INTERNATIONAL ELECTRONIC JOURNAL OF GEOMETRY
VOLUME 4 No. 2 pp. 85-113 (2011) ©IEJG

HALF-DIMENSIONAL IMMERSIONS IN PARA-KAHLER
MANIFOLDS

ROLAND HILDEBRAND

(Communicated by Luc VRANKEN)

ABSTRACT. We show that every in a certain sense non-degenerated Lagrangian
immersion in a para-Kéhler manifold naturally carries a dual pair of Codazzi
structures. On the other hand, every manifold carrying a dual pair of Codazzi
structures can be represented as a non-degenerated Lagrangian submanifold of
a para-Kéahler manifold. We derive this equivalence from a similar, but more
general one, relating non-degenerated half-dimensional immersions in para-
Kéahler manifolds to dual pairs of what we call pre-Codazzi structures. We
specialize this equivalence in two cases. Firstly, we show that every projec-
tively flat manifold carries a natural pre-Codazzi structure, and can be, at
least locally, represented as a half-dimensional immersion in a special para-
Kahler manifold, which we call the cross-ratio manifold. Secondly, we show
that manifolds carrying pre-Codazzi structures with flat connections are rep-
resented by half-dimensional immersions in the flat para-Kéhler space. Our
results have applications in affine differential geometry. Namely, centro-affine
geometry can be seen as the geometry of Lagrangian immersions in the cross-
ratio manifold, while the geometry of graph immersions is equivalent to the
geometry of Lagrangian immersions in the flat para-Kahler space. We also
obtain a natural duality relation between projectively flat connections on a
manifold, extending the duality induced by the conormal map of centro-affine
immersions to connections which are not equiaffine.

1. INTRODUCTION AND OVERVIEW

One of the main goals of this contribution is to uncover a close relation that exists
between Lagrangian submanifolds of para-Kahler manifolds and Codazzi manifolds,
i.e., manifolds carrying a Codazzi structure. Codazzi manifolds are sometimes also
called statistical manifolds. We will show that every Lagrangian submanifold of a
para-Kéhler manifold, subject to a non-degeneracy condition, can be naturally seen
as a Codazzi manifold. On the other hand, every Codazzi manifold possesses a cor-
responding representation as a Lagrangian submanifold of a para-Kahler manifold.
Codazzi structures also naturally appear on certain affine hypersurface immersions
in affine differential geometry. Indeed, we will show that certain classes of such
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hypersurface immersions are linked via their Codazzi structures to the Lagrangian
immersions in specific para-Kahler manifolds. In order to give an overview of the
technical details in this paper, we continue with a short introduction into para-
Kahler manifolds, affine differential geometry and Codazzi structures.

Para-Kiahler manifolds. A symplectic manifold is a differentiable manifold
carrying a symplectic form w, i.e., a closed, non-degenerate, skew-symmetric 2-form.
A Fedosov manifold is a symplectic manifold with a torsion-free affine connection V
such that the symplectic form w is parallel with respect to this connection, Vw = 0.
A para-complexr manifold M is a 2n-dimensional manifold with a smooth tensor
field J of type (1,1) such that J is an involution of the tangent space T, M at each
z € M, J? = 1, and such that the eigenspaces corresponding to the eigenvalues +1
of J form two involutive (completely integrable) n-dimensional distributions. We
will denote these distributions by DF, DX respectively. The field J is called the
para-complex structure of the manifold. A para-Kdhler manifold is a para-complex
Fedosov manifold such that the eigenspace distributions DX, DF are isotropic with
respect to the symplectic form w, and whose affine connection V is the Levi-Civita
connection of the pseudo-Riemannian metric g defined by

(1.1) gl X, Y] =w[JX,Y], w[X,Y] =g[JX,Y]

for every two vector fields X,Y on M. Here and in the rest of the paper we denote
by brackets the value of covariant tensors on vectors or vector fields. It is not hard
to see that g is necessarily of neutral signature and non-degenerate. The integral
submanifolds of the distributions DX, D¥ locally form two Lagrangian foliations,
which is why a para-Kahler structure is sometimes called a bi-Lagrangian structure.

The simplest para-Kéhler manifold is the flat para-Kéhler space E2", defined as
the space R?" endowed with the structures

1/0 I, 1/ 0 I, (I, 0

where I, is the n x n identity matrix.

Para-Kéhler manifolds differ from Kéhler manifolds by the property that the
automorphism J of the tangent bundle is an anti-isometry, g[JX, JY] = —g[X, Y],
while in Kahler manifolds it is an isometry, and that it is an involution, J? = 1,
while in Kéhler manifolds it squares to —1. The class of para-Kéhler manifolds has
been explicitly introduced by Libermann in [14]. Recent expositions of para-Kéhler
manifolds can be found in [10] or [11]. A compact introduction can also be found
in [1, Section 5].

Affine differential geometry. Consider an immersion f : M — M of an
n-dimensional differentiable manifold M into an (n + k)-dimensional differentiable
manifold M carrying a torsion-free affine connection V. Suppose further that for
every y € M, we are given a k-dimensional linear subspace D, C T ()M, depending
smoothly on y, such that Ty, )M = D, @ f.[T,, M], where f, is the differential of the
immersion f. In other words, the distribution D is required to be transversal to the
immersion. Let now X, Y be vector fields on M and let X, Y be (locally) extensions
of their images under the differential f, to a neighbourhood of the immersion f in
M. On the immersion we can then decompose the covariant derivative

(1.3) ViY = fu(VxY) +a[X,Y]
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into a component f,(VxY) which is tangent to the immersion and a component
a[X,Y] which lies in the distribution D. One can show that V 5(}7 depends only
on the original vector fields X,Y, the preimage under the differential f, of the
tangential component defines a torsion-free affine connection V on M, the induced
connection, while « is a D-valued symmetric bilinear form on M, the affine funda-
mental form [17, p.28]. If we imagine M to be equipped a priori with the connection
V, we say that f is an affine immersion with transversal distribution D. In the
case when k = 1, the distribution D will amount to a transversal vector field £ on
the immersion, and « can be written as

alX,Y] = h[X,Y]¢,

where h is now a symmetric covariant tensor field of second order on M, the affine
metric. In this case we speak of an affine hypersurface immersion.

In affine differential geometry, special attention is dedicated to affine hypersur-
face immersions into the flat space R"*1. We will consider two special classes of
such immersions, the centro-affine immersions and the graph immersions. In the
first case, the transversal vector field is given by the negative position vector of
the immersion, £(y) = —f(y) [17, Example 2.2, p.37], while in the second case,
the transversal vector field equals a constant vector [17, Example 2.4, p.39]. The
affine connection induced by a centro-affine hypersurface immersion is projectively
flat (a torsion-free affine connection V on a manifold M is said to be projectively
flat if there exists a flat connection V' on M such that the geodesics of V can be
obtained from the geodesics of V' by a reparametrization [17, Def. 3.3, p.17 and
Proposition A1.1, p.236]) with symmetric Ricci tensor equal to n—1 times the affine
metric [17, Proposition 3.1, p.14 and p.38], while the affine connection induced by
graph immersions is flat [17, p.40]. The converse also holds, at least locally [17,
Proposition 2.7, p.38 and Proposition 2.8, p.40].

Let the ambient space R™*! of an affine hypersurface immersion f : M — R"*1
with transversal vector field ¢ be equipped with an invariant volume element 6.
Then we can define an induced volume element 6 on M by

O(X1,. .., Xn) = 0(fo(X1), ..., fo(X0),6).

If 6 is V-parallel, VO = 0, then £ is said to be equiaffine. The centro-affine im-
mersions and the graph immersions are special cases of affine hypersurface immer-
sions with equiaffine transversal vector field. For affine hypersurface immersions
f: M — R™! with equiaffine transversal vector field the induced affine connection
V and the affine metric h on M satisfy the Codazzi equation [17, Theorem 2.1,
p.32]. The Codazzi equation for an affine connection V and a symmetric covariant
second order tensor P is given by

(1.4) (VxP)[Y,Z] = (VzP)[Y, X]

for every triple (X,Y, Z) of vector fields. It follows that the covariant derivative
Vh of the affine metric with respect to the induced affine connection is a totally
symmetric 3-form.

Codazzi structures. A Codazzi structure on a differentiable manifold M is a
pair (V, g) of a torsion-free affine connection V and a pseudo-Riemmannian metric
g such that the covariant derivative Vg is totally symmetric. If V is flat, then (V, g)
is called a Hessian structure, and the manifold M a Hessian manifold. Clearly a
pair (V, g) is a Codazzi structure if and only if it satisfies the Codazzi equation (1.4)
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[19, p.33], [17, p.21]. The totally symmetric tensor Vg is called the cubic form of
the Codazzi structure [17, p.21]. As explained in the previous paragraph, affine
hypersurface immersions f : M — R"! with equiaffine transversal vector field
carry a natural Codazzi structure (V, h), composed of the induced affine connection
and the affine metric.

If V is an affine connection and P is non-degenerate symmetric covariant second
order tensor, then there exists a unique affine connection V such that [17, p.20]

(1.5) (XP)[Y,Z) = P[VxY,Z] + P[Y,VxZ]

for all vector fields X,Y, Z on M. Here X P denotes the derivative of P in the direc-
tion of X. The connection V is called the conjugate connection (or dual connection)
of V relative to P. The conjugate connection has a simple interpretation. Namely,
if X(t),Y(t) are vector fields along a curve ~(t) on M, such that X is V-parallel,
and Y is V-parallel, then P[X,Y] is constant along the curve [17, Proposition 4.5,
p.21].

Let now (V, g) be a Codazzi structure on M. Then the connection V is torsion-
free. The Codazzi equation (1.4) guarantees that the conjugate connection V of
V relative to g is also torsion-free [17, Cor.4.3, p.21]. Moreover, (V,g) is also a
Codazzi structure, and %(V + V) is the Levi-Civita connection V for g [17, Cor.4.4,
p.21], [19, Lemma 2.3]. The Codazzi structure (V,g) is called the dual Codazzi
structure to (V, g).

