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ABSTRACT. We consider almost Kenmotsu manifolds whose characteristic vec-
tor field belongs to two types of generalized nullity distributions. We prove
that, in dimensions greater or equal to 5, the functions involved in the defi-
nition of such distributions can vary only in direction of £ and the Rieman-
nian curvature is completely determined. Furthermore, we provide examples
of almost Kenmotsu manifolds satisfying generalized nullity conditions with
non-constant smooth functions.

1. INTRODUCTION

One of the recent topics in the theory of almost contact metric manifolds is the
study of the so-called nullity distributions. Historically, a first notion of k-nullity
distribution, k¥ € R, appeared in the Riemannian geometry framework, [12, 20].
More recently, a more general notion of nullity distribution, called (k, u)-nullity
distribution, with k, 4 € R, was introduced, in the context of contact geometry, by
D. E. Blair, T. Koufogiorgos and B. J. Papantoniou in [2]. Such a problematic has
been widely studied ([3, 11]) and by P. Dacko and Z. Olszak in the setting of almost
cosymplectic manifolds as well ([4, 5, 6]). For an almost contact metric manifold
(M?"+1 o €. n,g) the k-nullity distribution, & € R, is defined by putting for each
pE M2+l

Ny(k) ={Z € T,M*"*' | Rxy Z = k(9(Y, Z)X — g(X, Z)Y)},

where X and Y are arbitrary vectors in T, M?" 1. Given k, u € R, the (k, pu)-nullity
distribution, is the distribution given by putting

Ny(k,p) = {Z € T,M?>"*' | Rxy Z = k(g(Y,Z)X — g(X, Z)Y)
+u(g(Y, Z)hX — g(X, Z)hY)},

where h = $L¢p, £ denoting the Lie differentiation.
In [8] the authors consider almost Kenmotsu manifolds (M?"+1 ¢, & 1, g) sati-
sfying the (k, u)-nullity condition, which is obtained by requiring that £ belongs to
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the (k, p)-nullity distribution, that is, for all vector fields X, Y,
(1.1) Ryy€ = k(n(Y)X = n(X)Y) + a(n(Y)hX — n(X)hY),

and they prove that h = 0 and k = —1. For this reason, in the same paper,
they introduce and study a modified nullity condition involving the tensor field
W' = h o ¢, requiring the vector field £ to belong to the so-called (k, ) -nullity
distribution, k, u € R, that is

(1.2) Rxy&=k(n(Y)X —n(X)Y) + u(n(Y)VX —n(X)n'Y),

for all vector fields X, Y.

In [19], we studied almost Kenmotsu manifolds with conformal Reeb foliation, that
is with h = 0, proving in particular that £ belongs to the k-nullity distribution if
and only if k = —1.

The above conditions are called generalized nullity conditions when one allows k, i
to be smooth functions. In [17] the authors consider contact metric manifolds sati-
sfying the generalized (k, p)-nullity condition and they prove that k, u are constant
in dimension 2n + 1 > 3. In this paper, for both the generalized nullity conditions,
we discuss the case h # 0 showing that almost Kenmotsu manifolds have a different
behavior with respect to contact metric manifolds.

After some basic data concerning almost Kenmotsu manifolds, in section 3, we
state some preliminary results on almost Kenmotsu manifolds satisfying (1.1) or
(1.2) with k, u functions. In particular, if dim M?"** > 5 we prove that k, u can
depend only on the direction of £ and h and h' are n-parallel.

In sections 4 and 5, it is proved that, if such generalized nullity conditions are
satisfied by an almost Kenmotsu manifold M?"*! with 2n+1 > 5, the Riemannian
curvature is completely determined and the leaves of the distribution ker(n) are flat
Kahler manifolds. Finally, in the last section, we show, through explicit examples,
the existence of such manifolds with non-constant k, i in any dimension.

As usually manifolds are assumed connected. For the curvature we adopt the
notation in [16].

