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ABSTRACT. In this paper, we define generic lightlike submanifolds M of an
indefinite Sasakian manifold M. We provide several new results on a class of
generic lightlike submanifolds of M subject to the conditions: (1) M is totally
umbilical, or (2) its screen distribution S(TM) is totally umbilical in M.

1. Introduction

In the classical theory of spacetime, the Riemannian curvature tensor will affect
the rate of change of separation of null and timelike curves (see Section 4.1 and 4.2
in [7]). Null curves can represent the histories of photons, the effect of the Riemann-
ian curvature tensor will be to distort or focus small bundles of light rays. While
the rest spaces of timelike curves are spacelike subspaces of the tangent spaces,
the rest spaces of null curves are lightlike subspaces of the tangent spaces [13]. To
investigate this, Hawking and Ellis introduced the notion of so-called screen spaces
in section 4.2 of their book [7]. Since for any semi-Riemannian manifold there is
a natural existence of lightlike subspaces, in a 1996 book [3] Duggal-Bejancu pub-
lished their work on the general theory of degenerate (lightlike) submanifolds to fill
a gap in the study of submanifolds. Since then there has been very active study on
lightlike geometry of submanifolds (see up-to date results in two books [4, 5]). The
geometry of lightlike submanifolds is used in mathematical physics, in particular,
in general relativity since lightlike submanifolds can be models of different types of
horizons (event horizons, Cauchy’s horizons, Kruskal’s horizons). Although now we
have lightlike version of a large variety of Riemannian submanifolds, unfortunately,
a general notion of generic lightlike submanifolds (see definition 3.1) has not been
introduced as yet. Only there are some limited papers on particular subcases re-
cently studied by Jin [8, 9, 10].

Motivated by the rich existing Riemannian geometry (see two 1980 papers of
Yano-Kon [14, 15]) of generic submanifolds, the objective of this paper is to study
generic lightlike submanifolds M of an indefinite Sasakian manifold M subject to
the conditions: (1) M is totally umbilical, or (2) its screen distribution S(TM) is
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totally umbilical in M. In section 2, we recall some of fundamental formulas in the
theory of r-lightlike submanifolds. In section 3, we define generic lightlike subman-
ifolds. Using this definition, we prove some theorems on totally umbilical generic
r-lightlike submanifolds of M. In section 4, we study generic r-lightlike submani-
folds of M such that S(TM) is totally umbilical in M. In section 5, we investigate
generic r-lightlike submanifolds of an indefinite Sasakian space form M (c) satisfy
the conditions (1) or (2).

2. Lightlike submanifolds

An odd dimensional semi-Riemannian manifold M is called an indefinite Sasakian
manifold [2] if there exists a contact metric structure (J, 6, ¢, ), where Jis a (1, 1)-
type tensor field, 0 is a 1-form, ( is a vector field, called the characteristic vector
field of M, and g is a semi-Riemannian metric of index u(> 0) satisfying

J’X =X +60(X)¢, JC=0,00J=0, () =1,

(2.1) 9(¢¢) =€ g(JX,JY) =g(X,Y) —eb(X)0(Y),
0(X) =€g(¢, X), dO(X,Y)=g(JX,Y), e==l,

(2.2) Vx(=JX,

(2.3) (VxJ)Y =ef(Y)X — g(X,Y)¢,

for any vector fields X and Y of M, where V is the Levi-Civita connection on M.
Without any loss of generality, in this paper we assume that ¢ = 1, that is, the
characteristic vector field ¢ of M is spacelike.

