is,

(6.6) 0 =" X)HWU, V)W = %(TLE X)U, V)W

- 71;(U7 7;(£v X)V)W - 7[;(U7 V)/];(fa X)W
Taking the inner product of (6.6) with £, we get

(6.7) 0="T(&X, B(U,VIW,&) = To(Ta(s, X)U,V, W, &)
= hU, Ta(&, X)V, W, €) = B(U, V, Ta(§, X)W, ).

By using (3.29),...,(3.34) in (6.7), we get (6.4). O

Theorem 6.2. Let M be an n-dimensional (7o, Ty)-semisymmetric (N (k), &)-semi-
Riemannian manifold. Then

(6.8) e {asbo + nasby + asby + asbg + asbz + asbsy S*(V, W)
= ({(nby + by + b3+ b5 + b + bo)(ekag + ebrr)

— ek(n — 1)(2asbs + a2bs + a1bs + a1b3 + a1bs

+ a1by + a1by + asbs + asbs + nagby + arby + azbo)}

— e(n — D)aibrr — enasbrr — ebgasr — earbyr)S(V, W)

+ {—ck(n —1)(nby + by + bs + b5 + b + bo) (arr + kag + k(n — 1)as)
ek(n — 1)r((n — Dbraz + (n — 1)brayg + azbs + asbs)} g(V, W)
+ (a1 + az + 2a3 + as + a5 + 2ag) {—k*(n — 1)(nby + ba + bz + bs + bg + b)
— k(n —1)%b7r — k(n — 1)b4r} n(V)n(W).

In particular, if M is an n-dimensional (T,,To)-semisymmetric (N(k),§)-semi-
Riemannian manifold, then

€ {a5a0 + nasai + asas + asag + asaz + ag} S2(V, W)
=  ({(nay +az + az + as + ag + ao)(ckag + arr)

— ek(n — 1)(2a5a6 + agas + a1ag + ajaz + aras
+ ai + a1az + a3 + azag + nayas + agay + agaz) }

— e(n — 1)arayr — enasarr — eagasr — eajaqr)S(V, W)

+ {—ek(n —1)(nay + az + ag + as + ag + ao)(arr + kao + k(n — 1)aq)
— ek(n — 1)r((n — 1)asar + (n — 1)asar + asas + a3) } g(V, W)

+ (a1 + as + 2a3 + a4 + as + 2ag) {—kg(n — 1)2(na1 +as + as + as + ag + aog)
— k(n —1)%a7r — k(n — L)aar } n(V)n(W).

Proof. By contracting (6.4) we get (6.8). O

From Theorem 6.1, we get
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Theorem 6.3. Let M be an n-dimensional T, -semisymmetric (N (k), £)-semi- Riemannian
manifold. Then

(6.9) — capkR(U,V, W, X)
= ekasS(X,U)g(V,W) + ekasS(X,V)g(U, W)
+ekagS(X, W)g(U, V) — ek?*(n — 1)agg(X, W)g(U, V)
—ek(kap + k(n — 1)aq)g(V,W)g(X,U)

—ek(—kao + k(n — 1)as)g(U, W)g(X, V)
—k*(n — 1)(az + a3)g(X, U)n(V)n(W )
—k*(n = 1) (a1 + az)g(X, V)n(U)n(W)
—k*(n = 1)(a1 + a2)g(X, W)n(U)n(V)
+ k(a2 + a3)S(X, U)n(V)n(W)

+ k(a1 + a3)S(X, V)n(U)n(W)

+ k(aq —|—a2)S(X, Wn(U)n(V).

Theorem 6.4. Let M be an n-dimensional T,-semisymmetric (N (k), £)-semi- Riemannian
manifold such that ag + as + ag # 0. Then

(a):
(6.10) S(V,W) = Big(V,W) + Ban(V)n(W)
and
(6.11) —aogR(U,V,W,X) = (a4B1 —kao—k(n—1)ay) g(X,U)g(V,W)
+ (a5B1 + kag — k(n — 1)as) g(X,V)g(U, W)
+ (agB1 — k(n — 1)ag) g(X, W)g(U, V)
+e(az +a3) (By — k(n — 1)) (X, U)n(V)n(W)
+e(ar +a3) (Br — k(n — 1)) g(X, V)n(U)n(W)
+e(ar +az) (By — k(n — 1)) g(X, W)n(U)n(V)
+2eBs (a1 + az + az)n(X)n(U)n(V)n(W)
+ayBag(V, W)n(X)n(U)
+asBag(U, W)n(X)n(V)
+agB2g(U, V)n(X)n(W),
where
B - agr — n(kag + k(n — 1)ag) — (—kao + k(n — 1)as) — k(n — 1)a6’

ag + as + ag
ek(as + a3)(r — n(n — 1)k)
ao + as + Qg '
(b): If ag + ag + as + nag + a5 + ag # 0, then it is an Finstein manifold and
a manifold of constant curvature k.