2. PRELIMINARIES

An almost contact metric manifold is a (2n 4 1)-dimensional smooth manifold
M endowed with a structure (p,&,7n,g9) given by a (1,1)-tensor field ¢, a vector
field &, a 1-form 7 satisfying p? = — T +n®&,n(€) = 1, and a Riemannian metric g
such that g(pX, oY) = g(X,Y) — n(X)n(Y), for any vector fields X and Y. With
this structure it can be associate a 2-form @, defined by ®(X,Y) = g(X, ¢Y") for
any vector fields X and Y. The normality of an almost contact metric manifold is
expressed by the vanishing of the tensor field N = [, ¢| + 2dn ® &, where [p, ¢] is
the Nijenhuis torsion of ¢. For more details, we refer to Blair’s book [1].

It is well known that Kenmotsu manifolds can be characterized, through their
Levi-Civita connection, by (Vx)(Y) = ¢g(pX,Y)¢ — n(Y)e(X), for any vector
fields X,Y. Equivalently, such manifolds can be defined as normal almost contact
metric manifolds such that dp = 0 and d® = 2np A ® (see [13]). Moreover, in
[14] Kenmotsu proved that such a manifold M?"*! is locally a warped product
] —e,e[xsN?", N?" being a Kahler manifold and f = ce, ¢ a positive constant.
More recently in [18, 15, 7], almost contact metric manifolds such that dn = 0 and
d® = 2n A ® are studied and they are called almost Kenmotsu. Obviously, a normal
almost Kenmotsu manifold is a Kenmotsu manifold.
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In an almost Kenmotsu manifold, since dn = 0, the distribution D = ker(n),
orthogonal to &, is integrable, and its integral submanifolds, endowed with the
induced almost Hermitian structure, are almost Kéhler manifolds; furthermore, we
have Len = 0 and [, X] € D for any X € D. Then, using the expression of the
Levi-Civita connection for an almost contact metric manifold, ([1]), we have:

(2.1) 29(Vx@)Y,2) =20(Z)g(¢X,Y) —20(Y)g(eX, Z)
’ +9(N(Y, Z), pX),

for any vector fields X, Y, Z, from which we deduce that V¢p = 0, so that V¢ = 0,
V¢X € D for any X € D and, for any vector field X,

(2.2) Vx&=X —n(X)§ - ph(X).

Another important consequence of (2.1) is that the almost CR-structure (D, J)
canonically associated with the given almost contact metric structure, where J is
the restriction of ¢ to D, is C R-integrable if and only if the tensor ¢ is n-parallel.
Indeed, taking Y, Z € D, we notice that, being D integrable, N (Y, Z) is orthogonal
to &; therefore, N(Y,Z) = 0 is equivalent to the condition g(N (Y, Z),¢X) = 0 for
all vector fields X € D. But, by (2.1), this is true if and only if g((Vx¢)Y, Z) = 0.

The tensor fields h and h’ = ho ¢ are symmetric operators, anticommute with ¢
and verify h(§) = h'(§) =0, noh =noh’ =0, tr(h) = tr(h') = 0. Obviously h =0
if and only if A" = 0 and they admit the same eigenvalues. For an eigenvalue A, we
will denote the eigenspaces associated with h and A’ by [A] and [A]’, respectively.
Furthermore, if A # 0, then [A] # [A)', since it is easy to check that X € [\] implies
—X + X €[N

It is proved in [15] that the integral submanifolds of D are totally umbilical
submanifolds of M?2"*! if and only if h = 0. In this case the manifold is locally
a warped product M’ x N?", where N?" is an almost Kéhler manifold, M’ is
an open interval with coordinate ¢, and f(t) = ce’ for some positive constant ¢
([7]). If, in addition, the integral submanifolds of D are Kéhler, then M?"*! is a
Kenmotsu manifold. Hence, a 3-dimensional almost Kenmotsu manifold with h = 0
is a Kenmotsu manifold.

