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ABSTRACT. In this paper we study quasi-conformally flat and pseudo projec-
tively flat weakly symmetric Riemannian manifolds. Here we prove a quasi-
conformally flat (WS),(n > 3) of non-zero constant scalar curvature is a
manifold of hyper quasi-constant curvature and this manifold of non-vanishing
scalar curvature is a quasi-Einstein manifold and manifold of quasi-constant
curvature with respect to the 1-form T" defined by T'(X) = B(X) — D(X) # 0,
V X. Also we obtain that a pseudo-projectively flat (W.S),(n > 3) of non-zero
constant scalar curvature is a manifold of pseudo quasi-constant curvature and
with non-vanishing scalar curvature is a quasi-Einstein manifold and manifold
of pseudo quasi-constant curvature with respect to above 1-form T'.

1. INTRODUCTION

L.Tamassy and T.Q.Binh [6] introduced weakly symmetric Riemannian mani-
fold. A non-flat Riemannian manifold (M™,g)(n > 2) is called weakly symmetric
if the curvature tensor R of type (0,4) satisfies the condition

(VxR)(Y,Z,U.V) = A(X)R(Y, Z,U,V) + B(Y)R(X, Z,U,V)
+C(Z)R(Y,X,U,V) + D(U)R(Y, Z, X, V)
(1.1) +E(V)R(Y,Z,U,X)

Y vector fields X,Y, Z, U,V € x(M™), where A, B,C, D and E are 1-forms (non-
zero simultaneously) and V is the operator of covariant differentiation with respect
to the Riemannian metric g. The 1-forms are called the associated 1-forms of the
manifold and an n-dimensional manifold of this kind is denoted by (W.S),. U.C. De
and S. Bandyopadhyay in [3] proved that if the associated 1-forms satisfy B = C
and D = E, the defining condition of a (W.S),, reduces to the following form

(VxR)(Y,Z,UV)=AX)RY,Z,UV)+ B(Y)R(X,Z, U V)
+B(Z)R(Y,X,U,V) + D(U)R(Y, Z, X, V)
(1.2) +D(V)R(Y, Z,U, X).
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According to Yano and Sawaki [8] a quasi-conformal curvature tensor C* is defined
by
Y)Z =aR(X,Y)Z +b[S(Y,Z2)X

(
—S(X, 2)Y +9(Y, 2)QX — g(X, 2)QY]
7

[

nn-—

(1.3) a

-+ 2][g(Y, 2)X — g(X, 2)Y]

where a,b are constants and R, Q,~ are the Riemannian curvature tensor of type
(1,3), the Ricci operator defined by g(QX,Y) = S(X,Y) and the scalar curvature
respectively.

Chen and Yano in [2] introduced a Riemannian manifold (M™, g)(n > 3) of quasi-
constant curvature which is conformally flat, and its curvature tensor R of type
(0,4) has the form

R(X,Y,Z,W) = alg(Y,Z)g(X,W) — g(X, Z)g(Y, W)]
+blg(X, W)A(Y)A(Z) — g(X, Z)A(Y)A(W)
(1.4) +9(Y, Z)A(X)AW) — g(Y, W) A(X)A(Z)]
where a,b are non-zero scalars.
According to Shaikh and Jana [4], a Riemannian manifold (M™,g)(n > 3) is said

to be of hyper quasi-constant curvature if it is conformally flat, and its curvature
tensor R of type (0,4) satisfies the condition

R(X,Y,Z,W) = alg(Y, Z)g(X, W) — g(X, Z)g(Y, W)]
+9(X,W)P(Y,Z) — g ( Z)P(Y, W)
(1.5) +g(Y, Z2)P(X,W) - (Y, W)P(X, Z)
where a is non-zero scalar and P is a tensor of type (0,2).

From [5] a pseudo projective curvature tensor P is defined by
P(X,Y)Z =aR(X,Y)Z+bS(Y,Z)X — S(X,Z)Y]

r. o a
1.6 ——[——+ gV, 2)X — g(X, 2)Y
(1.6) Sl— Hlle(Y, 2)X — g(X, Z)Y]
where a,b are constants such that a,b # 0; R, S, r are the Riemannian curvature

tensor, the Ricci tensor and scalar curvature, respectively.

In this present paper we like to introduce pseudo quasi-constant curvature.

Definition 1.1. A Riemannian manifold (M™,g)(n > 3) is said to be of pseudo
quasi-constant curvature if it is pseudo projectively flat and its curvature tensor R
of type (0,4) satisfies

R<X7 Y, Z, W) = a[g(Y, Z)g(X, W) - g(X7 Z)9<Y’ W)}
(17) FP(Y, Z2)g(X, W) — P(X, Z)g(Y, W)

where a is constant and P is a tensor of type (0, 2).



