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SOME QUESTIONS ON PLANE CURVES

E. PASCALLI

(Communicated by Kazim ILARSLAN)

ABSTRACT. We consider some properties of simple plane curves, starting from
a unusual metric formulation of the tangent line.

1. INTRODUCTION

In previous paper ([12] ) a new notion of tangency is formulated in suitable
metric spaces and an equivalent metric formulation of the notion of tangency at a
point of the graphic of a real function ([12] (Example 2.6) and [11](Teorema 1.1))
is considered.

Then it is possible to reconsider the notion of tangent line at a point of a plane
curve (and also of normal line) in a very different way with respect the classical
one. This paper is devoted to consider such notion and to investigate some new
aspects and questions on plane curves.

It is well know that ”... Not all curves are rectificable; some do not have a
tangent at any of their points...” ( see[15] (pag.46)).

From your study at every point of a plane curve there is, in a some specified
meaning, at least a "tangent direction” and it is possible, from a pure theoretical
point of view, to have many ” ‘tangent directions”’ at every point.

In the last section we present some open problems wich seem news and interest-
ing.

Following [12], we consider two abstract operations. Let (X, d) be a metric space
and A, B be non-empty, compact (or locally compact) subsets of X. Assume that
xo € AN B is an accumulation point of A. We define the functions:

d(z,B)

1.1 D_ (A B)= liminf ——%
(1.1) Dy, (4, B) A\{iﬁr}légazo d(z,z)’

_ B
(1.2) D.,(A,B) = limsup M;
A\{zo}32—120 d(l‘, xO)

where d(x, B) = inf{d(z,y)| v € B}.
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When D, (A,B) = Dy, (A, B), we write Dy, (A, B). We remark that: 0 <
D, (A, B) < Dgy(A,B) < 1; hence we have: D, (A,B) = 0 = D, (A,B) =
D,,(A,B) =0.

The previous operations are investigated, early and with other motivations, from
different authors (see [6] [16], [17], [7],[8],[9], [13], [14]).

In [11] we prove the following result, establishing the connession with the usual
notion of tangent line.

Take as metric space R2, endowed with the usual euclidean metric, let f: R — R
be a continuous function and Gy C R? its graph. Let py = (w0, f(z0)) € Gy, and
consider the functions D, , Ep For r a straight line through pg, the following

conditions are equivalent:

0°

(1) 7 is the tangent line to G at po;

(i) ?Po (r,Gy)=0and D, (s,Gy) > 0 for every line s # r through po;
(i) Dpy(Gy,7r) =0and D, (Gy,s) > 0 for every line s # r through po.
Then one can agree the following definition:

Definition 1.1. Let A, B be non-empty, compact (or locally compact) sets of the
metric space X and let ¢ be an accumulation point of A and B. We say that A is
tangent to B in xg if and only if D, (A, B) = 0.

We say that A, B are tangent in ¢ if and only if both D, (A, B) and D, (B, A)
exist and D, (A, B) = D,,(B,A) = 0.

We remark that if A is tangent to B or A, B are tangent in xy with respect to
the metric d, then the same occur with respect every metric d; equivalent to d.
Furthermore for D and D we have the following result:

Proposition 1.1. Let A, B,C be non-empty, compact (or locally compact) subsets
of the metric space X; let xg be an accumulation point for A, B and C. We have
the following

(1.3) Dy, (A,C) =D,y (A, B) < Dyy(B,C) - [1 + Dy, (A, B)]
(14) Qﬂcg(Avc) +E?E0(A7B) > on(Bvo) : [1 7E$0(A7B)]'
(1.5) D, (AB) =0 <« D, (BA)=0

and if Dy, (A, B) and Dy, (B, A) exist, then: Dy (A, B) =0 <= D,,(B,A) = 0.

For the proof, compare [12](cfr. Propositions 2.1 and 2.3 and remark 2.2).

Now we consider the metric space (X,d), where X = R? and d is the usual
euclidean metric; we denote with R(x) the set of half-straight lines through the
point z, that is: 7 € R(z) < Jv € R%, ||v||=1, r={z+tv|t >0}

The following condition hold:

1.6) Vr € R(z) =z € r;

1.7) Vr € ®(x), every bounded sequence in T is compact;

(
(
(1.8)  ¥r,s € R(z) = 3D,(r,5),3D.(s,7) and Dy(r, ) = Dy(s,7);
(L9) Vs €R(@): Dulrs)=0—>r=s
(

1.10) 0<d(z,y) = FreR(z), IscRy):yer and zcs;
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(1.11)
Vo € R Y(rn),rn € R(x) : (rn,.) C (1), Is € R(x) such that lim D, (ry,,,s) = 0.
n

We remark that, in (1.10), if r = {& + to|t > 0} and s = {y + tu|t > 0}, then

d(z,s d(y,r
= d((w,xo)) = d((;{x(}) Vo €r,x # 19, Yy €S,y F To.

The following propositions hold:

u = —v; moreover D, (r,s)

Proposition 1.2. Let A C R? be a non-empty subset, if there exists * € R(xq)
such that Dy (A,r*) =0, then r* is unique.