In [8] the authors study almost Kenmotsu manifolds satisfying the (k, u)’-nullity
condition, proving that k& < —1. Moreover if & = —1, then b’ = 0 and M?"*!
is locally a warped product of an almost K&hler manifold and an open interval.
If £ < —1, then p = —2, h' admits three eigenvalues A, —\,0, with 0 as simple
eigenvalue and A = v/ —1 — k. The following classification theorem is established.

Theorem 2.1. Let (M?*" 1 . & 1, g) be an almost Kenmotsu manifold satisfying
the (k, —2) -nullity condition and h' # 0. Then, M?"*t is locally isometric to the
warped product H" 1 (k — 2)\) x ; R™ or B"*1(k + 2)\) x ;» R", where f = cel=M?
and f' = etV with ¢, ¢ positive constants.

We recall also some results stated in [9] for almost Kenmotsu manifolds with
n-parallel h’. More precisely it is proved that, for any eigenvalue A, the distribution
[A]" is integrable and denoting by [0]’ the space of eigenvectors of 0 which are
orthogonal to &, the following theorem is given.

Theorem 2.2. [[9],Theorem 2] Let (M?"*1 o & n,g) be an almost Kenmotsu ma-
nifold such that h' is n-parallel. Let {0, A1, —A1,..., Ar, =\ } be the spectrum of B/,
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with \; # 0. Then an integral manifold M of D is locally the Riemannian product
(2.3) Mo x My, x M_x, X ...x My, x M_y,,

where My, My, and M_,, are integral manifolds of [0), [\;]" and [—);]" respectively.
Moreover, My is an almost Kahler manifold and each My, x M_y, is a bi-Lagrangian

Kihler manifold. Denoting by 2mqg + 1 the multiplicity of 0, if mg > 0 then M2 +1
is C'R-integrable if and only if My is a Kdhler manifold.

Finally, we recall that the curvature of an almost Kenmotsu manifold satisfies
(see [7, 8]):

Rxy& =n(X)(Y — phY) —n(Y)(X — phX)

2.4

24) H(Typh) X — (Vxph)Y

(2.5) ol — 1 = 2(—¢* + h?)

(2.6) 9(RexY, Z) — g(Rex Y, 9Z) + g(Repx Y, 0Z) + g(Reox Y, Z)

=2(Viax®)(Y, 2) +2n(Y)g(Z, X — phX) — 2n(Z2)g(Y, X — phX),

where [ is the symmetric operator defined by [(X) := Rx¢&, for any vector field X.
We observe that the above relations can be rewritten in terms of i’ since poh = —h/
and h = —h/ o .

3. PROPERTIES OF THE GENERALIZED NULLITY CONDITIONS WITH h # 0.

Let (M?"*1 ¢, €,m,9) be an almost Kenmotsu manifold and h = 0. Obviously,
the nullity distributions both reduce to a k-nullity distribution and if £ belongs
to the generalized k-nullity distribution, & € F(M?>"*1), then k = —1. Indeed,
comparing (2.4) and the nullity condition, we have (k + 1)(n(Y)X — n(X)Y) = 0.
Thus, considering Y = £, we obtain (k+1)(¢*(X)) = 0, from which k = —1 follows.

Therefore, from now on, we assume h # 0, everywhere.

Proposition 3.1. Let (M?"*! . & n,9) be an almost Kenmotsu manifold sati-
sfying either the generalized (k, p)-nullity condition or the generalized (k, ) -nullity
condition, with h # 0. Then, one has

(3.1) W2 = (k+1)>  or equivalently h'> = (k+ 1)

(3.2) Q&) = 2nk¢, Q being the Ricci operator
Furthermore, in the case of generalized (k, )-nullity condition, one has
(3.3) Veh = —2h — pph

(3.4) RexY = k(9(X,Y)E = n(Y)X) + u(g(hX,Y)E = n(Y)hX)
and in the case of generalized (k, p)'-nullity condition, one has