Let (M, g) be an m-dimensional lightlike submanifold of an (m + n)-dimensional
indefinite Sasakian manifold (M, 7). Then the radical distribution Rad(T'M) =
TMNTM> is a vector subbundle of the tangent bundle 7'M and the normal bundle
TM*, of rank 7 (1 < r < min{m, n}). In general, there exist two complementary
non-degenerate distributions S(T'M) and S(TM*) of Rad(TM) in TM and TM*
respectively, called the screen and co-screen distributions on M, such that

(2.4)  TM = Rad(TM) @oren, S(TM), TM™* = Rad(TM) ©opin S(TM™),

where @+, denotes the orthogonal direct sum. We denote such a lightlike subman-
ifold by (M, g, S(TM),S(TM™)). Denote by F(M) the algebra of smooth functions
on M and by I'(F) the F'(M) module of smooth sections of a vector bundle E over
M. We use the same notation for any other vector bundle. We use the following
range of indices:

i, J, ky o € {1, o, 1}y a, B, v, ... € {r+1,..,n}

Let tr(T'M) and ltr(T'M) be complementary (but not orthogonal) vector bundles
to TM in TMy; and TM* in S(T'M)* respectively and let {Ny, ---, N,} be a
lightlike basis of ltr(T'M),,,, where U is a coordinate neighborhood of M, such that

73

g(Ni, &) = i, g(Ni, Nj) =0,

where {&1, ---, &} is a lightlike basis of Rad(T'M)),,. Then we have

(2.5) TM = TM @ tr(TM) = {Rad(TM) @ tr(TM)} ®oren S(TM)
— {Rad(T'M) & tr(TM)} ®orin S(TM) @orar, S(TM).

We say that a lightlike submanifold (M, g, S(TM),S(TM™)) of M is
(1) r-lightlike if 1 <7 < min{m, n};
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(2) co-isotropicif 1 <r=mn < m;

(3) isotropicif 1 <r=m <n;

(4) totally lightlike if 1 <r =m=n.
The above three classes (2)~(4) are particular cases of the class (1) as follows:
S(TM*) = {0}, S(TM) = {0} and S(TM) = S(TM~) = {0} respectively. The
geometry of r-lightlike submanifolds is more general than that of the other three
type submanifolds. For this reason, we consider only r-lightlike submanifolds M =
(M, g,S(TM),S(TM*)), with following local quasi-orthonormal field of frames of
M:

{€1, -, &, N1, N, Foyr, -, Epyy Wogn, -+, Wi},

where {Fy11, -+, Fn} and {W,41, -+, W, } are orthonormal bases of S(T'M) and
S(TM™), respectively. Now we set e, = §(Wy, Wo)(= %1) is the sign of W,,.

Let P be the projection morphism of TM on S(T'M) with respect to the first
equation of the decomposition (2.4). For any r-lightlike submanifold, the local
Gauss-Weingartan formulas of M and S(T'M) are given respectively by

(2.6) VxY = vXY+Zh‘ (X,Y)N; + Z he (X, Y)W,
a=r+1

(27) vai = —ANiX—FZTij(X)Nj-F Z pia(X)Wa
Jj=1 a=r+1

(2.8) ViWa = —Aw, X + > ¢ai(X)N; + Z Tap(X)Wp,
=1 =r+1

(2.9) VxPY = VPY +Y hi(X,PY)¢,
1=1

(2.10) Vxé& = —A;LX - Zrﬂ )&,

for any X, Y € I'(T M), where V and V* are induced linear connections on TM and
S(TM) respectively, the bilinear forms h{ and h¢, are called the local lightlike and
screen second fundamental forms on T'M respectively, h} are called the local second
fundamental forms on S(T'M). An,, Af, and A, are linear operators on T'M and

Tijs Pias Pai and o,g are 1-forms on T'M. Since V is torsion-free, V is EilSO torsion-
free and both hf and h3 are symmetric. From the fact h(X,Y) = g(VxY, &), we
know that each h{ are independent of the choice of S(T'M). We say that

h(X,Y):ihf()QY)Ni—k Zn: R (X, Y)W,

=1 a=r+1

is the second fundamental tensor of M. The induced connection V on T'M is not
metric and satisfies

(2.11) (Vxg)(Y, Z) Z{hz (X,Y)m(Z) + hi(X, Z) n:(Y)},

for all X, Y € I'(T'M), where 7;s are the 1-forms such that
ni(X) = g(X,N;), VX € T(TM).
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But the connection V* on S(T'M) is metric. The above three local second funda-
mental forms are related to their shape operators by

