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ON LIGHTLIKE SUBMANIFOLDS IN SEMI-RIEMANNIAN
MANIFOLD WITH A RICCI QUARTER SYMMETRIC METRIC
CONNECTION
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ABSTRACT. We study lightlike submanifolds of a semi-Riemannian manifold
with a Ricci quarter-symmetric metric connection. We obtain integrability
conditions for screen distribution. We also identify the conditions for which
the Ricci tensor of a lightlike submanifold with Ricci quarter-symmetric metric
connection is symmetric. Then, we conclude our study by showing that the
conformal curvature tensor of a lightlike submanifold M of semi-Riemannian
space form M (¢) is equal to curvature tensor of M with respect to Ricci
quarter-symmetric metric connection.

1. INTRODUCTION

The idea of a Ricci quarter symmetric metric connection on a Riemannian
manifold was introduced and presented by Kamilya and De U.C. [6]. Before this
work, a few papers had been written about the studies of various types of a quarter
symmetric metric connection and their properties in [3], [8] and [10]. Then in [3]
Golap studied some properties of the curvature tensor of a differentiable manifold
with respect to the quarter symmetric metric connection. In [6] Kamilya and De
U.C. found necessary and sufficient conditions for the symmetry of the Ricci tensor
of a Ricci quarter symmetric metric connection, and showed that conformal curva-
ture tensor of induced connection V and linear connection V are equal. Quarter
symmetric metric connection on Riemannian manifold and affinely connected man-
ifold were studied by Rostogi S.C. [10]. In an earlier paper [12], we studied lightlike
hypersurfaces of a semi-Riemannian manifold admitting a semi-symmetric metric
connection.

In this paper, we study lightlike submanifolds of a semi-Riemannian manifold ad-
mitting a Ricci quarter symmetric metric connection since the growing importance
of lightlike submanifold in semi-Riemannian geometry, and their use in general
relativity. Due to the degeneracy of the metric, basic differences occur between
the study of lightlike submanifolds and the classical theory of Riemannian as well

2000 Mathematics Subject Classification. 53B15, 53B30, 53C05, 53C50.
Key words and phrases. Ricci quarter symmetric metric connection, Lightlike submanifolds,
Levi-Civita connection, Ricci tensor, Semi-Riemannian space form.

155



156 EROL YASAR

as semi-Riemannianmanifold.Several papers have been written on lightlike sub-
manifolds in semi-Riemannian manifold recent years (see [1],[2], for instance) but
lightlike submanifolds in semi-Riemannian manifold with Ricci quarter-symmetric
metric connection has not been studied yet.

In this paper, we have proved that on lightlike submanifold the connection in-
duced from Ricci quarter-symmetric metric connection is Ricci quarter-symmetric
non metric, nevertheless, on screen distribution the connection induced from that
connection is Ricci quarter-symmetric metric connection. We define the induced
geometrical objects with respect to the Ricci quarter-symmetric metric connection
on the triplet (S(TM),S(TM=),tr(TM)). Then we investigate the integrability
condition of the screen distribution with respect to the Ricci quarter-symmetric
metric connection. Moreover, we give the conditions under which the Ricci ten-
sor of a lightlike submanifold with respect to the Ricci quarter-symmetric metric
connection is symmetric. Then, we show that the confoggal curvature tensor of a
lightlike submanifold M of semi-Riemannian space form M (c) is equal to curvature
tensor of M with respect to Ricci quarter-symmetric metric connection.

2. PRELIMINARIES

Let (M, §) be areal (m+n)—dimensional semi-Riemannian manifold of constant
index such that 1 <v <m+n—1and (M, g) be an m—dimensional submanifold of
M. In case g is degenerate on the tangent bundle TM of M, M is called a lightlike
submanifold of M. Denote by ¢ the induced tensor field of g on M and suppose g
is degenerate. Then, for each tangent space T, M we consider

T,M* = {Yx €T M | G (Yo, Xu) = 0, VX, € TxM}

which is a degenerate n—dimensional subspace of TzM . Thus, both T, M and
T,M~' are degenerate orthogonal subspaces but no longer complementary sub-
spaces. For this case, there exists a subspace Radl,M = T, M NT,M + called
radical (null) subspace. If the mapping

RadTM :z € M — RadT, M

defines a smooth distribution on M of rank r > 0, the submanifold M of M is

called r—lightlike (r—degenerate) submanifold and RadT M is called the radical

(lightlike) distribution on M. In the following , there are four possible cases:

Case 1. M is called a r—lightlike submanifold if 1 < r < min{m,n}.