As mentioned in the exposition of affine differential geometry, Codazzi structures
arise naturally on affine hypersurface immersions with equiaffine transversal vector
field into the flat space R™ ™! and have first been considered in this context [17, p.22].
For an introduction to Codazzi structures, see [19, Section 2.5] or [17, Section I.4].
Independently, Codazzi manifolds have been used in statistics, where they are called
statistical manifolds. An overwiew over this field of application is given in [2].

The subject of this contribution are n-dimensional immersions in 2n-dimensional
para-Kéhler manifolds. For each such immersion f : M — M, the pseudo-
Riemannian metric g and the symplectic form w of the ambient para-Kahler mani-
fold M define on M a pseudo-Riemannian metric § and a closed skew-symmetric
2-form w, respectively. If @ vanishes, then f is a Lagrangian immersion. The study
of Lagrangian immersions in para-Kéahler manifolds has been initiated by Chen
in [5] and pursued in [4]. It is shown in [5, Lemma 3.2, (iii)] that a Lagrangian
immersion f : M — M in a para-Kahler manifold carries a natural completely sym-
metric 3-form ¢ induced by the second fundamental form II; of M. Note that for
an isometric immersion f : M — M of pseudo-Riemannian manifolds, the second
fundamental form II; is only well-defined if the metric ¢ on M is non-degenerate.
It was omitted in [5, Lemma 3.2] to impose this non-degeneracy condition, and this
Lemma is hence formally not correct as stated.

In Subsection 2.3 we will show that the non-degeneracy condition on g is equiva-
lent to the condition that the distributions DX, DP are transversal to the La-
grangian immersion f : M — M (Lemma 2.6). For Lagrangian immersions satisfy-
ing this condition, the transversal distributions DX, DF induce affine connections
VX, VP on M. One of the main results in this contribution is that the pairs (VX, §)
and (VP g) are dual Codazzi structures on M (Theorem 2.2). Thus for every non-
degenerate Lagrangian immersion f : M — M in a para-Kahler manifold, M is
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naturally a Codazzi manifold. Moreover, we will identify the totally symmetric 3-
form defined in [5, Lemma 3.2, (iii)], up to the multiplicative factor 2, as the cubic
form of the Codazzi structure (VX, §) (Theorem 2.3). Thus there is a close relation
between f, considered as an affine immersion with transversal distribution DX or
DP . and f, considered as an isometric immersion of pseudo-Riemannian manifolds.

One can then ask whether every n-dimensional Codazzi manifold M with non-
degenerate pseudo-Riemannian metric can be realized as a Lagrangian immersion
of a para-Kéhler manifold. We will answer this question in the affirmative, con-
structing a para-Kéhler manifold M and a Lagrangian immersion f : M — M
such that (VX,§), defined as in the previous paragraph, coincides with the given
Codazzi structure on M (Corollary 3.1).

Specific choices of the para-Kéahler manifold M will lead to the Codazzi struc-
tures (VX,§) on the Lagrangian immersions in M having specific properties. We
will consider two such choices, the flat para-Kéhler space E2" and a special para-
Kahler manifold which we call the cross-ratio manifold. The cross-ratio manifold is
isomorphic to a member of the one-parametric family of reduced paracomplex projec-
tive spaces, which were introduced and studied in [12] (Theorem 4.1). We will show
that the Codazzi structures on the Lagrangian immersions of the cross-ratio mani-
fold have a projectively flat equiaffine connection with Ricci tensor equal to (n —1)
times the metric (Corollary 4.1), and every such Codazzi structure can be locally
obtained in this way (Corollary 4.2). The Codazzi structures on the Lagrangian
immersions of the flat para-Kéhler space are actually Hessian structures (Corollary
5.1), and every Hessian structure can locally be obtained in this way (Corollary
5.2). Note that the Codazzi structures having these properties are exactly the Co-
dazzi structures generated by centro-affine hypersurface immersions and by graph
immersions into R"*!, respectively. This suggests an intimate relation between the
geometry of Lagrangian immersions in the flat para-Kihler space E2" and that of
graph immersions into R"™!, and between the geometry of Lagrangian immersions
in the cross-ratio manifold and centro-affine geometry. Indeed, the links between
these concepts go far beyond the scope of this contribution, and will be the subject
of a companion paper.

Links between affine differential geometry and Lagrangian submanifolds of para-
Kéhler manifolds have been found, albeit in a very different framework, in [9], [7].
Connections between affine differential geometry and K&hler manifolds have also
appeared in the literature [15]. Let o be a symmetric 3-form and § a metric on some
manifold M. Conditions on o, § have been given in [4, Section 3] such that o, § can
be realized as the corresponding structures on a Lagrangian immersion f : M —
E2". A proof can be found in [6]. Similar conditions are given if E2" is replaced
by another para-K&hler space form (a para-Kédhler space form is a homogeneous
para-Kéhler manifold with constant para-sectional curvature, see, e.g., [1]). Note
that the cross-ratio manifold, being isomorphic to a reduced paracomplex projective
space, is also a para-Kéhler space form.

Our results described above will actually be obtained as special cases of more
general analogs. The generalization consists in dropping the condition that the
considered n-dimensional immersions f : M — M in 2n-dimensional para-Kéahler
manifolds be Lagrangian. We will show that for such general half-dimensional im-
mersions the pair (VX, Q), where Q = § + @, still satisfies the Codazzi equation

(1.4) (Theorem 2.1). However, the pair (VX,Q) is no more a Codazzi structure,
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because Q is no more symmetric. We will call such a pair a pre-Codazzi structure
(one may call it also asymmetric Codazzi structure), and a manifold M carrying a
pre-Codazzi structure a pre-Codazzi manifold (Definition 2.1). Similarly, we may
call a pre-Codazzi structure with flat connection a pre-Hessian structure (Definition
5.1). Dual pre-Codazzi structures can be defined by an analog of equation (1.5).
The relation between non-degenerate half-dimensional immersions in para-Kahler
manifolds and pre-Codazzi manifolds will turn out to be similar to the relation
described above between Lagrangian immersions in para-Ké&hler manifolds and Co-
dazzi manifolds (Theorem 2.1, Theorem 3.1).

This generalization extends also to the results concerning the specific para-Kahler
manifolds E2" and the cross-ratio manifold. Namely, every non-degenerate half-
dimensional immersion in E2" carries a natural pre-Hessian structure (VX, Q) de-
fined as in the previous paragraph (Proposition 5.1), and every pre-Hessian struc-
ture can locally be represented in this way (Proposition 5.2). From the duality of
the pre-Codazzi structures induced by the distributions DX, DF it then follows that
the dual of a pre-Hessian structure must also be a pre-Hessian structure (Theorem
5.1). This defines a duality relation on pre-Hessian structures (Definition 5.2).

On every non-degenerate half-dimensional immersion in the cross-ratio mani-
fold, the pre-Codazzi structure (VX, Q) is such that the affine connection VX is
projectively flat with Ricci tensor equal to R;; = nQZ—j — le- (Theorem 4.2), and
every projectively flat manifold can be locally obtained in this way (Theorem 4.3).
This relation defines a natural pre-Codazzi structure on projectively flat manifolds
(Definition 4.3). The duality relation between pre-Codazzi structures on a mani-
fold then induces a duality relation between projectively flat connections on this
manifold (Theorem 4.4, Definition 4.4).

Note that there is a conceptual difference between the cases described in the
previous two paragraphs. A projectively flat connection determines the second
member of its natural pre-Codazzi structure by its Ricci tensor, and thus contains
all the information itself. A flat connection, on the contrary, only determines the
local isomorphism of the manifold with the flat affine space, and the information
content is in the second member of the pre-Hessian structure.

Throughout the paper, the structures we consider are supposed to be smooth.
This assumption is introduced to facilitate the exposition and can be appropriately
relaxed.

1.1. Notation. In Sections 2 and 3 M will denote a general 2n-dimensional para-
Kahler manifold with pseudo-Riemannian metric g, symplectic form w and para-
complex structure J. The eigendistributions of J with eigenvalues +1, —1 will be
denoted by D¥, DX, respectively. We study immersions f : M — M of an n-
dimensional manifold M into M. The immersion f induces a pseudo-Riemannian
metric ¢ and a closed skew-symmetric 2-form @ on M. We also introduce the
second order covariant tensor fields Q = g + w and Q =g+ won M and on M,
respectively. If one or both of the distributions DX, D¥ are transversal to the
immersion f, then f can be viewed as an affine immersion with the corresponding
transversal distribution. We denote the corresponding induced affine connections by
VX, VP, respectively, and the corresponding affine fundamental forms by aF, aX.
In Sections 4 and 5 we specialize M to the cross-ratio manifold and the flat para-
Kahler space, respectively.
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2. IMMERSIONS IN PARA-KAHLER MANIFOLDS

In this section we study half-dimensional immersions f : M — M into para-
Kéhler manifolds. In Subsection 2.1 we introduce coordinate charts and the concept
of the para-Kéahler potential on M. In Subsection 2.2 we define and consider pre-
Codazzi structures. In Subsection 2.3 we show that if a certain non-degeneracy
condition is satisfied, then f defines a pre-Codazzi structure on M. This is the
main result of this section. Finally, in Subsection 2.4 we specialize the results of
Subsection 2.3 to the case of Lagrangian immersions.

2.1. The para-Kahler potential. We will need an explicit description of the
para-Kéhler structure on M. The para-complex structure J equips M with a local
product structure. Namely, for every 2 € M, there exists a neighbourhood U C M
of Z and a diffeomorphism ¢ : U — Ux x Up onto the product of simply connected
open sets Ux, Up C R™, with the following property. Let X : U — Ux, ¢¥ : U —
Up be the components of ¢, then the distributions DX, DF are the kernels of the
differentials X, ¥, respectively. Introducing coordinates z',...,z" on Ux and
p™tl . ..,p?>" on Up, we obtain a coordinate chart on the set U. The coordinates
of z = ¢~ 1(x,p) € U are then given by (2%,...,2%") = (2!,... 2" p"tL ... p?").
We will call such charts adapted to the para-complex structure. In any such chart,
the matrix of the para-complex structure J is given by

2.1) J= (Ig _g) .