(212) (A X, Y) = h{(X,Y) + Y hj(X, &)n;(Y), (AL X, N;) =0,

Jj=1

(213) g(AWaXa Y) = Eahfx(Xv Y) + Z ¢az(X>nZ(Y)7 g(AWaXa Nz) = Eapia(X)7
i=1

(214) g(ANqu PY) = h;k(Xa PY)7 nJ(ANqX) + nZ(ANgX) =0,

where X, Y € T'(TM). Replacing Y by &; to (2.12)1, we have

(215)  B(X&) +h5(X.&) =0, hi(X.&) =0, hi(&,&) =0,

for all X € T'(T'M). Also, replacing X by ¢; to (2.12); and using (2.15), we have

(2.16) hi(X,&) = g(X, ALE), ALE + A &i=0, ALE=0.
For any r-lightlike submanifold, replacing Y by &; to (2.13), we have
(2.17) h (X, &) = —€a0ai(X), VX €e I(TM).

3. Generic lightlike submanifolds of A/

In case g is non-degenerate, there exists a class of submanifolds of an almost
complex manifold M. We say that M is a generic (anti-holomorphic) submanifold
of M if the normal bundle TM~* of M is mapped into the tangent bundle TM by
action of the structure tensor J of M, i.e., J(TM*) C TM [14, 15]. The purpose
of this section is to extend and study the concept of generic submanifold in case M
is a lightlike submanifold of an almost complex manifold M.

Although S(T'M) is not unique, it is canonically isomorphic to the factor vec-
tor bundle S(T'M)* = TM/Rad(TM) considered by Kupeli [12]. Thus all screen
distributions S(T'M) are mutually isomorphic. Moreover, while TM is lightlike,
all S(TM) are non-degenerate. Due to these reasons, we define generic lightlike
submanifolds of an almost complex manifold M as follow:

Definition 3.1. We say that M is generic lightlike submanifold [11] of an almost
complex manifold M if there exists a screen distribution S(TM) of M such that

(3.1) J(S(TM)*) c S(TM).

Example 3.1. Any lightlike hypersurface M of an indefinite Sasakian manifold
M is a generic lightlike submanifold of M [8]. Also, any 1-lightlike submanifold
M of codimension 2 of an indefinite Sasakian manifold M is a generic lightlike
submanifold of M [9, 10].

From the decomposition (2.5) of TM, the vector field ¢ is decomposed by
(3.2) (=w+Y a:&+> biNit+ > eaWa,
i=1 =1 a=r+1

where w is a smooth vector field of S(T'M) and a; = 0(N;), b; = 0(&;) and e, =
€a(W,) are smooth functions on M.

Theorem 3.1. Let M be a generic r-lightlike submanifold of an indefinite Sasakian
manifold M. Then the characteristic vector field  is not normal to M.
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Proof. Assume that the vector field ¢ is normal to M. Then (3.2) reduce to

(= Zaz& Z eaWW,

a=r+1
Applying Vx to this and using (2.2), (2.6), (2.8), (2.10) and (2.17), we have
JX = ) (Xa)&i+ Y (Xea)Wa
1=1 a=r+1
T T T n
+ Zal{_Ale - ZTji(X)fj + Zhﬁ(Xa gz)N] - Z 6a¢o¢i(X)Wa}
=1 7j=1 j=1 a=r+1

n

+ Z e(x{_AWaX+Z¢aj( N + Z O-OZB Wﬂ}

a=r-+1 Jj=1 =r+1

for any X € I'(T'M). Taking the scalar product with &, and JN;, € I'(T'M) in this
equation by turns and using (2.1), (2.15); and (3.1), we have respectively

n

Z €a¢ak Zaz X Ek g(X, J&k)a

a=r-+1

ne(X) = apf(X Zal (X, JN) — Z eatah (X, JNy).
a=r-+1

Replacing X by & to the second equation of the above relations and using the first
equation with X = JNj, and by = 0, we have the following impossible result:

n

1= )" eatar(JNi) Zaz (s TNK) = —9(J&k, TNy) = —

a=r+1

Thus the characteristic vector field ¢ of M is not normal to M. ([l

Definition 3.2. An r-lightlike submanifold M of M is said to be totally umbilical [6]
if there is a smooth vector field H € T'(¢tr(TM)) such that

MX,Y)=Hg(X,)Y), VX, Y e (TM).
In case H = 0, we say that M is totally geodesic.