By=—

Proof. Let M be an n-dimensional T,-semisymmetric (N (k), £)-semi-Riemannian
manifold such that ag + a5 + ag # 0.

Case (a). Contracting (6.9), we get (6.10).

Case (b). Let ag + as + a3z + nag + as + ag # 0, then contracting (6.10), we get

(6.12) r = kn(n—1).
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Since ag + a5 + ag # 0, then by (6.9) and (6.12) we get

(6.13) S(V,W) = k(n—1)g(V,W).

Using (6.13) and (6.12) in (6.9), we get

(6.14) R(U, V. W, X) = k (g(V,W)g(X,U) — g(U, W)g(X,V)),

which proves the result. O

In view of Theorem 6.4, we have the following

Corollary 6.1. Let M be an n-dimensional T,-semisymmetric (N(k),§)-semi-
Riemannian manifold such that

7(; S {R,V,P,M,W@,WS,Wl,Wf,Wz&,...,WS}

Then we have the following two tables:

M S =
N (k)-contact metric | k(n —1)g
Sasakian (n—1)g
Kenmotsu —(n—1)g
(€)-Sasakian e(n—1)g
para-Sasakian —(n—1)g
(e)-para-Sasakian —e(n—1)g
M R(X,Y)Z =
N (k)-contact metric | k (g(Y,2)X — g(X,2)Y)
Sasakian gY,2)X —g(X,2)Y
Kenmotsu - 9V, 2)X —g(X,2)Y)
(e)-Sasakian e(gV,2)X —g(X,2)Y)
para-Sasakian -9V, 2)X —g(X,2)Y)
(€)-para-Sasakian —e(g(YV,2)X —g(X,2)Y)

Corollary 6.2. Let M be an n-dimensional quasi-conformal semisymmetric (N (k),&)-
semi-Riemannian manifold such that ag —ay # 0 and ag+ (n — 2)a; # 0. Then we
have the following two tables:

M S =
N (k)-contact metric | k(n —1)g
Sasakian [9] (n—1)g
Kenmotsu —(n—1)g
(€)-Sasakian e(n—1)g
para-Sasakian —(n—1)g
(€)-para-Sasakian —e(n—1)g
M R(X,Y)Z =
N (k)-contact metric | k (g(Y,Z2)X — g(X,2)Y)
Sasakian gV, 2)X —g(X,2)Y
Kenmotsu -V, 2)X —g(X,2)Y)
(e)-Sasakian e(gV,2)X —g(X,2)Y)
para-Sasakian - ¥V, 2)X —g(X,2)Y)
(€)-para-Sasakian -V, 2)X —g(X,2)Y)
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Corollary 6.3. Let M be an n-dimensional pseudo-projective semisymmetric (N (k), )-
semi-Riemannian manifold such that ag # 0 and ag — a1 # 0. Then we have the
following two tables:

M S =
N (k)-contact metric | k(n —1)g
Sasakian (n—1)g
Kenmotsu —(n—1)g
(€)-Sasakian e(n—1)g
para-Sasakian —(n—=1)g
(€)-para-Sasakian —e(n—1)g
M R(X,Y)Z =

N(k)-contact metric | k(g(Y,Z)X — g(X,Z)Y)
Sasakian gV, 2)X —g(X,2)Y
Kenmotsu - @, 2)X —g(X,2)Y)
(e)-Sasakian e(gV,2)X —g(X,2)Y)
para-Sasakian - (¥, 2)X —g(X,2)Y)
(€)-para-Sasakian -V, 2)X —g(X,2)Y)

Here, we give the well known results of Okumura [28] and Koufogiorgos [19].

Theorem 6.5. [28, Lemma 2.2] If an n-dimensional Sasakian manifold is confor-
mally flat, then the scalar curvature has a positive constant value n(n — 1).

Theorem 6.6. [19, Corollary 3.3] Let M be an n-Einstein contact metric manifold

of dimension 2m +1 > 5. If £ belongs to the k-nullity distribution, then k =1 and
the structure is Sasakian.