PROOF. We assume there exist 7*,7** such that D, (A,7*) = Dy, (A,r**) = 0.
By (1.4), we have:

Then, by (1.9), r* = r**. O
Furthermore, we have the proposition:

Proposition 1.3. Let A ERQ be a non-empty subset, if there exists r*,r** € R(xq)
such that: Dy (A, 7**) = Dy, (r*, A) = 0, then r* = r**.

PRrROOF. From (1.3), we have:
Do (r*, ™) — Dy (r*; A) < Do (A, 7°*)(1 + Dy, (r*, A)) = 0.
Hence D, (r*,7**) = 0.

Proposition 1.4. Let C C R? be a non-empty subset, if we assume that:

(1.12) D, (11,0) > Dy, (12, C)
then
D, (r,C) =D, (ra,C
(1.13) A and 0< ZelO=Da20) L

1+D, (r1,0)
PROOF. Because, by (1.4) with A =1y, B =1y,
D, (r1,C)(1 = Dyy (r1,72)) < Day(r1,72) + Doy (72, C),
then we receive
D, (r1,C) — Dy, (r2,C)

1+ Qmo (Th C)
Hence, by (1.9), r1 # ra. O

0<

S on(rlar2)'

2. SOME RESULTS ON SIMPLE PLANE CURVES

In this section we will restrict the considerations on a given simple plane curve.
Now, let 7 : [0,1] — R? be continuous and iniective, denote I' = {~(¢)|t € [0,1]}
and zo = v(to), to €0, 1[.

We prove the following proposition:

Proposition 2.1.
(2.1) 3ry € R(zo) such that D, (r1, ') = min{D, (s,T)[s € R(xo)}

(2.2) 3ry € R(zo) such that D, (re, ') = max{D, (s,I')]s € N(wo)}

(2.3) Jrs € R(zo) such that Dy, (r3,T) = min{D,,(s,T)|s € R(xo)}
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(2.4) 3ry € R(z0) such that Dy, (ry,T) = max{D,, (s,T)|s € R(zo)}
PrOOF. (2.1). Let (ry,) be a sequence in R(xg) such that:

(2.5) lim D, (rn, I) = inf{ D, (s, T)|s € R(wo)}-

By (1.11) we can assume, without loss of generality:

IF € R(xo) such thatlim D, (r,,7) = 0.

Moreover, by (1.4), with A =r,, B=7,C =T, and by (1.8), we argue:
D, (7,T)(1 = Dy (rn,7) < Dy (rn; T) + Day (10,7)  Vn €N,
then we have:
D, (FT)< li;anO (1, ') = inf{D, (s,T')|s € R(xo)},

and so the thesis follows.

(2.2).  Arguing as in the previous proof, let (r,) be a sequence in R(xg) and
7 € R(zp) such that:
(2.6) h,{ano (1, I') = sup{D, (s,T)[s € R(xo)}.

By (1.4), with A=7,B =r,,C =T, and by (1.8), we obtain:
on(rn,F)(l — Dy, (1p,T) < on(ﬁ ) —i—ﬁzo(rn,r) Vn € N.

Then
D, (7,T') > liyranm0 (rp, ) = sup{QI0 (s,T)]s € R(xo)}-

The proof of (2.3) (and (2.4)) is similar. O
The elements of R(zp) in (2.1), (2.2) can be considered as different types of
”‘tangent direction”’ to the curve 7 at the point g and the elements in (2.4) as
”‘normal direction”’.
In the classical theory of tangency, the tangent line is strictly related to the limit

of secant lines to I'; this can be a justification for the following proposition:

Proposition 2.2.

(2.7) 351 € R(xo) such that D, (s1,I) = liminf D, (rzz,,I)
M\zodz—xo

(2.8) Jsy € N(xo) such that D, (s2,I') = limsup D, (rza,, 1)
M\zodz—xo

(2.9) 3s3 € R(zo) such that D, (s3,) = F\lzionéai:rgmo Doy (T2,,T)

(2.10) Js4 € R(zo) such that Dy, (s4,I) = limsup Dyy(Tiz,, L)

T\zodz— o
where 144, s the half-straight line with v = ﬁ

PRrROOF. (2.7). We can assume that:

I(zn) with 2, € '\ {xo} such that : limD, (r,,I') = liminf  D(rge,, 1),
n T'\{zo}3z—z0
where r,, = ry, .,. Without loss of generality, we assume
Ir € R(xo) for which lim,, Dy, (r,,7) = 0.
Then we have: lim, D, (rn,I') = D, (7,T).
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In fact, we consider (1.4) twice; first with A = r,,B = 7,C = T and next
changing A and B. Then

on (7, D)(1 = Dy (rn, 7)) < Qm(,(rna L) + Day (70, 7);
D,, (rn, I)(1 — Ezo (rn,T)) < D,, 7, 1) + D,, (TnsT);

hence
D,, 7 T) < hiano (r,T) < D,, 7).