It is easy to see [6] that M is totally umbilical if and only if, on each coordinate
neighborhood U, there exist smooth functions A; and B, such that

(33)  h{(X,Y)=A;g(X,Y), h3(X,Y) = Bag(X,Y), VX, Y € [(TM).

Theorem 3.2. Let M be a totally umbilical generic r-lightlike submanifold of an
indefinite Sasakian manifold M. Then the vector field  is not tangent to M.

Proof. Assume that ¢ is tangent to M. Using (2.2) and (2.6), we obtain
JX =Vx(+ Y RAX,ONj+ > hy(X.OW,

j=1 B=r+1
Taking the scalar product with &; and W, in this equation by turns, we have

h(X, Q) = —g(X,J&), hi(X,() = —€g(X, TW,),
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respectively. Since M is totally umbilical, from this equations and (3.3), we obtain
Aig(X, Q) = —g(X,J&), Bag(X,()=—€ag(X, JWa).

Replacing X by JN; to the first equation of the above relations and X by JW,, to
the second equation and using b; = g(¢,&;) = 0 for all ¢ and e, = €,g((,W,) =0
for all a, we deduce the following two impossible results :

0=A4;0=A4;9(JN;, Q) = —g(JN;, J§) = —1,
0= Ba0=Bag(JW,,() = —€a9(JWy, JW,) = —1,
respectively. Thus the characteristic vector field ¢ is not tangent to M. O

Combining Theorem 3.1 and 3.2, we have the following theorem.

Theorem 3.3. Let M be a totally umbilical generic r-lightlike submanifold of an
indefinite Sasakian manifold M. Then ( is neither tangent nor normal to M.

Theorem 3.4. Let M be a totally umbilical generic r-lightlike submanifold of
an indefinite Sasakian manifold M. Then M is totally geodesic and there exists
ke {1,...,r} such that by, = 0(&) = §(¢, &) # 0. Moreover, all the induced
connections of M are metric connections.

Proof. First of all, we prove that there exists k € {1, ..., r} such that by = 6(&) #
0. Assume that b; = 6(&;) = 0 for all 4. If M is totally umbilical, we obtain

(34)  hj(X,&) = hi(X.&) = 6ai(X) =0, Vx&=Vx&, VX eD(TM).
Applying Vx to g(¢, &) = 0 and using (2.2), (2.6) and (2.10), we have
9(X,J&) +g(A;, X, () =0, VX e'(TM).
As M is totally umbilical, we have A7 X = A, PX by (2.12);. Thus we have
A g(X, Q) +9(X,JE) =0, VX eT'(TM).
Replacing X by JN; in this and using (2.1) and g(J&;, JN;) = 1, we have
0=4;9(¢, JN;) + g(J&, JN;) = 1.
It is a contradiction. Thus we have by = g((,&x) # 0 for some k.
Next, applying Vx to g(J&;, W,,) = 0 for all ¢ and using (2.1), (2.3), (2.8), (2.10),
(2.12), (2.13), (3.1), (3.4)3 and the fact M is totally umbilical, we have
A; g(X, IJW,) = €aBag(X, J&), VX € T(TM) and Vi.
Replacing X by J& for some k such that b, # 0, X by JN; and X by JW, to this
equation by turns and using the fact by # 0, we have respectively
Ajeq = €aBabi, Ajaieq = €aBalab; — 1), Aij(e? —1) = eqBabica.