SOME TYPES OF WEAKLY SYMMETRIC RIEMANNIAN MANIFOLDS 23

Section 2 is concerned with preliminary results of (W.S),,. In section 3 and 4
we study quasi-conformally flat (W.S),, and pseudo-projectively flat (W'.S),,.

2. PRELIMINARIES

Let {e;} ¢ = 1,2,...,n be an orthonormal basis of the tangent spaces in a
neighbourhood of a point of the manifold. Then setting ¥ =V =¢; in (1.2), and
taking summation over i, 1 <1i < n, we get

(VxS8)(Z,U) = A(X)S(Z,U) + B(Z)S(X,U)

+D(U)S(X, Z) + B(R(X, Z)U)

(2.1) +D(R(X,U)Z)

where S is the Ricci tensor of type (0,2).

From (2.1) it follows that a (WS),(n > 2) is weakly Ricci symmetric (briefly
(WRS)n(n>2)) [7] if

(2.2) B(R(X,Z2)U)+ D(R(X,U)Z)=0,V X, U, Z e x(M").
From (2.1) it follows that
(2.3) dr(X) =rA(X)+2B(QX)+2D(QX)

where 7 is the scalar curvature of the manifold.

From [4] we have, if a (WS),(n > 2) is of non-zero constant scalar curvature,
the 1-form A can be expressed as

(2.4) AX) = —2[BQX) + D(QX)] , ¥ X.

r

If a (WS),(n > 2) is of zero scalar curvature then from (2.4) we get the relation
(2.5) B(QX)+D(@RX)=0, V X.
Then from (2.1) we obtain
(2.6) T(QX) = 5T (X)
where the vector field p is defined by
(2.7) T(X)=9g(X,p)=B(X)-DX), VX.
Also from [4] we get in a (WS),(n > 2) the relation
(2.8) T(Z)S(X,U)-TU)S(X,Z)—T(R(Z,U)X) =0
holds for all vector fields X, Z, U and T is a 1-form.
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3. QUASI-CONFORMALLY FLAT (WS),

Let (M™,g)(n > 3) be a quasi-conformally flat (W.S),. Then from(1.3), we
obtain

,

R(X,Y,2,U) = —S[S(Y, Z)9(X,U) = 5(X, 2)g(Y,U) +g(Y, 2)S(X,U)

(31 —g(X, DSV U+ L + Plg(v. 2)9(X,V) - 9(X, 2)g(¥, )

nn-—1 a

where g(R(X,Y)Z,U) = R(X,Y, Z,U).

Putting X = U = ¢; in (3.1) where {e;} is an orthonormal basis of the tan-
gent space at each point of the manifold and taking the summation over i, where
1 <4< n, we get

(3.2) S(Y,Z) = ag(Y, Z)

b + %(1 + 2b(n71) )]

S zon—1)
where o = 1+%(n_2)[ o )

Here we can say that quasi conformally flat (WS),, is an Einstein manifold.

Now from (3.2), we get
(3.3) (VxS)(Y,Z) = o/dy(X)g(Y, Z)

where o = W[_S +ia+ w)]

a

Similarly we can get

(3-4) (Vz8)(Y, X) = o'dy(Z)g(Y, X)
Now subtracting (3.4) from (3.3), we get
(3.5) (Vx9)(Y, 2) = (V29)(Y, X) = o/ [dv(X)g(Y, Z) — dy(Z)g(Y, X)]

Interchanging X and U in (2.1), and then subtracting the resultant from (2.1), we
obtain by virtue of (3.5) that

[A(X) = D(X)]S(U, 2) - [A(U) = D(U)]S(X, Z) + B(R(X,U)Z) + 2D(R(X,U)Z)
(3.6) =o' [dy(X)g(Z,U) — dy(U)g(Z, X)]

Let p1, p2, p3 be the associated vector fields corresponding to the 1-forms A, B, D
respectively; i.e.,

9(X,p1) = A(X); g(X, p2) = B(X); 9(X, p3) = D(X).