Case 2. M is called a coisotropic submanifold if 1 <r=n < m.

Case 3. M is called an isotropic submanifold if 1 < r =m < n.

Case 4. M is called a totally lightlike submanifold if 1 < r =m =n [7].
Throughout to this work, we consider case 1 where there exists a non-degenerate

screen distribution S(T'M) which is a complementary vector subbundle to RadT M

in TM. Therefore,

(2.1) TM = RadTM L S (TM),

in which L denotes orthogonal direct sum. Although S(T'M) is not unique, it
is canonically isomorphic to the factor vector bundle TM/RadT' M. Denote an
r—lightlike submanifold by (M, g, S(TM),S(TM™)), where S(T'M+1) is a comple-
mentary vector bundle of RadTM in TM+ and S(TM%) is non-degenerate with
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respect to g. Let us define that ¢tr(T'M) is a complementary (but never orthogonal)
vectors bundle to T'M in T'M), and
(2.2) tr(TM) = ltr(TM) LS(TM™),

where ltr(TM) is an arbitrary lightlike transversal vector bundle of M. Then we
have

TM,,, = TM&tr(TM)
(2.3) = (RadTM & ltr(TM))LS(TM)LS(TM™)
where @ denotes direct sum, but it is not orthogonal [7].

Now we assume that ¢ is a local coordinate neighborhood of M. We consider
the following local quasi-orthonormal field of frames on M along M:

(2.4) {&, &y Xot1y oo, Xy N1y ooy Np y Wogq, o, W b

where {1,....,&} and {Ny,...,N,} are lightlike basis of I'(Rad(TM)),)
and I'(Itr(T'M)),), respectively and {X,i1,..., X} and {W;y1,..., W, } are or-
thonormal basis of I'(S(T'M),) and I(S(T'M™),), respectively, where the fol-
lowing conditions are satisfied

§(N17§]):6’L]7 1§i,j§7",
g(Ni, Nj) = g(Ni, X)) =0, r + 1 <k <m, Xy € I(S(TM)
[5].

Example 2.1. [7]. Consider in R3 the 1-lightlike submanifold M given by the
equations:

), N; € F(ltr(TM)‘u)

|ee

P = st ot = Jlog(1+ (o = a%?),
Then we have TM = Span{Uy,Us} and TM™* = Span{Hy, H>} where we set
0 o o
— 1_ 22y 9 1_ 22y 9 12y 0
Ur=V2(1+ (@' = a®)) 55 + (14 (@' = 2%)) 55 + V2" —2%)5 7,
Uz = V31 + (5 = 2)) 2 + (1+ (2! — 22)2) - — V3(at — 2%)
2 Ox? or3 ozt
and
o 0 0
Hi= g1t gt V2
Hy = 2(a% — ) 2o + V22 — 2o + (14 (2 — 2%)?)
2 ox? O3 ort

It follows that Rad(TM) is a distribution on M of rank 1 spanned by § = H;.
Choose S(TM) and S(TM™) spanned by Uy and Ho which are timelike and space-
like respectively. Finally, the lightlike transversal vector bundle

10 10 1 0

ltr(T'M) = Span{N = 59T + 597 + E@}’

and the transversal vector bundle
tr(TM) = Span{N, Ha}.

are obtained.
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3. Ricct QUARTER SYMMETRIC METRIC CONNECTION

Let M denotes a (m 4 n)—dimensional semi-Riemannian manifold with a semi-
Riemannian metric g of index 1 < v < m+n — 1, and V denotes linear connection
in M. The torsion tensor 1" of V is given by

T(X,Y)=VgY - VX — [X,Y], VX,Y e [(TM)
and have type (1,2). A linear connection V on M is said to be Ricci quarter

symmetric conection if its torsion tensor T satisfies
T(X,Y)=7(Y)LX —7(X)LY

for any X,Y € I‘(T]\7 ), where 7 is a 1—form and L is the Ricci operator of type
(1,1) defined by

GLX,Y)=58(X,Y),

S is the Ricci tensor of ﬁ .
A linear connection V is called metric connection if

(V) (¥, 2) =0.