The metric g and the symplectic form w of M can be recovered from their sum
Q = g+w as the symmetric and skew-symmetric part of Q, respectively. Note that
the covariant second order tensor QQ encodes the para-complex structure J as well,
since the distributions DF, DX are the right and left kernel of Q, respectively, as
will be shown in the following lemma.

Lemma 2.1. Let M be a para-Kdhler manifold with metric g, symplectic form w,
and para-complex structure J. Put further Q = g+w. Then for every triple of vector
fields X, Y, Z on M such that JX = =X and JY =Y we have Q[X,Z] = Q[Z,Y] =
0. On the other hand, if for some vector fields X, Y we have Q[X,Z] = Q[Z,Y] =0
for all vector fields Z, then JX = —-X, JY =Y.

Proof. Assume the notations of the lemma. For every X,Y, Z we have by (1.1) that
QX,Z] = g[X,Z]+wlX,Z]=y[X, Z] +g[JX, Z] = g[X + JX, Z],
Q[z,Y] = glY.Z]-wlY,Z] =g[Y, Z] — g[JY, Z] = g[Y — JY, Z].

If now JX = —X and JY =Y, then X +JX =Y — JY = 0 and by the above

we obtain Q[X,Z] = Q[Z,Y] = 0. On the other hand, let X,Y be such that

Q[X,Z]=Q[Z,Y]=0forall Z. Then g[X +JX,Z] =g[Y —JY,Z] =0 for all Z,

and hence X +JX =Y — JY = 0, because g is non-degenerate. [l

In an adapted coordinate chart, the matrices of the tensors Q, g, w can hence be
written as

1 1
s a0 9). el 9 w2 )

where @ is an invertible n x n matrix. The condition Vw = 0 leads to restrictions
on the matrix @ as a function of (z,p) € Ux x Up. We have the following result.
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Proposition 2.1. [8, Section 2.2, Theorem 2 and its proof] Let M be a para-
Kahler manifold and let ¢ : U — Ux x Up be an adapted chart on M, such that
Ux,Up C R" are simply connected, with coordinates x,p, respectively, the para-
complex structure on U is given by (2.1), and the para-Kdihler structure on U is
given by (2.2). Then there exists a real-valued function g on U such that

0%q
The function q is unique up to transformations of the form
(2.4) q(z) = q(2) + h(z) + 1 (p)

for arbitrary smooth functions h,h’ on Ux and Up, respectively.

Conversely, let M be a 2n-dimensional manifold equipped with a covariant second
order tensor field Q that can locally be expressed by (2.3), (2.2) for some smooth
scalar function q such that the matriz Q is everywhere invertible. Then (2.2), (2.1)
define a para-Kdhler structure on M.

The scalar field g is called the para-Kdhler potential [8, Section 2.2].

We introduce the following index notation. Indices running from 1 to n will be
denoted by lowercase Latin letters, indices running from n + 1 to 2n by uppercase
Latin letters, and indices running from 1 to 2n will be denoted by lower-case Greek
letters. The use of the letters will be consistent, e.g., the indices denoted by «
will consist of two groups of indices, denoted by a and A, respectively. A vector

a
field X can then be written in an adapted coordinate chart as X% = (;(A).
Z(l a

Likewise, we have z* = LAl = ;A) for the coordinates on M. The Einstein

summation convention will be applied to all three kinds of indices. For instance,
the contraction of a 1-form w with a vector field X on M is given by w[X]| =
Wa X = we X* + waXA. The expression wa X4 is to be understood as the sum
> h_, wpX*+". For convenience, we will index the rows of the matrix Q from 1

2
to n and the columns from n + 1 to 2n, such that Q. = Q. = %' Let

Q4% denote the coefficients of the inverse matrix Q', such that Q,zQP¢ = 05 and
QAQpe = 5@, ¢ denoting the Kronecker symbol.

The Christoffel symbols of the Levi-Civita connection V of g are given by [1, eq.
(6)]
(2.5)
c QDC 8361
ab ™ 0x29xbopP’

aQaD_ c CdanA_ cd 83(]
0zb Fap =@ 0zB =@ OpAopBoxd’

while the other components of the Christoffel symbol vanish [1, Lemma 5.3].

QDC

2.2. Pre-Codazzi structures. In this subsection we define pre-Codazzi structures
and investigate some of their basic properties.

Definition 2.1. A pre-Codazzi structure on a manifold M is a pair (V,P) of a
torsion-free affine connection V and a covariant second order tensor field P such
that for every three vector fields X,Y,Z on M the Codazzi equation (1.4) holds.
A manifold M equipped with a pre-Codazzi structure will be called a pre-Codazzi
manifold.
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It is a well-known fact in the theory of Fedosov manifolds that a skew-symmetric
2-form w which is parallel with respect to some torsion-free affine connection V
must be closed [14, §19]. The following lemma can be viewed as a generalization of
this result.

Lemma 2.2. Let M be a pre-Codazzi manifold with pre-Codazzi structure (V, P).
Then the skew-symmetric part w of P is closed, dw = 0.

Proof. Let the Christoffel symbols of V be given by Ffj in some coordinate chart

on M with coordinates z*. We then have
OP;; ! !
ViPij = 87’“] — Byl — Pul'..
By the Codazzi equation ViP;; = V;FP;, and the symmetry of the Christoffel
symbols in the lower indices we then get

8Pij _ 8Plk

ork  Ozd

Taking the cyclic sum on both sides and noting that w;; = 1(P;; — Pj;), we get
again by the symmetry of the Christoffel symbols

Ow; i Oow ik awk-

2 Y J: :

<8xk o T ow

But this is exactly the condition of closedness of the form w. O

(2.6) = Py, — PuTy;.

) = P, — Pyl + Pl — PTy + Pyl — PTy, = 0.

The inverse assertion, namely that for every closed skew-symmetric 2-form w
there exists a torsion-free affine connection V such that Vw = 0 [14, §19], has the
following weaker pendant.

Proposition 2.2. Let P be a non-degenerate covariant second order tensor field
on a manifold M, such that the skew-symmetric part of P is closed. Then there
exists a torsion-free affine connection V on M such that (V,P) is a pre-Codazzi
structure.

Proof. Assume the conditions of the proposition. Denote the skew-symmetric part
of P by w. Let U C M be an open subset carrying a coordinate chart with
coordinates x?. In this chart, denote the left-hand side of (2.6) by L;ji. By definition
the object L;j;j, is skew-symmetric in the indices j, k. Further, we have

8wij + awik + &ukl) -0

Oxk oxt OxJ

for the cyclic sum of L;ji, because w is closed.

Let T' be the linear space of covariant 3rd order tensors Tj;, over R®. Let L C T'
be the linear subspace of tensors which are skew-symmetric in the last two indices
and whose cyclic sum is zero. Let S C T be the subspace of tensors which are
symmetric in the first two indices, and consider the endomorphism A : Tjj; +—
Ti'j,c = —Tyi + Tig; of T. It is not hard to check that the image of S under A
is exactly the subspace L, while the intersection of ker A with S consists of the
subspace of totally symmetric tensors.

In view of the above, there exists an object T;; in S such that L;j, = —Tj;; +
Tirj, and this object is determined by L;; up to a totally symmetric additive term.
Since Lji is a smooth function of x, we can choose Tj;, to be a smooth function
of x as well. Now since P is non-degenerate, there exists a unique Ffj such that

Lijk + Ljki + Liij = 2 (
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Tijx = Pil'j, and this T'}; also smoothly varies with = and is symmetric in the
lower indices.

Then Ffj satisfies (2.6) and can be considered as the Christoffel symbol of a
torsion-free affine connection VY on U satisfying the Codazzi equation VY P;; =
V;JP“C. As in [13, Remark 1.4], the proof is completed by gluing the local connec-

tions VY together to a global connection V using a partition of unity. ([l

The condition that P is non-degenerate is essential. If, for instance, at some
point x € U we have P = 0, but L;;; # 0, then we are not able to find a torsion-
free connection VY satisfying the Codazzi equation at this point.

Definition 2.2. Let V be an affine connection and P a non-degenerate covariant
second order tensor field on M. We call the unique affine connection V on M
such that equation (1.5) is satisfied for all vector fields X,Y, Z on M the conjugate
connection of V relative to P.

This definition simply extends the notion of conjugate connection to non-symmet-
ric reference tensors P. Let us show that the conjugate connection is indeed well-
defined. In index notation equation (1.5) can be written as

OP; ~
where I‘fj,ffj are the Christoffel symbols of V,V, respectively. Since P is non-

degenerate, this equation can be resolved for fi > Which proves that the connection
V exists and is unique.

Proposition 2.3. Let V be a torsion-free affine connection and P a non-degenerate
second order tensor field on M, and let V be the conjugate connection of V relative
to P. Then 'V is torsion-free if and only if (V, P) is a pre-Codazzi structure. In this
case (V, PT) is also a pre-Codazzi structure, where PT is defined by PT[X,Y] =
PlY, X].

Proof. Equation (2.7) can equivalently be written as V,;Pj; = le(fék —TL). Al-
ternating ¢, k yields

ViPju — ViPy; = Pu(liy, = T}).
Since P is non-degenerate, V is torsion-free if and only if the right-hand side of this
relation vanishes. The left-hand side vanishes, however, if and only if (V, P) is a

pre-Codazzi structure, which proves the first part of the proposition.
In terms of PT" equation (2.7) can be rewritten as

8Pij
ozt

= PIT, + PTL,.

Comparing this with (2.7) shows that V is the conjugate connection of V relative
to PT. Applying the first part of the proposition, we obtain the second part. O

Definition 2.3. Let (V, P) be a pre-Codazzi structure on M, such that P is non-
degenerate. Denote by V the conjugate connection of V relative to P, and define the
tensor field PT by PT[X,Y] = P[Y, X]. We then call (V, PT) the dual pre-Codazzi
structure of (V, P).
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2.3. Half-dimensional immersions. In this subsection we construct a pre-Codazzi
structure on non-degenerate n-dimensional immersions in 2n-dimensional para-
Kéhler manifolds. Assume the notations of Subsection 1.1.