Substituting U by ps in (3.6), and then using (2.3), we get
[A(X) = D(X)|B(QZ) — [A(p2) — D(p2)]S(X, Z)
+R(X, p2,Z, p2) + 2R(X, p2, Z, p3) = ' [B(Z)[yA(X) + 2B(QX) + 2D(QX))]
(3.7) —9(X, Z)[vA(p2) + 2B(@p2) + 2D (Qp2)]]

If the manifold has non-zero constant scalar curvature, then by virtue of (2.4)
equation (3.7) yields that

[Ap2) = D(p2)IS(X, Z) = [A(X) — D(X)]B(QZ)



SOME TYPES OF WEAKLY SYMMETRIC RIEMANNIAN MANIFOLDS 25

(3.8) +R(p2, X, Z, p2) + 2R(p2, X, Z, p3) = 0
Again since the manifold is quasi-conformally flat, we have from (3.1)
R(p2, X, 2, 2) + 2R (0 X, Z,p) = —[S(X, Z)[B(p) + 2D ()]
—B(QZ)[B(X) +2D(X)] + 9(X, Z)[B(Qp2)
+2D(Qp2)] — B(Z2)[B(QX) + 2D(QX)]]
(39) 41+ (X, 2)B(pa) +2D(ps)] - BZ)B(X) +2D(X)]
Using (3.9) in (3.8) we obtain
S(X,Z)=019(X,Z) + a2 B(X)B(Z) + asB(Z)D(X)
+a4B(X)B(Z) + 045D(X)B(Z) + (XGB(Z)B(X)
(3.10) +a7B(Z)D(X) + asA(X)B(Z)
where a1, as, ..., agare scalars in terms of 7, B(p2), D(p2) and B(X) = B(QX),
D(X)=D(QX) VX

This leads to the following:

Theorem 3.1. In a quasi-conformally flat (WS),(n > 3) of non-zero constant
scalar curvature the Ricci tensor S has the form (38.10).

Again using (2.4) in (3.10), we have
S(X,Z)=a19(X,Z) + as B(X)B(Z) + a3 B(Z)D(X)
+asB(X)B(Z) + asD(X)B(Z) + a B(Z)B(X)

[we]

(3.11) +a7B(Z)D(X)+as(—;)[B(X) +D(X)|B(2)

Putting (3.11) in (3.1) we obtain
R(vav va) = a[g(Y, Z)g(X7W) 7g(sz)g(Y7W)}
+9(X,W)P(Y, Z) — g(X, Z)P(Y, W)
X

(3.12) +9(Y, Z)P(X,W) — g(Y,W)P(X, Z)
where
P(Y,Z) = (8 BD)(Y,Z) = 1 B(Y)B(Z) + 2 B(Z)D(Y)
+83B(Y)B(Z )+ﬁ4 B(Z)D(Y)
+8:B(Y)B(Z) + BsB(Z)D(Y)
(3.13) +61B(Z)D(Y) + s B(Y)B(Z)
and a; (1, B2, -+, Ps are non-zero scalars.

From (3.12), it follows that the manifold is of hyper quasi-constant curvature.

Thus we can state the following:

Theorem 3.2. A quasi-conformally flat (W.S),(n > 3) of non-zero constant scalar
curvature is a manifold of hyper quasi-constant curvature.
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Now putting U = p in (2.8) and then using (2.6), we get

(3.14) %T(X)T(Z) —T(p)S(X,Z)+ R(p, Z,X,p) =0

Let us now suppose that a (W.S),(n > 3) is quasi-conformally flat, and of non-zero
scalar curvature. Then (3.1) yields

R(p.Z, X, p) = ~2[T(p)S(X, 2) ~AT(X)T(Z) + 1T(p)g(X, 2)

1 20
l[ + =
n
Using (3.15) in (3.14), it follows that

4 A B R S
1+ T(P)SX.Z) =[5+~ = (- +

(3.15) -

— T T(p)g(X, 2) = T(X)T(Z)]

L 2 re(x, 2)

n—1 a

(3.16) +[

20 n

We shall now show that T'(p) # 0. For if T'(p) = 0, then (3.16) implies

M+ E = L + 2TOT(Z) = 0

n—1 a

Since T'(X) # 0 for all X, and n > 3, the above relation yields v = 0, a con-
tradiction to the assumption that the manifold is of non-zero scalar curvature.
Thus we have T'(p) # 0.

Consequently, (3.16) yields
(3.17) S(X,Z) =ag(X,Z)+ BT(X)T(Z)

where &, [ are non-zero scalars and

a=mrln+ i+ )
and
Bzm%"‘%_%(ﬁ‘k%)]

Again by [1], a Riemannian manifold is said to be quasi-Einstein, if its Ricci tensor
is of the form

(3.18) S=pg+qudw

where p, ¢ are scalars of which ¢ # 0 and w is a 1-form.