Substituting the first equation of the above relations into the second and third
equations by turns, we get A; = 0 for all ¢ and B, = 0 for all . Thus we have

H= ET:AiNZ- + i BoaW. =0.
1=1 a=r+1

Thus M is totally geodesic. Final statement on the induced metric connections
follows from [3, page 166], which completes the proof. a
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The local Weingarten formula (2.7) of M becomes
VxN = —AxyX + V4N + D¥(X,N), VX eT(TM), N eTI(itr(TM)),

where V* is a linear connection on ltr(TM). We call V* the lightlike transversal
connection of M. In this case, for any N; € T'(ltr(TM)) and X € T'(T' M), we have
T n
VAN =Y m(XON;, DX, Ni) = Y pia(X)Wa.
j=1 a=r+1

Definition 3.3. We define the curvature tensor R’ of the lightlike transversal
connection V* on the lightlike transversal vector bundle ltr(TM) by

(3.5) RYX,Y)N = V5 Vy N — Vi V5N — Vix N,

forall X, Y e I'(TM) and N € I'(itr(TM)). We say that the lightlike transversal
connection V* of M is flat [8] if R’ vanishes identically on M.

Proposition 3.1. Let M be a lightlike submanifold of a semi-Riemannian (M,g).
Then the lightlike transversal connection V* of M is flat if and only if each 1-forms
Tij 15 a solution of the following equations

(3.6) 27 (X,Y) + Y _{7in(Y)7;(X) = 7 (X) 75 (Y)} = 0,
k=1
forall X, Y e (TM) and i, j € {1, -+, r}.

Proof. Applying the operator Vg( to V{,Ni = Z;:1 7,;(Y)N;, we have
VEVEN: = {X (1 (V) + > 7ir(Y) 7 (X)}N;.
j=1 k=1
By straightforward calculations from this equation and (2.5), we have

RUX,Y)N; = Y {2dm5(X,Y) + Y [ran(Y) 7 (X) = 7ane(X)ms (Y},
j=1 k=1

for all X, Y € I'(TM) and i. From this result we deduce our assertion. O

Definition 3.4. We say that M is locally symmetric[8] if its curvature tensor R
be parallel, i.e., have vanishing covariant differential, VR = 0.

Theorem 3.5. Let M be a totally umbilical generic r-lightlike submanifold of an
indefinite Sasakian manifold M with flat lightlike transversal connection. If M 1is
locally symmetric, then M is a space of constant positive curvature 1.

Proof. Consider locally vector fields V; on M and its 1-forms v; given by

forall X e (TM) and i € {1, ..., r}. As M is totally umbilical, by Theorem 3.4,
we get by # 0 for some k, hf = h3 = 0 and A%, = ¢ai = 0 for all i and . Applying

Vx to g(¢, &) = b; for all i and using (2.2), (2.10) and (3.4)3, we obtain

j=1



GENERIC LIGHTLIKE SUBMANIFOLDS OF AN INDEFINITE SASAKIAN MANIFOLD 115
Applying Vx to V; = —J¢; and using (2.3), (2.6), (2.10), (3.4)3 and (3.7), we get

(3.9) VxVi=-bX = 7i(X)V;.
j=1

Substituting (3.9) into the right term of the equation
R(X,Y)V; =VxVyV; = VyVxV; = Vix v1Vi,
and using (3.6), (3.8) and the fact V is torsion free connection, we have
(3.10) R(X,Y)V; = ;(X)Y — v;(Y)X.
Applying Vy to (3.7)2 and using (3.7) and (3.9), we have

(3.11) (Vxu)(¥) = big(X.Y) = 3" mia(X)u ().

Applying Vz to (3.10) and using (3.10) and the fact VzR = 0, we have
(3.12) R(X,Y)V2V; = (Vz0:)(X)Y — (V2u:)(Y)X, Vi.