In a similar way we prove the other equalities. (I
We remark that the following general inequalities are true:

min{D_ (r,I)|r € R(zo)} <inf{D, (reao, )|z € Mao} < liminf D, (rza,, 1) <

\{zo}2z—x0 o

< limsup D, (722, ) < sup{D, (rez, )|z € Mzo} < max{D, (r,T)[r € R(xo)};
I'\{zo}3z—x0

min{ D, (r,T)|r € R(zo)} < inf{Dy,(Tzuo, )|z € M\z0o} < F\{liglaigimo Dy (Tag, I) <

< \{hn;sup Doy (Tazgs T) < sup{Dyy (T2zy, T)|x € T\xo} < max{D,,(r,T)|r € R(z0)}.
IM\{zo}3z—z0

We can prove the following proposition:

Proposition 2.3. If

2.11 liminf Dy, (73z,,T) =0,
(2.11) o inf o(Tzae: )

then

(2.12) Ir* € R(xp) for which D, (r*,T') = 0.

ProoF. By the previous inequalities, we deduce:
min{D,,(s,I')|s € R(zo)} = 0.
Then, from Proposition 2.1, 3r* € R(zo) such that 0 < D, (r*,T") = 0; hence the

thesis follows. O
Furthemore, we have the following theorem:

Theorem 2.1.
(2.13) min{D,,(s,I')|s € R(zo)} = 0.

PRrROOF. We can assume: min{D,,(s,I')|s € R(xg)} = X > 0; then, for every

s € R(zo) we have: Dy, (s,I') > 3. Now, we consider two directions s; and s;
then there exists a ball B about the centre xg for which, in such ball, " has the half-
lines about directions s; and s . We can assume:  D(sy, s2) < %, we consider, in
B, the convex (open) cone C given by s; and s3. We have C NT = (. In effect, if
this fact is not true, eventually with a change of the radius of the ball B, we have,
for x € 51 :

d(z,s2)  d(x,x2) < d(z,x) S d(z,T)

d(z,zo)  d(z,z0) = d(z,20) = d(x,20)’
where x5 is a point of sy and x, is a point of I'.
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After a finite steps, we can consider a ball B* of z such that: B*NT = {z¢}.
Then a contradiction.
Now the following proposition holds:

Proposition 2.4.
(2.14) Ir* € R(zo) such that D, (r*,T") = 0.
By proposition 1.4 , we deduce easily the following result.
Proposition 2.5. If
(2.15) Ir* € R(xp) such that D, (T',r*) =0
then
D, (T,r*) = Dy, (r*,T) = 0.

Hence the direction r* and I' are tangent in xg.
The following theorem is true:

Theorem 2.2.

2.16 liminf Dy, (r4z.,T) = 0.
(2.16) o inf o (Tzao, 1)

PROOF. Let s* € R(xg) such that: D, (sx,I') = 0; then there exists a se-

L , o d(@a D) _
quence (x,) for which: =z, € s*; x, # x¢ and lim, eyl 0. Moreover

we can assume there exists a sequence (y,) C I' (and y, # xo) such that we
Ad(@n,yn) _ d(za,I) d(Tn,yn) _

have: d(x IO) = Tonmo) and lim,, Aorze) = 0. From the following inequality:
A(Tn,Yn n d n d(z0,Yn . ; —
d%zmzo) > |4 «;E(Oxn,zfso | = |1 - dg:zog |, we have:  lim,, d(yn,xo) = 0.

We denote 7, = 74,,,; we can assume there exists r* € R(zg) such that

lim,, Dy, (rp,r*) = 0.

DA D) () ~ d(Enra) .
Then:  Gor=s = GE200 2 s = Dao(s™, ).

Hence: 0 <lim, Dy, (s*,r,) < lim, (?((;:,i))) =0.

Moreover, from: D, (s*,r*) — Dzo(s*,rn) < Dy (rn, s*)(1 4+ Dy, (s*, 1)), we
deduce D, (s*,r7*) = 0. Hence: s* =r*

Now, because Dy, (r,,T') — on(rn, *) < Dy (8*,T)(1 4 Dyy(1p, 8*)) = 0; the
following condition holds: 0 < Dy, (r,,I') < D, (’I“n, *). Hence: lim,, Dy, (rn, F) =
0.

3. OPEN PROBLEMS

From a theoretical point of view some questions arise in consideration of the
obtained results.

-The first is the question to reconsider this point of view with respect to other
metric in R? not equivalent to euclidean metric, for example with a non homoge-
neous metric. In such situation it is possible to need a change of the sets f(z) with
some appropriate ”‘geodetic”’ directions and that the theorem 2.2 is not true.

-In the framework of the euclidean metric we can consider one of the following
non-empty sets (see proposition 2.1))

={r € R(z)|D,,(r,T) =min {D, (s,T)}}
Ty = {r € R(2)|D,,(r.T) = max {D,,(s,1)}}
= {r € R(z)| Dy, (r,T) = min { Dy, (s,T)} }
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Na = {r € R(x)[Dq, (r,T) = max { Dy, (s,T)} } .
Then we can consider the more interesting question of the existence of plane

simple curve for wich one of the sets have, for every point x a number, fixed and
greater than 2, of elements.

Of course, starting from proposition 2.2, analogous set can be defined and for it

the same question considered.
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