Lemma 2.3. The tensor field Q is non-degenerate if and only if the distributions
DX D¥ are transversal to the immersion f.

Proof. Pass to an adapted chart on M and let %',...,4" be coordinates on M.
Then the tensor Q is given by

A 027 02°  0x° opP
(2~8) Qap = Qw&a @ dy a0 TyaQCDW'

The second equality holds in view of (2.2). Hence Q is non-degenerate if and only

if both derivatives g‘””, g” are non-degenerate. But L is non-degenerate if and only

if DX is transversal to f, and 2 87; is non-degenerate 1f and only if D¥ is transversal
to f. This completes the proof. [l

Suppose now that the distribution DX is transversal to the immersion f. Con-
sider an adapted coordinate chart ¢ : U — UX x UFY on M, with components
X .U = Ux, <pP : U — Up. Let Uy C M be an open subset such that
flUn] € U. Then the composition X o f : Ups — UX is a local diffeomorphism.
By possibly shrinking Ujy;, we can assume without restriction of generality that
X o f is injective, thereby introducing the coordinates ', ..., 2™ on Uy;. We shall
call such a chart on M an adapted chart. The adapted charts form an atlas on M.
In a similar manner, we can introduce the coordinates p"*!,...,p?" on M if the
distribution DF is transversal to the immersion f.
The immersion f, considered as an affine immersion with transversal distribution
DX, induces an affine connection VX on M. Let us compute this connection
explicitly.

Lemma 2.4. Let f : M — M be an n-dimensional immersion into a 2n-dimensional
para-Kdihler manifold. Suppose that the distribution DX is transversal to the im-
mersion f. Let VX be the affine connection induced on M by the immersion f
with transversal distribution DX. Then in an adapted chart on M, the Christoffel
symbols T'¢, of the connection VX are given by the Christoffel symbols (2.5) of the
Lewvi-Civita connection V of g.

Proof. Assume the conditions of the lemma and denote the Christoffel symbols of
V by I') 5 Let X, Y be vector fields on M and X,V (locally) extensions of their
images f,(X), f.(Y) under the differential of f. The vector field Z = V X}} is given
by

oy«
02
Since the coordinate chart on M is adapted, we have X = X® and Y* = Y.
Taking into account the block-diagonal structure of the Christoffel symbols I'? 8
we get

A

X +Y°T§,X°.

gy e
928

7a _

oy e
——XP 4 VT§, X7 = @Xb + Y19, X,
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If we decompose Z on f[M] into a tangential component f,(Z) and a component o
lying in the transversal distribution DX, then a® = 0 and Z® = Z® again because
the chart on M is adapted. Hence

oYy *
Oxb

which shows the assertion of the lemma. O

7= (VXY)* = — X"+ YTg X",

Likewise, suppose that the distribution D¥ is transversal to f. Then f, con-
sidered as an affine immersion with transversal distribution DY, induces an affine
connection V¥ on M. In the same way as above it then follows that in the co-
ordinates p"*1 ... p® on M, the Christoffel symbols 'Sy of VF are given by
(2.5).

By (1.3) we have

(2.9) ViV = £(VXY) + o¥[X, Y] = £u(VRY) + P [X, Y]

for every two vector fields X,Y on M, where X.,Y are (locally) extensions of their
images fi.(X), f«(Y) under the differential of f. The affine fundamental forms
a®, of are symmetric and with values in DX, DP, respectively.

We are now in a position to prove the main result of this section.

Theorem 2.1. Let f : M — M be an n-dimensional immersion into a 2n-
dimensional para-Kahler manifold with metric g and symplectic form w. Let further
Q= F*(Q) be the pullback of the tensor Q = g+ w on M. Then the following as-
sertions hold.

i) Suppose that the distribution DX is transversal to the immersion f, and let
VX be the affine connection induced on M by the immersion f with transversal
distribution DX. Then (VX, Q) 1s a pre-Codazzi structure on M.

ii) Suppose that the distribution DY is transversal to the immersion f, and let V¥
be the affine connection induced by the immersion f with transversal distribution
D¥. Then (VP7QT) is a pre-Codazzi structure on M, where QT is defined by
QT[X7 Y] = Q[Y7 X]

iii) Assume that the conditions of both parts i) and ii) of the theorem are satisfied.
Then the pre-Codazzi structures (VX, Q), (VFP, QT) are dual to each other.

Proof. Assume the conditions of i) and pass to an adapted chart on M. Locally
the immersion f can be expressed by a vector-valued function p = p(x), such that

z = f(z) = (p(fr)) By (2.8), Q is given by Qup = Qup 2+ 5.5+ By Lemma 2.4 we
then get

A aQab

V¥Qaw = e Qudl'?, — Qal'e,
_ aQaD aC)aD apE ap + Q 82pD
- dxe opE Oxc ) 9zt | P grboxe
Q. 0Q.
Qup Rl _ g, O graler
33(1 3pD 527 82 D 93¢

= QaD IrbOze QaE QFd

0z20pP OpE Ozt Ozxc Ozbdxcopt
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This expression is symmetric in the indices b, ¢, which shows that (VX, Q) is a
pre-Codazzi structure. This proves the first part of the theorem.

In order to prove the second part, note that the isomorphism J — —J, g — g,
w +— —w defines another para-Kéhler structure on M. Under this isomorphism, the
distributions DX, DF are exchanged and Q is taken to Q7. Hence the second part
of the theorem follows from the first part, applied to the transformed para-Kahler
structure.

Now let us prove the third part. Assume that both distributions DX, DF are
transversal to the immersion f. By Lemma 2.3, Qis non-degenerate and hence the
conjugate connection of VX relative to Q is well-defined. Let us show that this is
the connection VP. Let X,Y,Z be vector fields on M, and let X,Y,Z be local
extensions of their images under f, to a neighbourhood of the immersion f in M.
Then we have

X(Q[Y, Z)) = X(Q[V, Z]) = V¢ (QIY,2]) = QIV4Y, 2]+ QlY, V7]
= QUAVEY) +a¥[X,Y], £.(2)] + QIf(Y). £.(V5 2) + a7 (X, Z]]
— QILIVEY), L(2)] + QUL (), £(VR2)] = QIVEY. 7] + QIY, Y Z].

Here the third equality holds because VQ = 0, for the fourth equality we used
(2.9), and the fifth equality holds because D¥, DX are the right and left kernels of

Q, respectively. We thus indeed recover formula (1.5). This completes the proof of
the third part. O

Finally, we shall give an explicit local expression of the closed form @ as the
differential of a 1-form.

Lemma 2.5. Assume the conditions of i), Theorem 2.1 and pass to an adapted

chart on M, such that the para-Kahler structure is given by a para-Kdahler potential

q(x,p). Then the 1-form w on M given by wy(y) = — aiqa’

is a potential
A (z.p)=f(y)
of W, w = dw.
Proof. Assume the conditions of the lemma. The form @ is the skew-symmetric
~ C
part of the tensor Qg = Qac%, hence
. 1 0%q 9%q pc 1 8%q 0%q Op©
Wap = = =) -= -
b 2 \ 9z*0zb = Oz29pC Ox® 2 \ 9zbdze ~ 9zbOpC Oz

_ (4 9a d 9
T 2 \dzb Oz dzedab )’

where % denotes the gradient on M. The assertion of the lemma now becomes
evident. (]

2.4. Lagrangian immersions. An n-dimensional immersion f : M — M into a
2n-dimensional para-Kéhler manifold is Lagrangian if and only if the pullback @ on
M of the symplectic form w vanishes, or equivalently, if the tensor field Q on M is
symmetric. In this case Q equals the metric § on M, and Lemma 2.3 and Theorem
2.1 specialize to the following results.
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Lemma 2.6. Let f : M — M be a Lagrangian immersion into a para-Kdhler
manifold with metric g, and let § be the induced metric on M. Then § is non-
degenerate if and only if the distributions DY, DX are transversal to the immersion

1.

Theorem 2.2. Let f : M — M be a Lagrangian immersion into a para-Kdhler
manifold with metric g, and let § be the induced metric on M. Then the following
assertions hold.

i) Suppose that the distribution DX is transversal to the immersion f, and let
VX be the affine connection induced on M by the immersion f with transversal
distribution DX. Then (VX,§) is a Codazzi structure on M.

ii) Suppose that the distribution DY is transversal to the immersion f, and let V¥
be the affine connection induced by the immersion f with transversal distribution
DF¥. Then (V¥,§) is a Codazzi structure on M.

iii) Assume that the conditions of both parts i) and ii) of the theorem are satisfied.
Then the Codazzi structures (VX,§), (V¥,§) are dual to each other.

Corollary 2.1. Let f : M — M be a Lagrangian immersion into a para-Kdahler
manifold with metric g. Suppose that the induced metric g on M is non-degenerate.
Let VX, V¥ be the affine connections induced by the affine immersion f with
transversal distributions DX, DY, respectively, and let V be the Levi-Civita con-
nection of §. Then V = % (VX + VP),

Proof. The Corollary is an immediate consequence of iii), Theorem 2.2 and of [17,
Cor.4.4, p.21] or [19, Lemma 2.3]. |

Finally, we will establish a connection between the Codazzi structures in iii), The-
orem 2.2 and the second fundamental form II; induced on M by a non-degenerate
Lagrangian immersion f : M — M into a para-Kahler manifold. Recall the def-
inition of the second fundamental form. For vector fields X,Y on M, let X,V
be (locally) extensions of the images f.(X), f«(Y) to a neighbourhood of the im-

mersion in M. Then the covariant derivative V ;Y decomposes on the immersion
as

(2.10) ViV = f.(VxY) + 11X, Y].