In the sequel, M will always denote an (m+n)-dimensional semi-Riemannian man-
ifold endowed with a Ricci quarter symmetric metric connection V given by

o

(3.1) V¥ =ViY +7(Y)LX - S(X,Y)Q
where V is a Levi-civita connection with respect to g [6].
From (2.3), the vector field @ on M is decomposed as

(3.2) Q=Q+ > NNi+ > AW,
=1

a=r+1

where @ is a vector field and A\,, 1 < a < n are real valued function on M.
(o)

~ —~ [e]
We show the symmetric linear connection induced on M from V on M by V ,

then the Gauss formula with respect to V is given by

2 o r ot N gs
(3.3) VxY =VxV+ ) h(X,Y)N;+ Y b (X, Y)W,

=1 a=r+1

of
for X,Y € I'(TM), N; € T'(ltr(TM)), and W,, € T'(S(TM~)), where {h,} and

{]?La} are called the local lightlike second fundamental forms and the local screen
second fundamental forms of M which are symmetric bilinear forms [2]. Let us
define the connection V on M that is induced from the Ricci quarter-symmetric
metric connection V on M given by the equation below is called the Gauss formula
with respect to V for any X,Y € [(TM)

(3.4) VxY =VxV + Y BAX. YN+ > h(X,Y)Wa,

=1 a=r+1
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where {h¢} and {h%} are called the local lightlike second fundamental forms and
the local screen second fundamental forms of M which are tensors of type (0,2) on
M

By virtue of (3.1), we get

(3.5) VxY =VxY +7(Y)LX — S(X,Y)Q.
Thus, on substituting (3.3) and (3.4) into (3.5) we see that
T n ° T OZ -
VxY + ) WX, Y)Ni+ > WX, Y)W, = VxY+ > h(X,Y)N; - S(X,Y)Q
=1 a=r+1 =1
n o8
(3.6) + ) ho (X, Y)Wo +7(Y)LX
a=r+1

Since (3.2) and (3.6), we obtain

(3.7) VxY =VxY +7(Y)LX — g(X,Y)Q
and
ol oS
(3.8) h; =hi +XSand h, =hs + XS, 1<i<r r+l1<a<n

for any X,Y € T'(T M), where 7(X) = m(X).
According to (3.7) and the connection induced on lightlike submanifold from
Levi-Civita connection is not metric, we have

(3.9) (Vxg)(V,2) = Y {h{(X,Y) + \S(X,Y)}n(2)

i=1
(X, Z) + \iS(X, Z2)}mi(Y)
where
(3.10) ni(Z)=9g(Ni, Z), 1 <i<r
forany X,Y,Z € T'(TM) and N; € I'(ltr(TM)). Also from (3.7), the torsion tensor
of the connection V is found as :
(3.11) T(X,)Y)=n(Y)LX — n(X)LY.
Then from (3.9) and (3.11), we have the following proposition :
Proposition 3.1. The induced connection on a lightlike submanifold of a semi-

Riemannian manifold admitting a Ricci quarter-symmetric metric connection is
Ricci quarter-symmetric, but not metric connection.

o

The Weingarten formulae with respect to V is given by

2 o ot oS
(312) VXNl = 7AN7./X + VXNl + D (X, NZ), 1 S 7 S r,
and
,9/ o oe oS
(3.13) VxWa=-Aw, X+ D (X,W,) + VW, r+1<a<n,
for any X € ['(TM), N; € T(Itr(TM) and W,, € T'(S(TM+)), where

ot ol ol
Vy : DUtr(TM) —s T(Utr(TM); Vy(LV) = Dy (LV),
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Vo 1 D(S(TML)) — T(S(TM™)); Vi (SV) = Dy (SV),
ot R ol
D :T(TM) x T(S(TM*)) — T'(itr(TM)); D (X,SV) = Dy (SV),
D :T(TM) x T(itr(TM)) — T(S(TM™)); D (X,LV) = Dy (LV)
for any V € T'(tr(TM)) such that L and S are the projection morphisms of ¢r(TM)
0¥