Corollary 6.4. Let M be an n-dimensional Weyl-semisymmetric (N(k),§)-semi-
Riemannian manifold. Then we have the following two tables:

M S =
N (k)-contact metric | k(n —1)g
Sasakian (n—1)g
Kenmotsu —(n—1)g
(€)-Sasakian e(n—1)g
para-Sasakian [49] —(n—1)g
(e)-para-Sasakian —e(n—1)g
M R(X,Y)Z =

N (k)-contact metric | k (g(Y,Z2)X — g(X, 2)Y)
Sasakian [6] gV, 2)X —g(X,2)Y

Proof. By putting the value for conformal curvature tensor in (6.10), we get

(6.15)

Kenmotsu

- WV, 2)X —g(X, 2)Y)

(€)-Sasakian

E(g(sz)X —g(X,Z)Y)

para-Sasakian

- WV, 2)X —g(X, 2)Y)

(€)-para-Sasakian

—e (Y, 2)X —g(X, 2)Y)

S = <Tk>g+5k<nkr>n®n.
n—1 n—1
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Case 1. Let k # 1. Contracting (6.15), we get
r=knn—-1), k#1.
Using the value of 7 in (6.15), we get
S =k(n—1)g.

Using this in (6.11), we get

R(X,Y)Z = k (4(Y, 2)X — g(X, 2)Y).
Case 2. Let k = 1. By putting the value for conformal curvature tensor in (6.11),
we get C = 0. Then using the result of [28] and [19], we get r = n(n — 1). O
Corollary 6.5. Let M be an n-dimensional conharmonic semisymmetric (N (k),§)-
semi-Riemannian manifold. Then we have the following two tables:
M S =
N(k)-contact metric | k(n —1)g

Sasakian < ! —1>g+<n—nr>n®n

n—1 1
Kenmotsu —(n—1)g
(€)-Sasakian e(n—1)g
para-Sasakian —(n—1)g
(e)-para-Sasakian —e(n—1)g

M R(X,Y)Z =

N (k)-contact metric | k (g(Y,2)X — g(X, 2)Y)

Sasakian - i 5 <n i s 2) 9V, 2)X —g(X,2)Y)
e ; L) 02X —n(Xn(2)¥
+9(Y, 200 — o(X, Z2)n(¥)8)

Kenmotsu — (g(Y, Z)X g( 2)Y)

(e)-Sasakian e(g(Y,2)X — g(X, Z) )

para-Sasakian -V, 2)X —g(X,2)Y)

(€)-para-Sasakian —e(gYV,2)X —g(X,2)Y)

Proof. By putting the value for conharmonic curvature tensor in (6.10), we get

(6.16) S:(Tlil—k>9+sk(k—rl>n®n
Let k # 1. Contracting (6.16), we get
r=knn-1), k#1.
Using the value of r in (6.16), we get
S =k(n-1)g.
Using this in (6.11), we get
RX,Y)Z = k(g(Y,2)X — g(X,Z)Y).
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Corollary 6.6. Let M be an n-dimensional Wa-semisymmetric (N(k),§)-semi-
Riemannian manifold. If M is one of N(k)-contact metric manifold, Sasakian
manifold, Kenmotsu manifold, (¢)-Sasakian manifold, para-Sasakian manifold or
(€)-para-Sasakian manifold, then

r

S=—g
n
and ,
RX,)Y)Z=——gY,2)X —g(X,2)Y).
(X,Y) n(nfl)(g(, )X —9(X,2)Y)
Proof. By putting the values for Wh-curvature tensor in (6.10) and (6.11), we get
the result. (]

Corollary 6.7. Let M be an n-dimensional Wy-semisymmetric (N(k),§)-semi-
Riemannian manifold. Then we have the following two tables:

M S =
N (k)-contact metric | k(n — 1)g
Sasakian < 4 —1>g+<n—r>n®n
n—1 n—1
Kenmotsu —(n—1)g
(e)-Sasakian e(n—1)g
para-Sasakian —(n—1)g
(e)-para-Sasakian —e(n—1)g
M RX,Y)Z =
N (k)-contact metric | k (g(Y,Z2)X — g(X, 2)Y)
. 1 T
Sasakian —i\n-1 1) gV, 2)X —g(X,2)Y)
1 r
to— | | Y)n(Z)X +n(X)n(2)Y)
2 T
— — XY )n(Z
— () &Y )n(Z)¢
1 T
+?’l— 1 n— n—1 g(YaZ)W(X)ﬁ
Kenmotsu -9V, 2)X —g(X,2)Y)
(e)-Sasakian e(gV,2)X —g(X,2)Y)
para-Sasakian — 9V, 2)X —g(X,2)Y)
(€)-para-Sasakian —e(@V,2)X —g(X,2)Y)

Proof. By putting the value for Wy-curvature tensor in (6.10), we get

S = <T—k>g+€k(nk—r)n®n.
n—1 n—1

Let k # 1. Contracting (6.17), we get

(6.17)

r=knn-1), k#1.
Using the value of r in (6.17), we get
S =k(n-1)g.