Taking ¢ = k in (3.12) such that by, # 0 and Substituting (3.10) and (3.11) in (3.12)
with ¢ = k and using (3.10), we obtain

R(X,Y)Z = g(Y,Z)X — g(X,2)Y, VX,Y e T(TM),

due to by # 0. Thus M is a space of constant positive curvature 1. ([l

4. Totally umbilical screen distributions in M

Definition 4.1. A screen distribution S(T'M) of M is said to be totally umbilical [6]
in M if, for each locally second fundamental form A}, there exist smooth functions
C; on any coordinate neighborhood U in M such that

(4.1) h; (X, PY)=C;g9(X,Y), VX, Y e I(TM).
In case hf = 0 for all 4, we say that S(T'M) is totally geodesic in M.

Due to (2.14); and (4.1), we know that S(TM) is totally umbilical in M if and
only if each shape operators Ay, of S(T'M) satisfies

(4.2) g(An, X, PY)=C;g(X,PY), VX, Y e I'(TM),
for some smooth functions C; on U C M.

Theorem 4.1. Let M be a generic r-lightlike submanifold of an indefinite Sasakian
manifold M. If S(TM) is totally umbilical in M, then S(TM) is totally geodesic
in M and a; = 0(N;) = g(¢,N;) =0 foralli € {1, -, r}.

Proof. Applying Vx to g(JNi, N;) = 0 for some k and j such that k& # j, and
using (2.3), (2.7), (2.14), (3.1) and the fact S(T'M) is totally umbilical, we have

arn;(X) + Cr g(X, JN;) = ajne(X) + C; (X, JNg).

Replacing X by &; to this and using the facts 1;(§;) = 0;; and JN; € T'(S(T'M))
for all 7, we have a;, = 0. If we take (k, j) = (1, 2), (2, 3), ---, (r—1,r) and (r, 1)
by turns and using the above method, we have a; =0 for all i € {1, --- , r} and

Cr9(X,JN;)=C;9(X,JNy), VX e T'(TM),
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for some k£ and j such that k # j. Replacing X by J¢&; in this equation and using
the fact a; = 0 for all 4, we have Cx = 0. By the above method for (k, j), we have
C;=0forallie {1, -, r}. Thus we have our assertion. O

Definition 4.2. A lightlike submanifold M is said to be irrotational [12] if Vx&; €
T(TM) for any X € I'(TM) and &; € T'(Rad(TM)) for all i.

For any r-lightlike submanifold M, the above definition is equivalent to
(43) h’ﬁ(Xa 51) =0, hfx(Xa 51) = ¢o¢i(X) =0, VX e F(TM)
Theorem 4.2. Let M be a generic r-lightlike submanifold of an indefinite Sasakian
manifold M such that S(TM) is totally umbilical in M. Then M is not irrotational.
Proof. Applying Vx to g(J&, N;) =0 for all i and j, and using (2.3), (2.6), (2.7),
(2.10), (2.12), (2.14), (3.1) and the fact h} = 0 due to Theorem 4.1, we have
(4.4) bini (X) + hi (X, JN;) = h}(X,J&) =0, VX € I(TM).
Assume that M is irrotational. Replacing X by &; to (4.4) and using (3.3);, we
have b; = 0 for all . Thus the equation (4.4) deduce to
(4.5) hi(X,JN;) =0, VX € T(TM).
Applying Vx to §(¢,&) = 0 and using (2.2), (2.6), (2.10), (2.12), (3.2) and (4.3),
we have
(4.6) hi(X,w) = —g(X,J&), VX e (T M).
Replacing X by JN; in this equation and using (4.5) with X = w, we have

0= hi(JN;,w) = —g(JN;, J&) = —1.

It is a contradiction. Thus M is not irrotational. O

Since any totally umbilical 7-lightlike submanifold of M is irrotational due to
(3.4), by Theorem 4.2, we have the following result:

Corollary 4.1. There exist no totally umbilical generic r-lightlike submanifolds M
of an indefinite Sasakian manifold M such that S(TM) is totally umbilical in M.

Theorem 4.3. Let M be a generic r-lightlike submanifold of an indefinite Sasakian
manifold M such that S(TM) is totally umbilical in M and each shape operator
Ag, is self-adjoint. Then M s locally a product manifold M, x M where M, and
My are leaves of Rad(TM) and S(TM) respectively and r + s = m.