oS

on ltr(T'M) and S(TM™) rebpectlvely Also V and V are linear connections on

Iltr(TM) and S(TM+), respectively, A N, and AW are called the shape operators
of M with respect to N; and W,,, respectively [2]. We shall define

ol

S

Tia(X) =€ag(D (X,N;), W), r+1<a<n, 1 <i<r,
o
Yaj (X) =g(D (X, W,),&), r+1<a<n, 1<j<r,
H:aﬁ(X) = €B§(VXWOHW5)7 r+1 g O‘vﬁ S n,

for any X € T'(TM), N; € T(ltr(TM) and W, € T'(S(TM+1)). Thus, (3.12) and
(3.13) can be rewritten as :

(3.14) VN = —An X + 3 pu(XON; + 3 cia(X)Wasl<i<r,
j=1 a=r+1

and
(3.15) %XWQZ—AWaX-i-Z’YQj( N + Z /Jag Wg,r—klgagn.
j=1 =r+1
Let us denote by P the projection morphism of TM on S (TM ) with respect
to the decomposition (2.1), then we can write X = PX + Z 7;(X)&; for any

X € T'(TM). Thereafter, by using (3.1), (3.2), (3.14) and (3 15) we obtain the
Weingarten formulae with respect to V given by

(3.16)
VxNe = —An X +n(@LX = S(X.NJQ+ L {-=S(X.YJAN:+ py (X)N)}
P
+ Z_H(Um( ) = S(X,Ni)Aa)W,, 1 <i<r,
and
(317) VaxWa = —Aw.X + AacalX — S(X,Wa)Q + i{%j(X)Nj

j=1
—S(X, Wa)AiNik + 3 {ap(X)Wp — S(X, Wa) W},
B=r+1

for any X € I'(TM), N; € T'(itr(TM)) and W,, € T(S(TM1)).
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[e]

By considering (3.1), (3.4), (3.16), (3.17) and taking into account that V is not
metric connection, we derive that

(3.18) G(Ni, Ay, X) = S(X, Wa)m(Ni) — e (X), 1< i <1,

T Aw. X,Y) = cadaS(X,Y) +eahS(X,Y) + i%j(xm(y) + S(X, Wo)m(Y)

(319> +>\zS(Xa Wa)nl(y) + {th(X7 Wa) + )‘lS(X7 Woz)}nl(Y)
gV ANX) = Y pu(Xm(Y) + m(VxY) = X(m(Y)
=
(3.20) +{RE(X, N;) + NS(X, NI (Y) — mi(Q)S(X,Y)

i (Y)S(X, N;) = S(X, Nj)m(Y) + e:hf (X, Y)

(3.21) RUX,Y) +3(Vx&,Y) = Nig(X,Y)

for any X,Y € I(TM), & € T'(RadT M), W, € T(S(TM™)), N; € T(itr(TM)).
Presently, from the decomposition (2.1), geometrical objects of screen distribu-

tion with respect to V is given by

(3.22) VxPY = VyPY + 3 b, (X, PY)g,
i=1
° o * o *t
(3.23) Vx& = _AEiX + VX &, 1< <r

for any X,Y € I'(TM) and &; € I'(RadT M), 1 <i < r, where {VxPY, A; X} and
r oo* o*t
{3 h; (X, PY)&;, Vi &1} belong to T'(S(TM)) and T'(RadT M), respectively. From
i=1
oxt

the above it follows that V. and V  are metric linear connections on comple-
o *

mentary distributions S(T'M) and Rad(T'M) respectively, A, are shape operator

of S(TM) with respect to &;, h; are bilinear forms on I'(T'M) x T'(S(T'M)). In
addition, by using (3.3) and (3.22) we obtain

ot o*
(3.24) hi(X,PY)=9(A;, X, PY), 1<i<r
for any X,Y € T'(T'M) [2]. We define
o *t

UZJ(X) = g(vX§27NJ)7 1 < 17] S r
for any X € T'(TM) and &; € I'(RadT M), 1 < i <r. Thus, it follows that

(3.25) Vx&=—A X+ ui(X)g, 1<i<r.