Here f,(VxY) is the tangent, and II;[X,Y] is the normal component of VXY/.
Thus if f is considered as an affine immersion with transversal distribution equal
to the normal bundle, then the Levi-Civita connection V on M will be the in-
duced affine connection, while the second fundamental form IIy will be the affine
fundamental form. Equating the arithmetic mean of the second and third ex-
pression in (2.9) with the right-hand side of (2.10) and taking into account that
V= % (Vx + VP), we obtain

(2.11) 1[X,Y] = % (0X[X,Y] + aP[X,Y]).
In [5, Lemma 3.2, (iii)] Chen defined the totally symmetric 3-form
(2.12) o[X,Y, Z] = g[;[X, Y], Jf(2)] = —w[l[;[X, Y], f(Z)]

on M. The following result relates this 3-form to the cubic form C = V*§ of the
Codazzi structure (VX, g).
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Theorem 2.3. Let f: M — M be a Lagrangian immersion into a para-Kahler
manifold with metric g. Suppose that the induced metric g on M is non-degenerate.
Then the 3-form o defined by (2.12) and the cubic form C = Vg of the Codazzi
structure (VX §) from i), Theorem 2.2 are related by C = 20.

Proof. Assume above notations. Denote the type (1,2) difference tensor V¥ — V
by A. For vector fields X,Y, A[X,Y] will then be another vector field on M. For
vector fields X,Y, Z on M, we have

o[X,Y,Z] = —g[JI;[X,Y], f.(Z)] = —%g[JaX[XJ/] +JAP[X, Y], £.(2)]
- _%g[_ax[x, Y]+ P[X,Y], f.(2)] = —%g[f*(V’;?Y) — [(VRY), [.(Z)]
= _%g[v§y — VRY, Z] = —4[VXY - VxY, Z] = —4[A[X,Y], Z].

Here in the second equality we used (2.11), in the third equality we used that
a*,aP have values in DX, DP, respectively, in the fourth equality we used the
second equality in (2.9), and in the sixth equality we used Corollary 2.1. Since o is
totally symmetric, we also have g[A[X,Y], Z] = g[A[X, Z],Y].

On the other hand, we have C' = V¥§ = (VX — V)g, and hence
CIX,Y, Z] = (VX3 — Vxi)lY, Z] = —4[A[X, Y], Z) — §[A[X, Z], Y.

The assertion of the theorem now easily follows. O

3. REPRESENTATION OF PRE-CODAZZI STRUCTURES

In this section we show that every pre-Codazzi structure (V, P) on a manifold M
with non-degenerated tensor P can be generated by a half-dimensional embedding
of M into some para-Kéhler manifold M. We shall construct M as a subset of
the product M x M, such that the embedding f : M — M is the diagonal map.
We suppose that the manifold M is second-countable, which is often a standard
assumption.

Denote the symmetric and skew-symmetric part of P by p and ¥, respectively.
For every subset U C M, denote the set {(y,y)|y € U} C M x M by Ay, the
product U x U by U?, and the diagonal map y ~ (y,y) on U by dy. Then
Sy : U — U? is an embedding which maps U diffeomorphically to Ay. Let U € M
be an open set carrying a coordinate chart with coordinates y®. Then U? carries
a chart on M x M. We denote the coordinates on the first copy of U by z®, and

the coordinates on the second copy by p?. Let us further introduce coordinates
a _ 2%4pt o _ a—pt
2

U , v on U?. Then Ay is given by the relation v = 0 and is
parameterized by the coordinates u, and dy is given by the relation u = dy (y) = .

Let U be an open cover of M, such that for every finite subset ¥ C U, the
intersection (), cy, U is either empty or simply connected, and every U € U carries
a coordinate chart. Such a cover exists by virtue of Lemma A.2. By Lemma 2.2, we
have diyp = 0 on M. Since every U € U is simply connected, the restriction on U of
the 2-form 1) is exact and we find a smooth 1-form wV on U such that dw? = |y,
or in index notation

1 fowl owl
3.1) Vab = 2 <8ua Coub ) ’
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For every U,U’ € U such that U N U’ # (), we have dw" |y = dwU/|UnU/ =
Y|unur, which implies that the difference w¥ — wY" is closed on U N U’. Since
UNU’is simply connected, w¥ — wY’ is exact, and there exists a scalar function
RUU" . UNU" = R such that w¥ — wV = dhV"U on U NU’. Note that for
every U,U’,U" € U we have dh¥" U — dhV"-U = dhV"-U" on the simply connected
intersection U N U’ NU”, and hence

’ " ’ 12
(3.2) hUU — pUY = n U 4y o,

where cy,ur,ur 18 a constant.

Let us now construct a local para-Kéhler potential g;r on a subset of U? for every
U € U. Fix aset U € U. By virtue of the diffeomorphism §y : U — Ay, the
quantities P,wY, p and the Christoffel symbols I'¢, of the connection V on U can
be considered as objects defined on Ay and given by functions of u. Using these
functions, define on U? the scalar

2 (0p - 1 0%w!
U b d b b
(33) diy(u,v) = ~2uo" ~ 2pap0 + 2 ( ub ~ 2Felec — 55 a0, ) VU
Lemma 3.1. Assume above conditions and notations. Let a para-complex structure
J on U? be given by the natural product structure, such that

(28)-(-8)

Then the para-Kdhler potential qu(x,p) = g (L;'p, %), where g, s given by
(3.3), defines a para-Kdhler structure with para-complex structure J on a neigh-
bourhood Wy of Ay in U2, and the pre-Codazzi structure (VX, Q) generated on U
by the embedding 6y as in i), Theorem 2.1 coincides with the pre-Codazzi structure

(V,P).

Proof. Clearly the embedding & is non-degenerate, both eigendistributions DY, D*

of J being transversal to Ay. Let us compute the matrix @ = gi(g;. We have

0= A(u,v) T 9?qy; a(u,v)zl O%qy;  O%qy _82q{] _82%
Oz d(u,v)? 9Ip 4\ Ju?  Owdu  Judv  O? )’

Inserting the value (3.3) for the function ¢, (u, v) and keeping only terms up to first
order in v, we get

Our 1ow?y 1 8wa 1 (_4 Opae  Oper

8paf =d
= - o - 2 2P T
2 ouf 2 Oue tpest 3 ousf Oul + Ous +aldelapt

1 %Y 1 8211)5{ 9wl . ,
2 durduf +§6ua[«)ue T oucout v* + O([[v][%).

(3.5)  + 2Py I'¢p +2P4Id, +

But by (3.1) we have ,%%ﬁ? + %88125 + pey = Pey. By virtue of (2.8) and the
fact that g—; = %Z = I, we then get Q = Q = P on Ay. In particular, Q is
non-degenerate in a neighbourhood Wy of the diagonal submanifold, because P
is non-degenerate. On Wy the potential gy then indeed defines a para-Kahler

structure.
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Let us now compute the derivative

aQeF _ 1 (aQeF 6Q6F>

oz 2\ Oue ove

1 apef Opae 8Paf =d =d =d 1 02wy
= = — P, Py IC + Pyl'e, — = £

3 <8u‘1 outf + duse +Fdelap  Faales + o 2 dusout

0?wY 1 92wV
;1 0wy
+3u“8ue 2 Queduf +O(llvlh)
1 (0P OPu OPu 0Py
3\ Oue ouf ouf Oue
Py T+ O(||v])).

Pl 4 Pl +Pdfrzfe) L o(ull)

Here the last relation is due to the Codazzi equation kaZ-j = ijik (compare
(2.6) for the index notation). By virtue of @ = P it follows that on Ay we have
rd, = QFdaaQTiLF. By Lemma 2.4 the Christoffel symbols of V hence coincide with
those of the connection VX on U, which completes the proof. ([l

Note also that by virtue of (3.3) on Ay we have ¢y = 0 and

da gy Ou,v) 1(% 6qb> .

(3.7)

ox :8(u,v) 9r 2\ du Ov

By virtue of (3.5),(3.6) we also have for all y € U that
»qu P qu

3.8 = P(y), _ T Hv
(3.8) 2P | (4 p)= () ) Oz20zPOpC

= Puc(y)T4,(y).

(z,p)=(y,v)

It rests to glue the different local para-K&hler structures together. As in the
proof of Proposition 2.2, we will use a partition of unity to combine the local
para-Kéhler potentials. There is, however, a technical difficulty to overcome. The
function (3.3) depends on the potential wV of the exact 2-form v, and there is a
freedom of choice of this 1-form wV. If there is a mismatch in the choice of wV
for functions (3.3) in overlapping sets U, U’ € U, then the procedure of combining
the local para-Kéahler potentials will not preserve the derivatives of (3.3) on Ay,
and the resulting para-Kahler structure will not reproduce the given pre-Codazzi
structure (V, P). However, there might not exist a potential of 1/ that is defined
globally on M. This problem requires a somewhat more complicated construction.

Let V be an open strong star refinement of U. Such a refinement exists by
Corollary A.1. For every V € V, choose Uy € U such that UWGVthVﬂ) W C Uy.
For every U € U and V € V such that V C U, define a function ¢}; on (Uy NU)?
by

(3.9) ap (z,p) = qu, (z,p) — KU () + WYY (p).

We then have for all y € Uy NU that ¢ (y,y) = qu, (y,y) = 0 and by virtue of
(3.7)

(3.10)

oq); oqu, Onv:Uv

B =0 —g— =~ )= (" ()~ (1) = ~u ().
Tl (@.p)=(y.v) T @p)=(y.v) Yy
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By definition of ¢}, the mixed derivatives of ¢ and g, coincide on (Uy NU)?,
and from (3.8) we obtain

0? qg 03 qg

=Py, s
(2:0)=(3) 9z0z°9p® |, )

forally e Uy NU.

We now construct a global para-Ké&hler structure in a neighbourhood M of Ay, C
M x M. Set M’ = oy V?. Then M’ is a neighbourhood of Ay in M x M.
Consider a smooth partition of unity {uy : M’ — [0,1]|V € V}, subordinate to
the cover {VZ|V € V} of M.