Using this in (6.11), we get
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O

Remark 6.1. By Theorem 5.1, we conclude that the same results hold if the condi-
tion of 7,-semisymmetric is replaced by 7T,-recurrent or 7,-symmetric.

Remark 6.2. Some of the results related to the above Corollaries have been proved
by authors Miyazawa and Yamaguchi ([23],[26]), Mishra [24], Adati and Matsumoto
[1], Sato and Matsumoto [43], Adati and Miyazawa [2], Maralabhavi [21], Ojha [29],
De and Ghosh [8], Rahman [40], Ghosh and Sharma [15], Mishra and Ojha [25],
Tarafdar and Sengupta [50], Blair et al. [5], Jun et al. [17], Ozgiir and De [32],
Tripathi et al. [51].

Remark 6.3. There are 400 combinations of derivations for the 20 curvature tensors
mentioned as particular cases in Definition 2.1. Here, we discussed the results for
6 different structures for each derivation condition. So there are total 2400 results
for different structures and curvature tensors. Out of these 2400 cases, we have
discussed only 120 cases in this paper. The remaining 2280 cases can be obtained
by putting the appropriate value for the curvature tensors, e and k in (6.4) and
(6.8). Out of the remaining 2280 cases, some are mentioned below.

Corollary 6.8. [16] A (2m+1)-dimensional Kenmotsu manifold M satisfies V(&, X)-
R = 0if and only if M is either of constant scalar curvature or of constant curvature
—1.

Corollary 6.9. [16] A (2m+1)-dimensional Kenmotsu manifold M satisfies V(&, X)-
VY = 0 if and only if M is either of constant scalar curvature or of constant curvature
—1.

Corollary 6.10. [33] An n-dimensional para-Sasakian manifold M satisfies V(€, X)-
V = 0 if and only if either the scalar curvature r of M is v = n(l —n) or M is
locally isometric to the Hyperbolic space H™(—1).

Corollary 6.11. [33] An n-dimensional para-Sasakian manifold M satisfies V(&, X)-
R =0 if and only if either M is locally isometric to the Hyperbolic space H™(—1)
or M has constant scalar curvature r = n(1 —n).

Corollary 6.12. [33] An n-dimensional para-Sasakian manifold M satisfies V(&, X)-
C = 0 if and only if either M has scalar curvature r = n(1—n) or M is conformally
flat, in which case M is a special para-Sasakian manifold.

Corollary 6.13. [5] A (2m + 1)-dimensional N (k)-contact metric manifold M
satisfies V(&, X) -V = 0 if and only if M is locally isometric to the sphere S?™+1(1)
or M is 3-dimensional and flat.

Corollary 6.14. [5] A (2m + 1)-dimensional N (k)-contact metric manifold M
satisfies V(&, X)- R = 0 if and only if M is locally isometric to the sphere S?™+1(1)
or M is 3-dimensional and flat.

Theorem 6.7. Let M be an n-dimensional T,-semisymmetric (N (k), §)-semi-Riema
nnian manifold such that ag + a5 + ag # 0 and

ag + as + as + nayg + a5 + ag # 0,
then M is T,-flat if either k=0 or k # 0 and
ap+ar(n—1)+as(n—1)+amn—-1)=0,
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—ag+az(n—1)+as(n—1) —am(n—1) =0,
a3 +ag = 0.
Theorem 6.8. Let M be an n-dimensional (N (k),&)-semi-Riemannian manifold
of constant curvature k and
ap+ar(n—1)+as(n—1)+amn—-1)=0,
—ag+az(n—1)+as(n—1) —am(n—1) =0,
as + ag = 0,
then it is T, -semisymmetric.
Corollary 6.15. Let M be an (N (k),&)-semi-Riemannian manifold such that
T, € {C.. C,V, Py, P, M, Wo, Wi, W}
Then it is T,-semisymmetric if and only if it is a manifold of constant curvature k.

Theorem 6.9. Let M be T,-semisymmetric (N(k),§)-semi-Riemannian manifold
such that ag + a5 + ag # 0 and

ap + ag + as + nag + as + ag # 0,

then M is T,-conservative.
Proof. Using (6.13) and (6.12) in (2.3), we get div 7, = 0. O

Example 6.1. [20] Let M be an n-dimensional N (k)-contact metric manifold. If
the @-sectional curvature of any point of M is independent of the choice of p-section
at the point, then it is constant on M and the curvature tensor is given by