=1

Analogous to the equation (3.22) we have

(3.26) VxPY =V5PY + Y hi(X,PY)&,

i=1
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where h} is the second fundamental form of distribution S(T'M).
From (3.7), we get

(3.27) VxPY = VxPY +n(PY)LX — S(X, PY)Q.

Thus, applying (3.22) and (3.26) in (3.27), we deduce that

ViPY +> hi(X,PY)& = Vy PY + > h; (X, PY)& +n(PY)LX — S(X, PY)Q

i=1 i=1

from the above it follows that

(3.28) VX PY = %;PY +7(PY)L(PX) - S(X,PY)PQ

and

(3.29)  RI(X,PY)= Z:(X, PY)+n;(X)m(PY) - S(X,PY)n:(Q), 1 <i<r

for any X,Y € I'(T'M). Also, taking (3.25) in (3.7) we have

Vx& = —ALX+—S(X.E)PQ+ Y {uy(X) - S(X.&m(Q)

j=1

(3.30) +eidini (X) }&i,

where Ag_ = Agv — NI, 1 <i<r. We conclude from (3.28) that

(3.31) (Vx9)(PY,PZ) =0
and
(3.32) T*(PX,PY) = n(PY)L(PX) — m(PX)L(PY).

From (3.31) and (3.32), the following proposition can be stated as :

Proposition 3.2. The induced connection V* on a screen distribution of lightlike
submanifold is a Ricci quarter-symmetric metric connection.

Proposition 3.3. Let (M, g, S(TM),S(TM™)) be a lightlike submanifold of semi-

Riemannian manifold (M,g) admitting a Ricci quarter-symmetric metric connec-
tion. The screen distribution S(T M) is integrable if and only if second fundemental

form of screen disribution h} and Ricci tensor of M are symmetric.

Proof. Since the torsion tensor T of V does not vanish, and also by using (3.11),
(3.28), (3.30) and equality given by

X =PX+Y m(X)&

=1
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we can get
[X,Y] = ViPY -V} PX+Zm VALY — (V)AL X
(3.33) + zr;{h;*(X, PY) = hi (Y, PX) + X (n;(Y)) = Y (n:(X))}&
+ Zl{m Juii (X) = 0i(X)ui; (V)

+{n(PY) +Zm JA}PY — {n(PX) +Zm A} PX

i=1 i=1
+Z{7T(PX)77i(Y) — m(PY)n;(X)}&.
Taking the scalar product of the above equation with N;, 1 <17 < r, we have
FGYLND = B PY) = RO PX) £ X (V) = Y (X))
(3.34) +Zm Y (X) — 13 (X)uij (V)
+7T(PX)7h'(Y) —m(PY)n:(X).

From (3.10) , (3.28) and (3.34), we obtain

2mi(X,Y) = Z*(y PX)— h. (X, PY)
(3.35) +§jmz Huii (Y) +m(PY)}

—m( Huig(X) +7(PX)}} +{S(Y, PX) = S(X, PY)}n:(Q),
or
2dn;(PX,PY) = h}(PY,PX)—h;(PX,PY)+{S(PY,PX)— S(PX,PY)}n(Q),

which proves the theorem. ([l

4. THE GAUSS AND CODAzZZI EQUATIONS

We denote the curvature tensor of M with respect to Ricci quarter-symmetric
metric connection V by

R(XY)Z=V3V3Z -VeVZ—V 512

and that of M with respect to induced connection V by

R(X,Y)Z =VxVyZ - VyVxZ - Vxy|Z,
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where X, Y, Z € I(TM) and X, Y, Z € I(TM). Then by using (3.4), (3.16),

(3.17), we get

R(X,Y)Z

R(X,Y)Z + i{(vth)(Y, Z) = (Vyh)(X, 2)

+hi(r (V)X — (XY, Z) — NihE(Y, Z2)S(X, Ny) 4+ M (X, Z)S(Y, N;)