Fix a set W € V and define a scalar function ¢" on W?2 by

(3.12) " =" v,

vev
Let us first show that ¢" is well-defined. Let V € V be such that py(2) > 0 for
some z € W2. Then z € V2, hence VNW # () and therefore V C Uy, W C Uy. It
follows that the function g} is defined on (Uy NUw)?, and hence also on W?2. On
the other hand, if V € V is such that uy = 0 on W2, then we set the contribution
of the product ,uvqgw in the sum (3.12) equal to zero. Hence ¢" is well-defined.

We shall now investigate how ¢" at a given point 2 € M’ depends on W. Let
W, W' e V. On (W NW")? we then have for z = (x,p)

() =gV (@)= 3 wv(e) (ab, () - ab,, ()

(3.11) = Pac(y)T0(v)

=(y,)

vev

= > () (=R U (@) + BUWUY (p) 4 BUw UV (2) — hUw UV (p))
vev

= Z pv (2) (=R UW (@) = cuy v o + R T (D) + cuy U Uy )
vev

— _hUw,UW/(x) _|_hUW1UW’ (p)

Here for the third relation we used (3.2), and the sums are efficiently running
over those V' € V which satisfy uy # 0 on (W N W’)2. For these V we have
VNWNW' # ( and hence W, W’ C Uy N Uy N Uy. It follows that the scalar
functions ¢"' are related by a transformation of type (2.4) for different W, and
hence by virtue of (2.3),(2.2) define a global tensor field Q on M’.

We now show that this tensor field defines the sought para-Kéhler structure on
a neighbourhood M C M’ of Ay in M x M. Let us again consider the sum (3.12).
For every V € V such that puy # 0 on W2, we have q(‘jw = 0 on Ay, oy, ; and hence

) 4
on Ay . Moreover, by virtue of (3.10) for every such V' we have (g;W =
2=(y,y)
U 3 iveg qugw 83qgw 5
—w W (y) for all y € W. By (3.11) the derivatives 7% and -z3% are also

independent of V on Ay .

Lemma 3.2. Let W C R" be an open set with coordinates y*. Denote the co-
ordinates on the first copy of W in the product W x W by x®, and those in the
second copy by p?. Let {q*}ier be a family of smooth functions on W x W, such

that for all i € I and all y € W we have ¢‘(y,y) = 0, %—‘i o) = —w(y),
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62qi

0700 | (2, p)=(y.)
according dimensions.
Let {\": W2 — R |i € I} be a partition of unity on W2, and set g =Y ,;c; N'q’
2
Then for all y € W we have q(y,y) = 0, gg‘ = —w(y), a‘z—g
(z,p)=(y,y) P

=T(y).

(z,p)=(y,y)

3 i .
= P(y), :T%p () = T(y) for some objects w, P,T on W of

(z,p)=(y,v) B

83

Proof. Introduce coordinates u = 2y = =P on W x W. Then on AW we have
¢ _ 9¢°

, 2 2
%‘5 = —I— 8’1 =0, because ¢ = 0 on Ay. Hence 5 =B — 6—1) 2 equals
—2w for all 4 E I

Further, we have on Ay,

82 % 82 i 62 % 62 % 82 %
¢ _ P %% ¢ T
ou? 0r?2  Oxdp Opdxr  Op?
2 i 2 i 2 i 2. i 2 i 2 i 2.
0%q _ 66]_31]_6‘] 3‘]:_28‘1_28‘] :—2(P—|—PT).
Ov? 0x%2  Oxdp Opdxr  Op? Ox0p Opdz

2 1
Hence also the second derivative %qu coincides on Ay, for all i € 1.

Moreover,

a3qi N 83(11‘ - o aqu B oP
0x0x2dp = O0xOpAdp  Ous 0xdp  Oye

(3.13)

5
does not depend on 7. Since 8‘12 5 = = T does not depend on %, the second summand

on the left-hand side of (3.13) and hence the derivative OBT;I; cannot depend on ¢
neither.

We have
asqi _ 83 qz’ B 83 qi N 83qi B aSQi N 83qi B 83qi N a3qz’ B 83qi
ou2dv 0x3  0x20p  Oxdpdxr  Ox0p?  Opdx? Opdxdp  Op?dx  Op3’
63qi _ 33 qi B 83 qi 3 aSqi N 63qi B aSqi N aSqi N ani 3 aSqi
ov? Ox3  0x20p OxOpdxr  Oxdp® Opdxr?  Opdxdp Op20x  Op3

a3qi o ani N a3qi B 83qi N 83qi
ou2ov 0xOpdx  O0xdp? Opdx?  OpOxdp

934 93q’ . L. .
Hence 5,5 can be expressed as the‘sum of 525, which on Ay is independent of i

by virtue of the independence of %—‘5, and a linear combination of the mixed deriva-
tives ;?‘gp, %5’;27 which by the assumption of the lemma and by the preceding
paragraph are also independent of i.

Hence the partial derivatives of ¢* up to third order with respect to v are in-
dependent of ¢ on Ay,. Since this holds identically on Ay, the mixed derivatives
of ¢ up to third order are also independent of i on Ay,. Thus at any given point
z € Aw, all functions ¢' belong to the same 3-jet. By Lemma B.1 (see Appendix),
q has then to belong to the same 3-jet too. The assertion of the lemma now readily
follows. O

By the preceding lemma, the values of @ = 61 ap and 8Q = 812 ap on Ay are the
same as those of the corresponding derivatives of the local para Kaéhler potentials g
defined in Lemma 3.1. Thus on Ajy; we have Q = P, and we find a neighbourhood
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M C M’ of Ay such that @Q is non-degenerate on M. Then Q defines a para-Kahler
structure on M. By Lemma 2.4 and (2.5), this para-Kéhler structure then defines
on M the same pre-Codazzi structure as the local para-Kéhler structures defined
by the para-Kihler potentials gr7, namely the pre-Codazzi structure (V, P).

We have proven the following theorem.

Theorem 3.1. Let M be an n-dimensional manifold with pre-Codazzi structure
(V, P), such that P is non-degenerate everywhere on M. Then there ervists a 2n-
dimensional para-Kdhler manifold M with metric g and symplectic form w and an
embedding f : M — M such that the distributions DY, DX are transversal to f, and
the pre-Codazzi structure (VX, Q) from i), Theorem 2.1 coincides with (V, P).

Corollary 3.1. Let M be a manifold with Codazzi structure (V,h), such that h
is non-degenerate everywhere on M. Then there exists a para-Kdahler manifold M
with metric g and symplectic form w and a Lagrangian embedding f : M — M
such that the distributions D¥, DX are transversal to f, and the Codazzi structure
(VX,§) from i), Theorem 2.2 coincides with (V,h).

4. PROJECTIVELY FLAT MANIFOLDS AND THE CROSS-RATIO MANIFOLD

In Subsection 4.1 we introduce a special homogeneous para-Ké&hler manifold, the
cross-ratio manifold. The term comes from the fact that the para-Kéahler structure
on this manifold is the infinitesimal limit of a finite structure defined by the pro-
jective cross-ratio. We will provide this construction in a companion paper, here
we just give the definition of the para-Ké&hler structure. In Subsection 4.2 we in-
troduce projectively flat manifolds and show that they carry a natural pre-Codazzi
structure. In Subsection 4.3 we show that the affine connections VX, VP induced
on half-dimensional immersions in the cross-ratio manifold are projectively flat,
and the pre-Codazzi structures (VX, Q), (VP, QT) induced by these immersions
coincide with the natural pre-Codazzi structures defined by the projectively flat
connections VX, VP respectively. In Subsection 4.4 we show that the natural pre-
Codazzi structure of an arbitrary projectively flat manifold M can, at least locally,
be realized by a half-dimensional immersion of M in the cross-ratio manifold. This
will lead to a natural duality relation between projectively flat connections on M.

4.1. The cross-ratio manifold. Let X = RP"™ be the n-dimensional real pro-
jective space, and let P = RP, be its dual space. The space X is the set of
1-dimensional subspaces of the real vector space R**!, while P is the set of 1-
dimensional subspaces of the dual vector space R, ;1. For x € X, p € P, we will
call points & € R\ {0}, p € R,41 \ {0} representatives of x,p, respectively,
if z € x, p € p. Wesay that x is orthogonal to p, x L p, if (Z,p) = 0 for any
representatives Z,p of z, p, respectively.
Define the set

(4.1) M={z=(z,p) e XxPlz Lp}

Then M is an open dense subset of X x P, and hence a 2n-dimensional manifold.
This manifold carries a natural para-complex structure given by (3.4). Let a basis
€g, . - ., en of R*1 and a corresponding dual basis €°, ..., €™ of R,, ;1 be given. These
bases define coordinates z°,...,Z" and py, ..., P, on R**! and R,,, 1, respectively.
These coordinates, in turn, define affine charts on the projective spaces X, P by

x® = %Z, pa = ’;—;, respectively. We then say that the coordinates z& = (z%,pa)
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form an affine chart on M. A point z = (x,p) belongs to this chart if and only if
14 pTx #0, because 1 + pTz = 0 if and only if = L p.

Different bases of R"*! define different affine charts on M. Clearly the affine
charts form an atlas on M. A linear coordinate change with transformation matrix

A = <5 CZ;) in R™*! induces a linear coordinate change with transformation
v
b by

. -T _ }m _
matrix A =B = (bv B

vectors, ap, by, are row vectors, and A, B are n X n matrices. These in turn induce
the projective transformations

> in Ry, 41, where a,b are scalars, a,,b, are column

Az + a, , DBp+b,
—,  pmp =
apT +a brnp + b

(4.2) =

in X and P, respectively.

Let us now pass to the definition of the para-Ké&hler structure. Given an affine
chart, we determine the para-Kahler structure on this chart by the para-Kéahler
potential ¢(z) = log |1 + pTz|, leading to the matrix

1+ pTa)I, — pxT
(1+pTx)?
We then have det Q = (1 + pZz)~ (™Y, and Q is non-degenerated everywhere on

this chart. Let us show that the para-Kéhler structure is well-defined, i.e., it does
not depend on the choice of the chart.