(6.18) AR(X,Y)Z = (c+3)(g(Y,Z2)X —g(X,2)Y)
+(e+3—4k)((X)n(Z2)Y —n(Y)n(2)X
+9(X, Z)n(Y)¢ — g(Y, Z)n(X)E)
+(e = 1)(29(X, pY)pZ + g(X, pZ)pY
—9(Y,0Z)pX),

where c is the constant (-sectional curvature.
Contracting (6.18), we get

(6.19) 45(Y, 2) = Erg(Y, Z) — Ean(Y)n(2),
where
Ei=n—-1)(c+3)—(c+3—4k)+3(c—1)
and
Ey = (n—2)(c+3—4k)+3(c—1).
Consider a T,-semisymmetric N (k)-contact metric manifold M with constant -
sectional curvature c such that

T € {R,C.,C, LV, P, P, M, Wo, W5, W1, Wi W5, ... , Wy},
then by Corollaries 6.1, 6.2, 6.3, 6.4, 6.5 and 6.7, we have
(6.20) S=k(n—1)g.
By (6.19) and (6.20), we get
Erg(Y, Z) — Esn(Y n(Z) = 4k(n — 1)g(Y, Z)
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Contracting above equation, we get
Ein— Ey =4kn(n —1).
By using the value of F; and E5, we get

B 4kn? — 12nk —3n? +8k+ 12n—9
n n2—1 '

c
If M is a Wh-semisymmetric N (k)-contact metric manifold of constant p-sectional
curvature ¢, then by using Corollary 6.6, we have

cf4rf8nkf3n2+8k+12n79
N n?—1 '

7. (Ta, ST, )-SEMISYMMETRY
Definition 7.1. A semi-Riemannian manifold is said to be (7, S7; )-semisymmetric
if
(7.1) T(V.U) - S7; = 0.

In particular, it is said to be (7, S)-semisymmetric or, in short, T, - Ricci-semisymmetric
if it satisfies

(7.2) T(V,U)-5=0,

where T, (V,U) acts as a derivation on S. In particular, if in (7.2), 7, is equal to R,
Ci, C, L, V, Py, P, M, Wo, WG, Wi, Wi, Wa, Ws, Wy, Ws, Ws, Wy, W,
Wy, then it becomes Ricci-semisymmetric [2], C.-Ricci-semisymmetric, C-Ricci-
semisymmetric (or, Weyl Ricci-semisymmetric [31]), £-Ricci-semisymmetric, V-
Ricci-semisymmetric (concircular Ricci-semisymmetric [16]), P,-Ricci-semisymmetric,
P-Ricci-semisymmetric, M-Ricci-semisymmetric, Wy-Ricci-semisymmetric, W§-Ricci-
semisymmetric, Wj-Ricci-semisymmetric, Wy -Ricci-semisymmetric, Ws-Ricci-semisy
mmetric, Ws-Ricci-semisymmetric, Wy-Ricci-semisymmetric, Ws-Ricci-semisymmetric,
We-Ricci-semisymmetric, Wr-Ricci-semisymmetric, Wg-Ricci-semisymmetric, Wy-
Ricci-semisymmetric, respectively.

Lemma 7.1. Let M be an n-dimensional (T, St,)-semisymmetric (N (k), £)-semi-
Riemannian manifold. Then

(7.3) 0 = cas(bg+nby + by + bz + bs + b6)S*(Y,U)
+ {e(bo + nby + ba + b3 + bs + bg) x
(=kap + k(n — 1)ag + k(n — 1)as — arr)
+ e(a1 + a5)(bar + (n — 1)brr)} S(Y,U)
+ {ek(n — 1)(az2 + aq)(byr + (n — 1)brr)
+ ek(n — 1)(bg + nby + ba + bs + b5 + bg) X
(kag + k(n — 1)aq + a7r)} g(Y,U)
+ k(n —1)(a1 + a2 + 2a3 + a4 + as + 2ag) X
{(bar + (n — 1)brr)
+ k(n — 1)(bo + nby + ba + bg + bs + bg) } n(Y )n(U).
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In particular, if M is (T,, ST,)-semisymmetric (N (k),&)-semi-Riemannian mani-
fold, then
(7.4) 0 = eas(ag+nay + as + az + as + ag)S*(Y,U)
+ {e(ap + nay + as + az + as + ag) X
(=kap + k(n — )ag + k(n — 1)as — arr)
+ (a1 + as)(aqr + (n — Dazr)} S(Y,U)
+ {ek(n —1)(az + aq)(agr + (n — )azr)
+ ek(n —1)(ap + nay + az + a3 + as + ag) X
(kag + k(n — D)ayg + arr)} g(Y,U)
+ k(n—1)(a1 + as + 2as + a4 + a5 + 2ag) X
{(agr + (n — 1)ayr)
+ k(n —1)(ap +nay + az + asz + as + ag) } n(Y)n(U).