XS (Y, Z)S(X, Wa)}N; + + Zn: {(Vxh )Y, Z) = (Vyhi)(X, Z)
a=r+1

+hE(n(YV)X — 7(X)Y, Z) + hE(Y, Z) (050 (X) — AaS(X, N;))

—hi(X, Z)(0ia(Y) = AaS(Y, N;)) — hE(Y, Z)S(X, W)

B (X, Z)S(Y, Wa) Y Wa + S REX, Z){~An, X +n(Q)LX
i=1

—S(X, N)Q + pis(X)N;} = SRV, Z){=An,Y +n(Q)LY

=1

—S(Y,N)Q +pi(Y)N;} + Y ha(Y, Z){—Aw, X + Aacal X
a=r-+1

—S(X, Wa)Q +7aj (X)N; + pas(X)Ws} — - hi(X, 2){~Aw,Y
a=r+1

FAacalY = S(Y,Wo)Q + va; (Y)N; + pap(Y)Ws}

for any X,Y,Z € T(TM), N; € T(ltr(TM)) and W, € I'(S(TM™)). From (3.26),
(3.30) and (4.1), we have the Gauss and Codazzi equations of the lightlike subman-
ifold with a Ricci quarter symmetric metric connection:

§(R(X,Y)PZ,PU) = g(R(X,Y)PZ, PU)

=3 Y. PZ){hi(X, PU) = m(PU),(X) + S(X, PUI(Q)}

+hE(X, PZ){hi(Y, PU) — =(PUni(Y) + S(Y, PU)(Q)}

+hi (Y, PZ)n(Q)S(X,PU) — S(X, N;)g(Q, PU)

+5(Y,Ny)g(Q, PU) — hi(X, PZ)n(Q)S(Y, PU)

+ Zn: he (Y, PZ)g(Aw. X, PU) + Aacahl,(Y, PZ)S(X, PU)
a=r+1

—S(X, Wa) W, (Y, PZ)x(PU) + h3,(X, PZ)g(Aw, Y, PU)
FAatahl (X, PZ)S(Y, PU) — S(Y,Wo)hi,(X, PZ)x(PU)
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JRX. V)&, N;) = g(R(X,Y)&, N;)
+ Y =R (Y 6)0ia(X) + Aacahl (Y, 6)S(X, N;)
a=r+1
(4.3) +hE(Y, &) S(X, Wo)m(N;) + (X, &)0ia(X)

+h5(X, 6)1a(Y) = Aacahs (X, &)S(Y, N:)
+h5 (X, &) S(V, Wa)m(N;)

JR(X,Y)&, N:) = hi(Y,A{X)—hi(X,ALY) + 2duy(X,Y)

+eihig(Vx L)(PY) — L(Vx PY), N;)
i (@Q{(VxS)(Y. &) — S(VxY, &) + S(Y, Vx&)}
=X (:(Q)S(Y, &) +eiXi2dn;; (X,Y)

(4.4) Ui (V) = S(Y, &)mi(Q) + eiXimi(Y) }ni(Vx&i)
—eiNig(Vy L)(PX) — L(Vy PX), N;)
+1:i (Q{(Vy 9) (X, &) — S(Vy X, &) + S(X, Vy&)}
+Y (7:(Q))S(X, &) — {Ui(X) — S(X, &)mi(Q)
+eiXini (X) i (Vy &).

5. THE Riccr TENSOR

Let (M,g,S(TM),S(TM=)) be an m—dimensional lightlike submanifold of an

(m+n)—dimensional semi-Riemannian manifold (M ,g) admitting a Ricci quarter-
symmetric metric connection. By using (3.7), we have

R(X,Y)Z = R(X,Y)Z—M(Y,Z)LX + M(X,Z)LY
(5.1) =S(Y, 2)QX + S(X, Z)QY + n(Z)[(VxL)(Y) — (Vy L)(X)]
—[(Vx9)(Y) = (VyS)(X)Q
,where M is tensor of type (0,2) defined by

M(X,Y) = g(@X,Y) = (Vxm)(¥) — w(¥)r(LX) + Z7(Q)S(X,Y)
and @ is a tensor field of type (2,1) defined by

QX =VxQ —7(LX)Q+ %W(Q)LX.