(4.3) Q(z) =

Lemma 4.1. Let z = (z,p) and 2’ = (2/,p’) be linked by a transformation of type
(4.2). Then the functions q(z) and ¢'(2) = q(2'(2)) are linked by a transformation

of type (2.4).
Proof. We have

(Bp+by)"(Az + ay)
(bpp + b)(apz + a)
= log|(bup + b)(anz + a) + (Bp + by)" (Az + a,)| — log |bup + b — log |apz + af

1
(1 p")BTA (x) ’ —log |bpp + b| — log lapz + a

q'(2) =log|l +p 2| =log |1 +

log

= log|1+p" x| —log |brp + b — log|anz + a| = q(z) + h(x) + ' (p)
with h(y) = —loglany + al, h'(y) = —log [bry + b. O
Thus (4.3) indeed defines an invariant para-Kéhler structure on M.

Definition 4.1. We call the manifold M defined by (4.1) and endowed with the
para-Kéhler structure defined by (4.3),(2.1),(2.2) the cross-ratio manifold.

In [12] Gadea and Montesinos Amilibia introduced a one-parametric family of
para-Kéhler manifolds P, (B)/Z2, the reduced para-complex projective spaces, and
an isomorphic family of spaces P(R"*! @ R,,11)/Zs. A comparison of (4.3) with
[12, eq. (1.3)] and of (2.1) with [12, eq. (1.4)] yields the following result.

Theorem 4.1. The cross-ratio manifold M is canonically isomorphic to the space
PR @R, 11)/Zs with parameter value ¢ = 4, which in turn is isomorphic to the
reduced para-complex projective space P, (B)/Zs with parameter value ¢ = 4.



106 ROLAND HILDEBRAND

Inserting (4.3) into (2.5), we obtain

c 26§ + 296§

_ PBOG +pady _
1+ppxd

44 op =

’ FAB__

the other components of I') 5 being zero.

4.2. Projectively flat manifolds.

Definition 4.2. [18, p.386] A torsion-free affine connection V on a manifold M is
called projectively flat' if there exists a flat affine connection V/ on M such that the
pregeodesics (i.e., the geodesics as curves without a distinguished parametrization)
of V and V' coincide.

By [20, eq. (3p), p-100] an affine connection is projectively flat if and only if its
Christoffel symbols can locally be written as

(4.5) Ik = piof + p;of

for some 1-form p in some coordinate system. In this coordinate system, the Ricci
tensor of a projectively flat connection V with Christoffel symbols (4.5) is given by
20, p.100], [18, p.485)]

Rab:npab_Pba

with
0pa
(4.6) Py = —Vypa — paps = —a—zb + PapPb

and n the dimension of the manifold. In terms of the Ricci tensor, the tensor P is
given by [20, p.100], [18, p.486]

(4.7) P, = (77,2 — 1)_1(nRab + Rba),

which provides a description which is independent of the particular coordinate
system.

Note that the Ricci tensor is symmetric if and only if the tensor P is symmetric.
Then (4.7) simplifies to Py, = (n — 1)71 R4, and P is just the normalized Ricci
tensor [17, p.17]. Equivalently, there exists a nonzero parallel volume element on
M [17, Proposition 3.1, p.14], in which case the manifold M is called equiaffine.

The projectively flat connection V and the tensor P satisfy the Codazzi equation
(1.4) [20, eq. (IIIp), p.104], [18, eq. (109.17), p.487)%. Thus (V, P) is a pre-Codazzi
structure on M. It is a Codazzi structure if and only if the manifold M is equiaffine.
Every projectively flat manifold is hence in a natural way a pre-Codazzi manifold.

Definition 4.3. For a manifold M with projectively flat connection V, define a
tensor field P by (4.7), where R, is the Ricci tensor of V. We call (V, P) the
canonical pre-Codazzi structure of the projectively flat manifold M.

1n this reference, the term projectively Euclidean is used.
2Note that both P and the Ricci tensor are defined in a different manner in this reference. The
relation is given by P,y +— Ppa, Rap — —Rpa-
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4.3. Half-dimensional immersions. In this subsection we consider immersions
f: M — M of an n-dimensional manifold M in the cross-ratio manifold, such that
the distribution DX is transversal to f.

Lemma 4.2. Let f : M — M be an immersion of an n-dimensional manifold
M into the cross-ratio manifold (4.1). If the distribution DX is transversal to f,
then the affine connection VX induced on M by f, viewed as affine immersion with
transversal distribution DX, is projectively flat. If the distribution DY is transversal
to f, then the affine connection V¥ induced on M by f, viewed as affine immersion
with transversal distribution DY, is projectively flat.

Proof. Pass to an affine chart on M and a corresponding adapted chart on M with
coordinates z¢. By Lemma 2.4 and (4.4) the Christoffel symbols of VX have the
form (4.5) with

pA
4.8 =2
(4.8) Pa -
and VX is projectively flat. The second part of the lemma is proven in a similar
manner. (Il

We will now establish a relation between the curvature of the connection VX
and the tensor field Q of the pre-Codazzi structure from i), Theorem 2.1.

Lemma 4.3. Let f: M — M be an immersion of an n-dimensional manifold M
into the cross-ratio manifold (4.1), such that the distribution DX is transversal to
f. Then the tensor Q coincides with the tensor P defined by (4.7), where Rgyp is
the Ricci tensor of the connection VX.

Proof. Assume the conditions of the lemma. Let 2% = (2%, p4) be the coordinates
of an affine chart on the cross-ratio manifold M, and let ® be the corresponding
coordinates of an adapted chart on M. Inserting (4.8), in vector form p = —ﬁ,
into (4.6), in matrix form P = fg—g + ppT, we obtain for the matrix of P
0, 0,
» i p T (L+pTa)gE —p (xTa—g + pT) opT
T dzl+pTx + (1+pTz)2 (1+pTx)? + (14 pTx)?
(1 +pT$)In _pr@ — Q@ — Q
(1+pTx)? Oz Ox '

Here by % we denote the derivative on M, and the last two relations are due to
(4.3) and (2.8), respectively. O

Thus we get the following result.

Theorem 4.2. Let f : M — M be an immersion of an n-dimensional manifold
M into the cross-ratio manifold (4.1). If the distribution DX is transversal to f,
then the pre-Codazzi structure (VX Q) from i), Theorem 2.1 coincides with the
canonical pre-Codazzi structure on M, viewed as a projectively flat manifold with
connection VX. If the distribution DY is transversal to f, then the pre-Codazzi
structure (VF, QT) from ii), Theorem 2.1 coincides with the canonical pre-Codazzi
structure on M, viewed as a projectively flat manifold with connection VT .
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Corollary 4.1. Let f: M — M be a Lagrangian immersion of an n-dimensional
manifold in the cross-ratio manifold. If the distribution DX is transversal to f,
then the Codazzi structure (VX,§) from i), Theorem 2.2 has a projectively flat
equiaffine connection VX with Ricci tensor equal to (n — 1)§. If the distribution
D¥ is transversal to f, then the Codazzi structure (V¥,§) from ii), Theorem 2.2
has a projectively flat equiaffine connection V¥ with Ricci tensor equal to (n—1)g.

4.4. Representation of projectively flat manifolds. In this subsection we
show that the canonical pre-Codazzi structure of every projectively flat manifold
can be represented, at least locally, as in Theorem 4.2.

Theorem 4.3. Let M be an n-dimensional projectively flat manifold with connec-
tion V. For every y € M, there exists a neighbourhood U of y and an immersion
f : U — M in the cross-ratio manifold (4.1) such that the distribution DX is
transversal to f, and the affine connection VX induced on U by f, viewed as affine
immersion with transversal distribution DX, coincides with the connection V. In
particular, the pre-Codazzi structure (VX,Q) defined on U as in i), Theorem 2.1
coincides with the canonical pre-Codazzi structure defined by ¥V on U.

Proof. Assume the conditions of the theorem. Since V is projectively flat, there
exists a chart on a neighbourhood of y such that the Christoffel symbols of V are
given by (4.5) for some 1-form p. Denote the coordinates of the chart by z?!,..., 2"
and assume without restriction of generality that the point y is given by the origin
of the chart, x = 0. Let a vector-valued function p(z) be given by

___Pa
1+ ppat’

Then 1+ pTx # 0 in a neighbourhood U € M of x = 0. Define the immersion
f:U—=Mby f:x+— (z,p(x)). Clearly the distribution D¥ is transversal to

f. Moreover, (4.8) holds and thus by Lemma 2.4 and (4.5) the connections V¥,V
coincide. By Theorem 4.2, (VX, Q) is then the canonical pre-Codazzi structure on
M generated by V. O

pa(r) =

Corollary 4.2. Let M be an n-dimensional projectively flat equiaffine manifold
with connection V. For every y € M, there exists a neighbourhood U of y and a
Lagrangian immersion f : U — M in the cross-ratio manifold (4.1) such that the
distribution DX is transversal to f, and the Codazzi structure (VX,§) induced on
U by f as in i), Theorem 2.2 is composed of V and the normalized Ricci tensor
% of V.

Finally, let us deduce a duality relation between projectively flat connections on
a manifold M.

Theorem 4.4. Let M be a projectively flat manifold with connection V, and
let (V, P) be the canonical pre-Codazzi structure on M. Suppose that P is non-
degenerate and let (@7 PT) be the dual pre-Codazzi structure. Then V is also pro-
jectively flat, and (@,PT) 1s the corresponding canonical pre-Codazzi structure.

Proof. Assume the conditions of the theorem. By Theorem 4.3, M can locally be
immersed into the cross-ratio manifold M such that DX is transversal to the im-
mersion, V coincides with the induced affine connection V¥, and Q = P. Since P
is non-degenerate, the distribution D¥ is by Lemma 2.3 also transversal to f. In
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particular, the immersion induces a connection V¥ on M with transversal distri-
bution DF. By iii), Theorem 2.1 V¥ is conjugate to VX relative to Q, and hence
coincides with the connection V.

But V¥ is projectively flat by Lemma 4.2, and by Theorem 4.2 the pre-Codazzi
structure (V¥ QT) is the canonical pre-Codazzi structure corresponding to V.
This completes the proof. (I

Thus the duality between pre-Codazzi structures induces a duality relation be-
tween projectively flat connections.