Proof. Let M be an n-dimensional (7, S7; )-semisymmetric (N (k), {)-semi-Riemannian
manifold. Then

(7.5) (T(X,Y) - S5) (U, V) = 0.
Taking X = ¢ =V in (7.5), we get
(Ta(&,Y) - S)(U,§) = 0,
which gives
(7.6) S7(Ta(& Y)U, &) + S5 (U, Ta(§, Y)E) = 0.
Using (3.1), (3.23), (3.30), (3.31), (3.35) and (3.36) in (7.6), we get (7.3). O

By Lemma 7.1, we have the following

Theorem 7.1. Let M be a (R, ST,)-semisymmetric (N(k),&)-semi-Riemannian
manifold such that

ag + nay + as + az + a5 + ag £ 0.
Then
S(X,Y)=k(n-1)9(X,Y).
Theorem 7.2. An FEinstein manifold is (R, St,)-semisymmetric.
Proof. Let M be an Einstein manifold. Then we have
S(Xa Y) = dlg(Xa Y)a
where d; is smooth function on the manifold. By (2.4), we have

(7.7) S7.(X,Y)

dq(ap + nay + as + as + nag + as + ag + n(n — l)ar)g(X,Y)
= dyg(X,Y),
where
dy = dy(ag + nay + az + az + nag + a5 + ag + n(n — 1)ay).
Then by condition (R(X,Y) - S7.,)(U,V) and (7.7), we get
ST, (R(X,Y)U,V) — S, (U,R(X,Y)V) = 0.
This proves the result. O
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Theorem 7.3. Let M be an Einstein manifold such that

T € {R,C.,C, LV, M, Wy, W5, W5} .

Then it is T, -Ricci-semisymmetric.

Proof. Let M be an Einstein manifold such that

7; € {R,C*,C,£7V,M,WO,WS,W3} .

Then we have

(7.8) S = ag,
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where « is smooth function on the manifold M. Using condition (7, (X,Y)-S)(U,V)

and (7.8), we get

_S(’E(X7 Y)U7 V) - S(Ua 7;(X, Y)V) =0,

which completes the proof.

By Lemma 7.1, we have the following

Theorem 7.4. Let M be a T,-Ricci-semisymmetric (N (k),&)-semi-Riemannian

manifold. Then

cas S*(X,Y) = ES(X,Y)+ Fg(X,Y)+ Gn(X)n(Y),

where

E = (ekag + carr — ek(n — 1)a; — ek(n — 1)az),

F = —ck(n—1)(kag + k(n — L)as + arr),

G = —k*(n—1)*(a1 + az + 2a3 + a4 + as + 2a).

In particular, if as = 0 # E, then M is n-Einstein manifold.

In view of Theorem 7.4, we have the following

Corollary 7.1. Let M be an n-dimensional Ricci-semisymmetric (N(k),§)-semi-
Riemannian manifold. Then we have the following table:

M S =

N (k)-contact metric [35] k(n—1)g
Sasakian [35) (n—1)g
Kenmotsu [16] —(n—1)g
(€)-Sasakian e(n—1)g
para-Sasakian ([2], [34], [44]) | —(n—1)g

(€)-para-Sasakian [51]

—e(n—1)g
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Corollary 7.2. Let M be an n-dimensional Cy-Ricci-semisymmetric (N(k),&)-
semi-Riemannian manifold. Then we have the following table:

. T ag 2r
N (k)-contact metric | — <(k — n(n—l)) o n) S
r ao 2r
+k(n—1) ((k— =1 ) m +Ek(n-1) - n)g
Sasakian — [ e r S
nn—1)) a1 n
r ao r
o0 (1 5 e - T
Kenmotsu < 1+ — )20 2T) S
nn—1)/) a n
r apn
+(n—1) <<1+n( _1)> el —1)+>g
. er ag 2er
(€)-Sasakian —¢ <<1 e ) am s
r an r
+e(n—1) < € i _1)> al—&—s(n—l)—ﬂ)g
para-Sasakian <<1 NEN A 27”) kS
nn—1)/)a; n

2
(€)-para-Sasakian 8((1+<€r @+ﬂ S
nn—1)/) a; n
T ag 2r
-1 — | = -1 -
+e(n )<(E+n(n—1)> o +e(n—1)+ n>g

Corollary 7.3. Let M be an n-dimensional C-Ricci-semisymmetric (N (k), §)-semi-
Riemannian manifold. Then we have the following table:

M 57 =

N (k)-contact metric (n = o+ k(- 2)> S —k(r— (n—1)k)g
Sasakian (nil +(n—2)> S—(r—(n—1))g
Kenmotsu (n’_l —(n—2))S+(r+(n—-1)g
()-Sasakian (n . o Feln - 2)) S—e(r—(n—1)e)g
para-Sasakian [31] (n - S (n=2)) S+ (r+(n-1)yg
(¢)-para-Sasakian (n - - —c(n— 2)) S+e(r+(n—1)e)g
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Corollary 7.4. Let M be an n-dimensional L-Ricci-semisymmetric (N(k),&)-

semi-Riemannian manifold. Then we have the following table:

M

SQ

N (k)-contact metric

k(n—2)S +k*(n—1)g

Sasakian

(n—2)S+(n—1)g

Kenmotsu

—(n—-2)S+(n—1)g

(€)-Sasakian

e(n—2)S+(n—1)g

para-Sasakian

—(n—2)S+(n—1)g

(€)-para-Sasakian

—e(n—2)S4+(n—1)g

Corollary 7.5. Let M be an n-dimensional V-Ricci-semisymmetric (N (k),§)-

semi-Riemannian manifold. Then we have the following table:

M Result
N (k)-contact metric | S =k(n —1)g or r = kn(n — 1)
Sasakian S=(n—-1)gorr=n(n—1)

Kenmotsu [16]

S=—-(n—-1)gorr=—-n(n-—1)

(€)-Sasakian

S=¢e(n—1)gorr=en(n—1)

para-Sasakian [33]

S=—-(n—-1)gorr=-n(n-—1)

(€)-para-Sasakian

S=—e(n—1)gorr=—en(n—1)

Corollary 7.6. Let M be an n-dimensional P.-Ricci-semisymmetric (N (k),&)-
semi-Riemannian manifold such that ag+(n—1)a; # 0. Then we have the following

table:
M Result
— 1Dk
N (k)-contact metric | S = k(n—1)g or r = M
ap + (n—Day
-1
Sasakian S=(n-1)gorr= _n(n—T)ag
ap+ (n—1ay
—n(n—1
Kenmotsu S=—(n—1)g orr:M
a0(+ (n ; Day
; n(n — 1)eag
- k == -1 = —_—
(€)-Sasakian S=en—-1)gorr o —l—((n — 1))(11
; —n(n —1)ag
ara-Sasakian S=—(n—-1gorr—= """
p ( )g - +((n — 1))a1
; —n(n —1)eag
" -S k S=— -1 = — -
(€)-para-Sasakian g(n—1)gorr 2ot (1= Dar

Corollary 7.7. Let M be an n-dimensional P-Ricci-semisymmetric (N(k),§)-

semi-Riemannian manifold. Then we have the following table:

M S =
N(k)-contact metric k(n—1)g
Sasakian (n—1)g
Kenmotsu —(n—1)g
(e)-Sasakian e(n—1)g
para-Sasakian —(n—1)g
(e)-para-Sasakian —e(n—1)g
Lorentzian para-Sasakian | (n — 1)g
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Corollary 7.8. Let M be an n-dimensional M-Ricci-semisymmetric (N(k),&)-
semi-Riemannian manifold. Then we have the following table:

M 5% =

N (k)-contact metric | 2k(n —1)S + k*(n — 1)%g
Sasakian 2(n—1)S + (n—1)%g
Kenmotsu —2(n—-1)S+(n—1)2%g
(¢)-Sasakian 2e(n —1)S + (n—1)%g
para-Sasakian —2(n—-1)S+(n—1)2%g
(¢)-para-Sasakian —2e(n—1)S+ (n—1)%g

Corollary 7.9. Let M be an n-dimensional Wy-Ricci-semisymmetric (N (k),&)-
semi-Riemannian manifold. Then we have the following table:

M 5% =

N (k)-contact metric | 2k(n — 1)S — k*(n — 1)%g
Sasakian 2(n—1)S — (n—1)%g
Kenmotsu —2(n—-1)S—(n—1)°g
(€)-Sasakian 2e(n —1)S — (n —1)%g
para-Sasakian —2(n—-1)S—(n—1)%g
(e)-para-Sasakian —2e(n—1)S — (n—1)%g

Corollary 7.10. Let M be an n-dimensional W§-Ricci-semisymmetric (N (k), §)-
semi-Riemannian manifold. Then we have the following table:

M S? =

N (k)-contact metric | k*(n —1)2g
Sasakian (n—1)%g
Kenmotsu (n—1)%g
(€)-Sasakian (n—1)%g
para-Sasakian (n—1)%g
(€)-para-Sasakian (n—1)3g

Corollary 7.11. Let M be an n-dimensional Wi -Ricci-semisymmetric (N (k),&)-
semi-Riemannian manifold. Then we have the following table:

M S =

N (k)-contact metric | k(n —1)g
Sasakian (n—1)g
Kenmotsu —(n—=1)g
(€)-Sasakian e(n—1)g
para-Sasakian —(n—1)g
(€)-para-Sasakian —e(n—1)g
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semi-Riemannian manifold. Then we have the following table:

M S =

N (k)-contact metric | k(n —1)g
Sasakian (n—1)g
Kenmotsu —(n—1)g
(€)-Sasakian e(n—1)g
para-Sasakian —(n—1)g
(€)-para-Sasakian —e(n—1)g

Corollary 7.13. Let M be an n-dimensional Wa-Ricci-semisymmetric (N (k),&)-

semi-Riemannian manifold. Then we have the following table:

M 5% =
N(k)-contact metric | k(n —1)S
Sasakian (n—1)S
Kenmotsu —(n—-1)8
(e)-Sasakian e(n—1)8S
para-Sasakian —(n—1)8
(e)-para-Sasakian —e(n—1)8

Corollary 7.14. Let M be an n-dimensional

Ws-Ricci-semisymmetric (N (k), €)-

semi-Riemannian manifold. Then we have the following table:

M S =

N (k)-contact metric | k(n —1)g
Sasakian (n—1)g
Kenmotsu —(n—1)g
(e)-Sasakian e(n—1)g
para-Sasakian —(n—1)g
(€)-para-Sasakian —e(n—1)g

Corollary 7.15. Let M be an n-dimensional

Wi -Ricci-semisymmetric (N (k), £)-

semi-Riemannian manifold. Then we have the following table:

M S? =

N (k)-contact metric | k(n — 1)S — k?(n — 1)%g + z—:k2( —1)%nen
Sasakian (n—1)S—(n—1)%+Mn-1)7°nan
Kenmotsu —(n—-1)S—(n—-12%g+m—-1)*nxn
(e)-Sasakian em—1)S—(n-1)2%g+en—-1)nen
para-Sasakian —(n=1)S-(n-1)%+n—-17>nan
(€)-para-Sasakian —e(n—1)S—(n—-1)2g+ec(n—-1)2n®n
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Corollary 7.16. Let M be an n-dimensional Ws-Ricci-semisymmetric (N(k),§)-
semi-Riemannian manifold. Then we have the following table:

M

S7 =

N (k)-contact metric

2k(n —1)S — k*(n — 1)%g

Sasakian

2(n—1)S — (n—1)2%g

Kenmotsu

—2(n—1)S —(n—1)%g

(e)-Sasakian

2e(n—1)S — (n—1)%g

para-Sasakian

—2(n—1)S —(n—1)%g

(e)-para-Sasakian

—2e(n—1)S — (n—1)%g

Corollary 7.17. Let M be an n-dimensional We-Ricci-semisymmetric (N (k),&)-
semi-Riemannian manifold. Then we have the following table:

M

285 =

N(k)-contact metric

kn—1)g+k(n—1)n®n

Sasakian

(n—1g+(n—1)n®n

Kenmotsu

—(n-Lg—Mm-1Lnen

(e)-Sasakian

en—1g+(n—-1)n®n

para-Sasakian

—(n-Lg—(Mm-1Lnxn

(€)-para-Sasakian

—en-1g—(n-1)n®n

Corollary 7.18. Let M be an n-dimensional Wy -Ricci-semisymmetric (N (k), §)-
semi-Riemannian manifold. Then we have the following table:

M S =

N (k)-contact metric | k(n —1)g
Sasakian (n—1)g
Kenmotsu —(n—1)g
(e)-Sasakian e(n—1)g
para-Sasakian —(n—1)g
(€)-para-Sasakian —e(n—1)g

Corollary 7.19. Let M be an n-dimensional Ws-Ricci-semisymmetric (N (k),&)-
semi-Riemannian manifold. Then we have the following table:

M 28 =

N (k)-contact metric | k(n—1)g+k(n—1)n®mn
Sasakian n=1)g+(n—1)n®n
Kenmotsu —(n=1g—(n-1nen

(¢)-Sasakian

en—1g+(n—-1)n®n

para-Sasakian

—(n-1)g-—(n-1)n®n

(€)-para-Sasakian

—en—lg—(n—-Lnxn
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Corollary 7.20. Let M be an n-dimensional Wy-Ricci-semisymmetric (N (k),§)-
semi-Riemannian manifold. Then we have the following table:

(10]
(11]
[12]
[13]
[14]
(15]
[16]
(17)
18]
(19]
[20]
21]
22]

23]

M S =
N (k)-contact metric | k(n — 1)n®n
Sasakian m—1)nen
Kenmotsu —(n—=1nen
(€)-Sasakian n—1nen
para-Sasakian —(n—=1nen
(e)-para-Sasakian —(n—=1)n®n
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