Proof. Using (2.12) and the fact that h{ are symmetric, we have
GUAL X, ) — g(X, ALY) = SOIRACY, €)me(Y) — RE(Y, €)me(X)}.
k=1

From this, (2.15) and (2.16), we show that Af are self-adjoint on I'(T'M) with
respect to g if and only if h{(X,&;) = 0 for all X € ['(T'M), i and j if and only if
Ag & =0 for all i, j. It follows from (2.10) that the radical distribution Rad(T'M)
of a lightlike submanifold M with the self-adjoint shape operators Aa is an auto-
parallel distribution.

As S(TM) is totally geodesic in M by Theorem 4.1, we show that S(T'M) is also
an auto-parallel distribution on M due to (2.9). Using the decomposition (2.4) and
the decomposition theorem of De Rham [1], we have M = M,. x M, where M, and
M are the leaves of Rad(TM) and S(TM) respectively. O



GENERIC LIGHTLIKE SUBMANIFOLDS OF AN INDEFINITE SASAKIAN MANIFOLD 117

5. Generic lightlike submanifolds of M(c)

An indefinite Sasakian manifold M is called an indefinite Sasakian space form,
denoted by M(c), if it has the constant J-sectional curvature c[8]. The curvature
tensor R of the indefinite Sasakian space form M (c) is given by

(5.1) 4R(X,Y)Z = (c+3){g(Y, 2)X — g(X,2)Y}

+e—=1D{(X)0(2)Y —0(Y)0(2)X + g(X,Z)0(Y)C

—gY, 2)0(X)C+g(JY,2)JX +g(JZ,X)JY —25(JX,Y)JZ},
for any vector fields X, Y and Z in M.

Theorem 5.1. Let M be a totally umbilical generic r-lightlike submanifold of an
indefinite Sasakian space form M (c). Then we have ¢ = 1.

Proof. As M is totally umbilical, M is totally geodesic due to Theorem 3.4. Thus,
using (2.6) we have

(5.2) R(X,Y)Z =R(X,Y)Z, VX,Y,ZeT(TM).
In case by # 0. Taking the scalar product with & to (5.1) and using (5.2), we get
(c = D{brg(X, 2)0(Y) — brg(Y, 2)0(X) — g(JY, Z)g(X, J&)

— G(JZ, X)g(Y, JER) + 25(JX,Y)g(Z, JE)} =0, VX, Y, Z € (T M).
Replacing Z by J& and Y by & in this equation and using (2.1) and (3.1), we have
4b3(c —1)g(X, J&) =0, VX € T(TM).

Replace X by J¢& in this equation, we obtain b} (c — 1) = 0. Since by # 0 and

(¢—1) is a constant, we have ¢ = 1. In case by, = 0. Taking the scalar product with
& to (5.1) and using (5.2), we obtain

+25(JX,Y)g(Z,J&)} =0, VX, Y, Z € I(TM).
Replace Z by JNi and Y by & in this equation and use (2.1), we have
3(c— 1)g(X, J&) = 0, VX € D(TM),
because 7;(JNy) = 0 by (3.1) and g(J&, JN;) = 1. Replace X by JNj in this
equation, we get ¢ = 1. O
Corollary 5.1. There exist no totally umbilical generic r-lightlike submanifolds M
of an indefinite Sasakian space form M (c) with ¢ # 1.

Theorem 5.2. Let M be a totally umbilical generic r-lightlike submanifold of an
indefinite Sasakian space form M(c). Then M is a locally symmetric space of
constant positive curvature 1 and the lightlike transversal connection V* is flat.

Proof. Using the Gauss-Weingarten formulas (2.6)~(2.8) for M, for all X, Y €
T['(TM), we obtain the following Codazzi equation for M:

(53) g(R(X,Y)N“ 5]) = 2d7'”(X,Y) + Z{le(Y)Tkj(X) - le(X)Tk](Y)}
k=1

On the other hand, from (5.1) and the fact ¢ = 1 by Theorem 5.1, we have
RX,Y)Z=g(Y,Z2)X —g(X,2)Y, VX,Y, Zec(TM).