In virtue of (3.17) and (3.18) we can state the following theorem:

Theorem 3.3. A quasi-conformally flat (WS),(n > 3) of non-vanishing scalar
curvature is a quasi-Finstein manifold with respect to the 1-form T defined by

T(X)=B(X)-D(X)#0VY X.
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Again, using (3.17) in (3.1), it follows that
R(X,Y,Z,W) =1[g(Y, Z2)g(X,W) — g(X, Z)g(Y, W)]
+olg(X, W)T(Y)T(Z) — (X, 2)T(Y)T(W)
(3.19) +9(Y, Z2)T(X)T(W) — g(Y,W)T(X)T(Z)]

where [ and 6 are non-zero scalars and

l=[-2a+ 2% +2))and 6 = - 28

a

comparing (3.19) and (1.4), we can state the following theorem:

Theorem 3.4. A quasi-conformally flat (WS),(n > 3) of non-vanishing scalar
curvature is a manifold of quasi-constant curvature with respect to the 1-form T
defined by T(X) = B(X)—-D(X)#0V X.

Using the expression of T in (3.19), it can be easily seen that

,

R(X,Y,Z,W) =1[g(Y, Z)g(X, W) — g(X, Z)g(Y,W)] + g(X,W){0BD}(Y, Z)
— 9(X, Z2){6BD}Y, W) + g(Y, Z){dBD}(X, W) — g(Y, W){dBD}(X, Z)
where {§BD} = 6(BB — BD — DB + DD)

Comparing the above relation with (3.12), we can state:

Corollary 3.1. A quasi-conformally flat (WS),(n > 3) of non-zero scalar curva-
ture is a manifold of hyper quasi-constant curvature.

4. PSEUDO-PROJECTIVELY FLAT(WS),

Let (M™,g)(n > 3) be a pseudo-projectively flat (W.S),,. Then from (1.6)we
obtain

RX,Y, 2,0) =~ L[S(Y, 2)g(X.U) — S(X, 2)g(Y. V)]

a
r a
—[—=+b]|[g(Y, Z2)9(X,U) — g(X, Z)g(Y,U

+an[(n_ 5t 19(Y. Z)g(X,U) — g(X, Z)g(Y,U)]

Putting X = U = ¢; in (4.1) where {e;} is an orthonormal basis of the tangent space

at each point of the manifold and taking the summation over i, where 1 < i < mn,

we get
(4.2) S(Y,Z) = ag(Y, 2)

(4.1)

where a =L
n

The above equation (4.2) indicates, a pseudo-projectively flat manifold is an
Einstein manifold.

Now from (4.2) we get
(43) (Vx8)(Y. Z) = ondr(X)g(Y, 2)
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1
where oy = P

Similarly we can get

(4.4) (V28)(Y; X) = ardr(Z)g(Y, X)
Now subtracting (4.4) from (4.3), we get
(4.5) (VxS)(Y, 2) = (Vz5)(Y, X) = en[dr(X)g(Y, Z) — dr(Z)g(Y, X)]

Interchanging X and U in (2.1), and then subtracting the resultant from (2.1), we
obtain by virtue of (4.5) that

[A(X) - D(X)|S(U, Z) - [A(U) - DU)IS(X, Z)

(4.6) +B(R(X,U0)Z)+2D(R(X,U)Z) = a1[g(Z,U)dr(X) — g(Z, X)dr(U)]
Let p1, p2, p3 be the associated vector fields corresponding to the 1-forms A, B, D
respectively;

Le., g(X,p1)=AX); g(X,p2) = B(X); g(X,p3) = D(X).

Substituting U by ps in (4.6), and then using (2.3), we get
[A(X) = D(X)|B(QZ) — [A(p2) — D(p2)]S(X, Z)
+R(X, p2, Z, p2) + 2R(X, p2, Z, p3) = an[B(Z)[rA(X) + 2B(QX) + 2D(QX))]
(4.7) —9(X, Z)[rA(pz) + 2B(Qp2) + 2D(Qp2)]

If the manifold has non-zero constant scalar curvature, then (4.7) yields by virtue
of (2.4) that

[Ap2) = D(p2)]S(X, Z) - [A(X) — D(X)]B(QZ)

(4.8) +R(p2, X, Z, p2) + 2R(p2, X, Z, p3) = 0

Again since the manifold is pseudo-projectively flat, we have from (4.1)

R(p2, X, 2, p2) + 2R(p2. X, Z,p5) =~ [S(X, Z)[B(p2) + 2D ()]