Definition 4.4. Let M be a projectively flat manifold with connection V, and let
(V, P) be the canonical pre-Codazzi structure on M. We call the connection V non-
degenerate if the tensor field P is everywhere non-degenerate. For non-degenerate
V, let V be the conjugate connection of V relative to P. We call the connection V
the dual connection of V.

For equiaffine projectively flat connections with non-degenerate Ricci tensor, this
duality relation reduces to the duality relation induced by the conormal map on
the local representation of the connection as centro-affine hypersurface immersion.

5. HESSIAN MANIFOLDS AND THE FLAT PARA-KAHLER SPACE

In this section we show that the affine connections VX, VP induced on half-
dimensional immersions in the flat para-Kéhler space E2" are flat, and the pre-
Codazzi structures (VX, Q), (VF, Q7) induced by these immersions are hence pre-
Hessian structures. Moreover, we show that an arbitrary pre-Hessian structure on
a manifold M can, at least locally, be realized by the pre-Hessian structure (VX Q)
of a half-dimensional immersion f : M — E2". As an application, we show that
the dual of a pre-Hessian structure is also a pre-Hessian structure.

We work in the canonical coordinate system on E2", such that the para-Kihler
structure is given by (1.2). The coordinates will be denoted by 2* = (2%, ..., 2", ppi1,...,Don)-
In these coordinates we have Q = I,, and I'] 5 =0 for the Christoffel symbols of

the Levi-Civita connection of g on E2".

Definition 5.1. A pre-Hessian structure on an n-dimensional manifold M is a pair
(V, P) of a torsion-free flat affine connection V and a covariant second order tensor
field P such that for every three vector fields X,Y, Z on M the Codazzi equation
(1.4) holds. A manifold M equipped with a pre-Hessian structure will be called a
pre-Hessian manifold.

Proposition 5.1. Let f : M — M be an immersion of an n-dimensional manifold
M into the flat para-Kdihler space E2". If the distribution D* is transversal to
f, then the pre-Codazzi structure (VX,Q) induced on M by f as in i), Theorem
2.1 is a pre-Hessian structure. If the distribution DY is transversal to f, then the
pre-Codazzi structure (VP,QT) induced on M by f as in i), Theorem 2.1 is a
pre-Hessian structure.

Proof. Pass to an adapted chart on M with coordinates z®. By Lemma 2.4 the
Christoffel symbols of VX vanish, and hence VX is flat. Thus (VX, Q) is a pre-
Hessian structure. The second part of the proposition is proven in a similar manner.

O
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Corollary 5.1. Let f : M — M be a Lagrangian immersion in the flat para-Kdahler
space B2, If the distribution DX is transversal to f, then the Codazzi structure
(VX,§) induced on M by f as in i), Theorem 2.2 is a Hessian structure. If the
distribution DY is transversal to f, then the Codazzi structure (V¥,§) induced on
M by f as in ii), Theorem 2.2 is a Hessian structure.

Proposition 5.2. Let M be an n-dimensional manifold with pre-Hessian structure
(V,P). For everyy € M, there exists a neighbourhood U of y and an immersion
f:U — E2" such that the distribution DX is transversal to f, and the pre-Hessian
structure (VX, Q) induced on U by f as in Proposition 5.1 coincides with the pre-
Hessian structure (V, P).

Proof. Assume the conditions of the proposition. Since V is flat, there exists a chart
with coordinates z',...,2" on a simply connected neighbourhood U of y such that
the Christoffel symbols of V vanish. Then the Codazzi equation (2.6) simplifies to
the relation % = % on U. It follows that P,;, = g’% for some vector-valued
function p(z) on U. Define the immersion f : U — E2" by f : @ — (x,p(x)).
Clearly the distribution DX is transversal to f. Moreover, Q= Q% = % =P
by (2.8) and the definition of p. The Christoffel symbols of the induced connection
VX on M vanish by virtue of Lemma 2.4 and thus equal those of the connection

V. The assertion of the proposition now follows. O

Corollary 5.2. Let M be an n-dimensional manifold with Hessian structure (V, P).
For every y € M, there exists a neighbourhood U of y and a Lagrangian immersion
f: U — E2" such that the distribution DX is transversal to f, and the Hessian
structure (VX §) induced on U by f as in Corollary 5.1 coincides with the Hessian
structure (V, P).

Finally, we establish a duality relation between pre-Hessian structures on a man-
ifold M.

Theorem 5.1. Let M be a manifold with a pre-Hessian structure (V, P). Suppose
that P is non-degenerate and let (V, PT) be the dual pre-Codazzi structure. Then
V is also flat, and (V, PT) is a pre-Hessian structure.

Proof. Assume the conditions of the theorem. By Proposition 5.2, M can locally
be immersed in E2" such that DX is transversal to the immersion, V coincides
with the induced affine connection VX, and Q = P. Since P is non-degenerate,
the distribution DP is by Lemma 2.3 also transversal to f. In particular, this
distribution induces the connection V¥ on M. By iii), Theorem 2.1 V¥ is conjugate
to VX relative to Q, and hence coincides with the connection V. But V¥ is flat by
Proposition 5.1, and hence V is flat. O

Thus the duality between pre-Codazzi structures introduces a duality relation
between pre-Hessian structures.

Definition 5.2. Let M be a manifold with pre-Hessian structure (V,P), and
suppose the tensor P is non-degenerate. Let V be the conjugate connection of V
relative to P. Then we call (V, PT) the dual pre-Hessian structure of (V, P).

For Hessian structures, this duality relation reduces to the well-known duality
relation given in [19, Def. 2.6, p.25].
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APPENDIX A. TOPOLOGICAL LEMMAS

The purpose of this section is to provide two auxiliary topological results, namely
Lemma A.2 and Corollary A.1.

Definition A.1. [3, pp.5-6] Let M be a topological space and let U be a cover
of M. A cover V of M is called a refinement of U if for every V € V there exists
U € U such that V C U. It is called a star refinement of U if for every x € M,
there exists U € U such that Uy cy.,cy V C U. It is called a strong star refinement
of U if for every W € V, there exists U € U such that Uy cv.wryzo V CU.

Proposition A.1. [3, Proposition 4, p.6] Let U be a cover of a topological space
M, let V be a star refinement of U, and let W be a star refinement of V. Then
W is a strong star refinement of U.

Definition A.2. [3, p.16] A topological space M is star-normal if every open cover
U of M has an open star refinement.

Proposition A.2. [3, Theorem 26, p.16] Every paracompact Hausdorff space is
star-normal.

From now on, we assume that a differentiable manifold is by definition second-
countable, and hence also paracompact [16, p.4].

Corollary A.1. Let M be a differentiable manifold and let U be an open cover of
M. Then there exists an open strong star refinement V of U.

Proposition A.3. [16, Theorem 10.6] A smooth differentiable manifold M pos-
sesses a smooth triangulation.

From the proof of this result (see [16, Lemma 2.7 and p.103]) we can actually
deduce a slightly stronger version.

Theorem A.1. Let M be a manifold and let U be an open cover of M. Then there
exists a smooth triangulation K of M which is subordinated to U, i.e., such that
for every simplex 0 € K, there exists U € U such that 0 C U.

Definition A.3. [16, p.70] Let M be a smooth differentiable manifold with a given
triangulation K. For z € M, we call |J o° the star St(z, K) of z. Here o°
denotes the interior of the simplex o.

The star St(z, K) is a neighbourhood of x in M [16, p.70]. Clearly it is con-
tractible onto x and hence simply connected.

ceK:x€o

Lemma A.1. Let M be a smooth differentiable manifold with a given triangulation
K. For every x,y € M, either St(z, K) N St(y, K) =0 or there exists z € M such
that St(xz, K) N St(y, K) = St(z, K).

Proof. We have St(z,K) = o St(y, K) =

0°, hence

ceK:xco ceK:yco

St(x, K)N St(y, K) = U o
ceEK:x€o,y€o
Since the intersection of two simplices in K is either empty or again a simplex in
K, we have that either St(x, K) N St(y, K) = () or there exists a minimal simplex
o* containing both x and y. In the latter case we thus obtain
St(x, K) N St(y, K) = U o°.
ceK:0*Co
In this case we can choose z to be any interior point of o*. ([l
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Lemma A.2. Let M be a smooth differentiable manifold and let U be an open
cover of M. Then there exists an open refinement V of U such that for every finite
subset ¥ C 'V the intersection [\, o, V is either empty or simply connected.

Proof. Let W be an open star refinement of U. By Theorem A.l, there ex-
ists a triangulation K of M that is subordinated to W. We now define V =
{St(z,K)|x € M}. Then V is an open cover of M. By the preceding lemma, for
every V, V' € V we have either VNV’ =0 or VNV’ € V. Thus (o5 V is either
empty or again an element of V for every finite ¥ C V. But the elements of V are
simply connected.

It rests to prove that V is a refinement of U. For every € M we have

St(z, K) = U 0’ C U o C U w.
oceK:x€o ceK:xco WeW:xeW

The last inclusion comes from the fact that K is subordinated to W. The assertion
now follows from the supposition that W is a star refinement of U. O

ApPPENDIX B. LEMMA B.1

Lemma B.1. Let p € R™ be a point and let {q'}icr be a finite family of smooth
real-valued functions defined in a neighbourhood U of p. Suppose that all ¢* belong
to the same k-jet at p. Let further {\'}icr be a family of smooth functions defined
in U such that 3,c; X' =1 on U. Then q = > ,.; N'q" belongs to the same k-jet

at p as the functions ¢*.

icl

Proof. Let P be the k-th order Taylor polynomial of ¢* at p. Then the derivatives of
the functions §¢ = ¢* — P at p vanish up to order k, and g = Yier N(G'+P) = P+q
with ¢ =3, A'§'. Computing the derivatives of the product \'§’ at p explicitly
using the product rule, it is easily seen that they also vanish up to order k. Hence
the derivatives of ¢ at p vanish up to order k, and g belongs to the same k-jet as
P, and thus as the functions ¢*. [l
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