118 K.L. DUGGAL AND D. J. JIN

Using this, we show that g(R(X,Y)N;, &) = —g(R(X,Y)&;, N;) = 0. From this
equation and (5.3), we have (3.6). Thus, by Proposition 3.1, the lightlike transversal
connection V* of M is flat. From (5.2) and the last equation, we have

(5.4) R(X,Y)Z =qg(Y,2)X — g(X,2)Y, VX,Y,ZeT(TM).

Applying Vi to (5.4) and using Theorem 3.4, we have (VyR)(X,Y)Z = 0, i.e.,
VuR =0 for all U € T(TM). Thus M is a locally symmetric space of constant
positive curvature 1. O

Theorem 5.3. Let M be a generic r-lightlike submanifold of an indefinite Sasakian
space form M (c) such that S(TM) is totally umbilical in M. Then we have ¢ = —3.

Proof. Using the local Gauss-Weingarten formulas for M, we obtain

(5.5) g(R(X,Y)Z, N;) = g(R(X,Y)Z, N;)
+ Z {hﬁ()ﬂ Z)ni(An,Y) — hﬁ(Y, Z)ni(An, X)},
Y B (X Z)pialY) — B Y, Dpia(X)),
a=r+1
for all X, Y, Z € T(TM). By using (2.9) and (2.10), we have
(5.6) G(R(X,Y)PZ, Ni) = (Vxh)(Y, PZ) — (Vyhi)(X, PZ)

j=1
Consider locally lightlike vector fields U; on M and its 1-forms u; given by
(5.7) U, =—-JN;, u,(X)=—-9g(X,U;), VX eI (TM), i.

Then we have g(U;,U;) = 0 and g(U;, V;) = ;5 due to a; = 0. Assume that S(T'M)
is totally umbilical in M. Then, from Theorem 4.1, we have h} = a; = 0 for all 7.
Thus we get g(R(X,Y)PZ, N;) =0. From this, (5.1) and (5.5), we have

(5.8)  (c+3){g(Y, PZ)i(X) — g(X, PZ)mi(¥)}
+ (e = D{OCOPZ)m(Y) — 0(Y)O(PZ)i(X)
— w(X)g(JY, PZ) + u,(Y)g(JX, PZ) + 2u,(PZ)g(JX,Y)}

= 4ZT: {h5(X, PZ)g(AN,Y, N;) — (Y, PZ)g(An, X, Ni)}

j=1

T4 S alhs(X, PD)pia(Y) - B(Y, PZ)pia( X)),
a=r+1
Applying Vx to g(JN;, W,) = 0 and using (2.3), (2.7), (2.8) and (2.14), we have
(5.9) eai(X) + h (X, JN;) = e (X, JW,) =0, VX e I(TM), i, a.
The equations (4.4) and (5.9) reduce to the following equations:
(5.10) RA(X,Us) = bjmi(X), h3(X,U;) = eani(X), VX €T(TM).
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Applying Vx to (¢, N;) = 0 and using (2.7) and (2.2), we have

GX,IN) + G(AN X, Q) = Y €acapia(X) =0.

a=r+1

Substituting (3.2) into the last equation and using (5.1), we have

(5.11) > eatapialX) + D bg(An, X, Ni) = ui(X).
a=r+1 j=1

Replacing PZ by Uy, in (5.8) with ¢ # k and using (5.7), (5.10), (5.11) and the facts
0(Uy) = —0(JNy) = 0 and u;(Ux) = g(U;, Uy) = 0, we have

(¢ + 3){ue(X)m(Y) — we(Y)m:(X) 4+ ui(X)ne(Y) — ui(Y)ne(X)} = 0.
Replacing X by Vi and Y by &; to this equation, we have ¢ = —3. (]

Corollary 5.2. There exist no generic r-lightlike submanifolds M of an indefinite
Sasakian space form M(c)(c # —3) such that S(TM) is totally umbilical in M.
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