~BQABX) +2D(X)] + [ +

(4.9) —B(Z)[B(X) +2D(X)]]
Using (4.9) in (4.8), it follows that
S(X,7) = asg(X, Z) + asB(X)B(Z) + a4 B(Z)D(X)

bl[g(X, Z)[B(p2) + 2D(p2)]

(4.10) +a5B(X)B(Z) + agD(X)B(Z) + a7 A(X)B(Z)

where ag, a3, -+, a7 are scalars in terms of r, B(pz), D(p2) and B(X) =
B(QX), D(X) = D(QX) V X.
This leads to the following theorem:

Theorem 4.1. In a pseudo-projectively flat (WS),(n > 3) of non-zero constant
scalar curvature the Ricci tensor S has the form (4.10).
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Again using (2.4) in (4.10) we have
S(X,Z) = as9(X,Z) + asB(X)B(Z) + aysB(Z)D(X)
+OZ5B(X)B(Z) + QGD(X)B(Z)

~2J[B(X) + D(X)]B(2)
Putting (4.11) in (4.1) we obtain

,

R<X7 Y, Z, W) = a[g(Y, Z)g(X, W) - 9(X, Z)9<Y’ W)}

(4.11) +ar]

(4.12) +P(Y,2)g(X,W) - P(X,Z)g(Y,W)
where
P(Y,Z) = (8 BD)(Y,Z) = 51B(Y)B(Z) + 52B(Z)D(Y)
+83B(Y)B(Z) + 1B(Z)D(Y')

(4.13) +B5B(Y)B(Z) + BsB(Z)D(Y')

and a; (31, B2, ---, B are non-zero scalars.

From (4.12), it follows that the manifold is of pseudo quasi-constant curvature.
Thus we can state the following theorem:

Theorem 4.2. A pseudo- projectively flat (WS),(n > 3) of non-zero constant
scalar curvature is a manifold of pseudo quasi-constant curvature.

Now putting U = p in (2.8) and then using (2.6), we get
r
(4.14) (T(X)T(2) - T(p)S(X.2) + Bip.2.X.p) =0
Let us now suppose that a (W.S),(n > 3) is pseudo projectively flat and non-zero
scalar curvature. Then (4.1) yields

/.

R(p.2,X.p) =~ [T()S(X, Z) ~ LT(X)T(2)

(4.15) [ + HaX. 2)T () ~ T(OT(2)]
Using (4.15) in (4.14) it follows that

(14 DTRIS(X.2) = s + UT (o X, 2)
(4.16) H + g = (G + OITOT(2)

We shall now show that T'(p) # 0. For if T'(p) = 0, then (4.16) implies that

3+ 5 — (Gl +OIT(X)T(Z) =0
Since T(X) # 0 for all X, and n > 3, the above relation yields » = 0, a con-
tradiction to the assumption that the manifold is of non-zero scalar curvature.
Thus we have T'(p) # 0.
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Consequently (4.16) yields

(4.17) S(X,Z) = a1g(X, Z) + HT(X)T(Z)
where a;, Bl are non-zero scalars and

& = gy [ ey + )

and

2 1 r br r a

Bl - (1+£)T(p) [5 + 2a %((n—l) + b)}

Hence by virtue of (3.18) we can state:

Theorem 4.3. A pseudo-projectively flat (WS),(n > 3) of non-vanishing scalar
curvature is a quasi-Einstein manifold with respect to the 1-form T defined by

T(X)=B(X)-D(X)# 0,V X.

Again, using (4.17) in (4.1), it follows that

,

R(X,Y,Z,W) =nlg(Y, 2)9(X, W) — g(X, Z)g(Y,W)]

(4.18) +0TYT(2)g(X, W) =T (X)T(Z)g(Y,W)
where 7, ¢ are non-zero scalars, when
Y=t + L(Giy +b) and & =-LB
Comparing (4.18) and (1.4), we can state the following theorem:
Theorem 4.4. A pseudo-projectively flat (WS),(n > 3) of non-vanishing scalar
curvature is a manifold of pseudo quasi-constant curvature with respect to the 1-
form T defined by T(X) = B(X) — D(X) #£0, ¥ X.
Using the expression of T in (4.18), it can be easily seen that
R(X,Y, ZW) =nlg(Y. 2)g(X, W) — (X, Z)g(Y, W)]
+{6:BD}(Y, Z)g(X, W) — {61 BD}(X, Z)g(Y, W)
where {6;BD} = 6,(BB — BD — DB + DD) .

Comparing the above relation with (4.12), we can state:

Corollary 4.1. A pseudo-projectively flat (WS),(n > 3) of non-zero scalar cur-
vature is a manifold of pseudo quasi-constant curvature.
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