Similar to the definition of the Ricci tensor of M with respect to the symmetric
connection, the Ricci tensor of M with respect to Ricci quarter-symmetric metric
connection is defined by

(5.2) Ric(X,Y) = trace{Z — R(X,Z2)Y}

for any X,Y,Z € I'(TM). Then the Ricci tensor of an m—dimensional lightlike
submanifold M with respect to Ricci quarter-symmetric metric connection is given
by
(5.3) Ric(X,Y) Zg (X, &)Y, Ni) + > erg(R(X, Xg)Y, X¢)

k=r+1

where {X, 41, ..., X;n} is an orthonormal basis of screen distribution I'(S(T'M)).
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Thus, by using (3.7), (5.1) and (5.3) we obtain
(5.4)
m—2)

Rie(X,Y) — Ric(Y, X) = Ric(X,Y) — Ric(Y, X) + T(T[M(Y, X) — M(X,Y)]

for any X,Y € I'(T'M),where r is scalar curvature.
From (5.4) we have

Proposition 5.1. Let (M, g, S(TM),S(TM™)) be a lightlike submanifold of semi-

Riemannian manifold (M,q) admitting a Ricci quarter-symmetric metric connec-
tion. Then Ricci tensor of a lightlike submanifold with respect to the Ricci quarter-
symmetric metric connection is symmetric if and only if the Ricci tensor of a light-
like submanifold with respect to the symmetric connection and the tensor of M are
symmetric.

We assume that the 1—form = is closed. In this case we can define the sectional
curvature for a section in M with respect to the Ricci quarter-symmetric metric
connection (see [5]).

Now, suppose that the Ricci quarter-symmetric metric connection V is of con-
stant sectional curvature, then R(X,Y)Z should be in the form of

(5.5) R(X,Y)Z =c{§(X,2)Y —§(Y,Z)X}
for any )~(,5~/, 7 e F(TM)7 where ¢ is a certain scalar. Thus, M is called a semi-

Riemannian space form with respect to the Ricci quarter-symmetric metric connec-
tion and is denoted by M (c).

Proposition 5.2. Let (M,g,S(TM),S(TM™%)) be a lightlike submanifold of (m +

n)—dimensional semi-Riemannian space form M (c) with a Ricci quarter-symmetric
metric connection. Then we have

Ric(X,Y) = (m—1kg(X.Y) = ~[G(X,Y)M(Y,N) + 2. M(X,Y)
(5.6) ~§(Xa, Y)M(X, X,) + mg(X, V)]

for any X,Y,Z € T(T M), where m is the trace of the tensor M(X, Y).
Proof. Appliying (5.1) in (5.3) and considering (5.5), then (5.6) is obtained. O

From (5.6), we have the following corollary :

Corollary 5.1. Let (M, g,S(TM),S(TM™Y)) be a lightlike submanifold of semi-
Riemannian space form M (c) with a Ricci quarter-symmetric metric connection.
If M wvanishes, then M is an FEinstein manifold.

Denoting the conformal curvature tensors of type (0,4) of the semi-symmetric
metric connections V by C |, we have

1
C(XaKZvU) = R(X,Y,Z,U)—m{R’LC(Y,Z)g(X,U)_RZC(X7Z)Q(Y7Z)
(5.7) +9(Y, Z)Ric(X,U) — g(X, Z)Ric(Y,U)}.
Proposition 5.3. Let (M, g, S(TM),S(TM™)) be a lightlike submanifold of semi-
Riemannian space form M(c) with a Ricci quarter-symmetric metric connection.
If M is Einstein and r = 2k(m — 1), then conformal curvature tensors of the Ricci

Quarter-symmetric metric connections V is equal to curvature tensor R of Lightlike
submanifold with respect to the Ricci quarter-symmetric connection.
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Proof. By using the definition of Einstein manifold and (5.3) in (5.7), we obtain

il
[2
3
4
5
6
[7
8
[
10
[11

[12

r—2k(m—1)}
(m—)m—2)"

which proves assertion of the theorem. (I

C(Xa}/asz) = R(va?Z’ U) +g(}/a Z)g(XvU){
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