(3.5) Vgh/ =—(u+2)n

(3.6) RexY = k(g(X,Y)§ —n(Y)X) + u(g(M' X, Y)§ = n(Y)h'X)
Proof. From the (k, u)-nullity condition we soon obtain

(3.7) I(X) = Rk = —kg?(X) + ph(X)

for any X, so that (2.5) implies (3.1). In the case of the (k, )’ -nullity condition, we
use (2.5) referred to h', namely @l — | = 2(—¢? + h'?), since I’ = h2. As for the
second equation, we first remark that, if X is an eigenvector of h with eigenvalue
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A, (3.1) gives A2X = —(k + 1)X and hence \? = —(k + 1). It follows that k < —1
and h and i’ both have the eigenvalues: 0 as simple eigenvalue, A = v/—1 — k and
—X. Moreover, for any X orthogonal to &, we have Ric(X,£) =0, since Rxy €& =0,
for any XY € D. Now, we choose an orthonormal local basis of eigenvectors of h
(or of h') of the form {&, e;, pe; }1<i<n with e; € [A] (or e; € [A]') and we find

g(Q(€)7 5) = Z?:1 Q(Re,fgy 61’) + ZZ‘L:1 Q(Rgaei,ég: ‘P@z')
=n(k + M) +n(k — Au) = 2nk,
obtaining (3.2).
In the case of generalized (k, p1)-nullity condition, applying ¢ to (2.5) and taking
into account that n((V¢h)X) = 0 for any vector field X, we get

(Veh)X = —pX — 2hX — ph®X — ¢l X,

which, using (3.7) and (3.1), gives (3.3). Finally, the last relation is a consequence
of the symmetries of the curvature tensor field and of (1.1).

In the case of the generalized (k, 1)’-nullity condition, using (2.4), we obtain that
I =% =20 — W = Vel hence —(k + 1)@ = —(u+ 2)I — ' — V¢h! and (3.5)
follows, applying (3.1). Again, the last relation follows from the symmetries of the
curvature tensor field and from (1.2). O

Remark 3.1. If h # 0 each of the two nullity conditions implies that the almost
Kenmotsu structure is C'R-integrable. Indeed, for an almost Kenmotsu manifold,
the C'R-integrability is equivalent to the fact that the integral submanifolds of D are
Kahler. This happens if and only if (Vx¢)Y = g(¢X +hX,Y)E, for all X, Y € D
([10]). In our case, this condition is satisfied. Indeed, if X,Y € D, by (3.4) or
(3.6), we have RexY € [¢]. Then, if we take Z in D, being h # 0, (2.6) reduces to
(Vix®)(Y, Z) = 0, the structure is C R-integrable and, for any X,Y € D,

(3.8) (Vx)Y € [¢].
Proposition 3.2. Let (M2l o £ n,g) be an almost Kenmotsu manifold with
h #0. If the generalized (k, u)-nullity condition holds, then:

E(N) = =2, (k)= —-4(k+1).
If the generalized (k, n)'-nullity condition holds, then:

EN) = —Au+2), &) = —2(k+1)(u+2).
Moreover, in both cases, if 2n +1 > 5, then for any X € D:
X(A\) =0, X(k)=0, X(p)=0.

Proof. Let X be a unit eigenvector of A corresponding to the eigenvalue A. Applying
(3.3), we obtain £(A\)X +AVeX — h(VeX) = —2AX — pdpX and the first formula,
by taking the scalar product with X. Since k = —1 — A2 the second formula follows.
Analogously, let X be a unit eigenvector of A’ corresponding to the eigenvalue .
Applying (3.5), we obtain {(A\)X + AV X — A/ (Ve X) = —A(p+2)X, and hence the
first formula, by taking the scalar product with X. Then, since A2 = —1 — k, we
have £(k) = —2(k + 1) (u + 2).

Finally, being & < —1, the non-zero eigenvalues of h are A = /—1 —k and —\
and both the eigendistributions [A] and [—A] have constant dimension n. Next,
comparing the nullity conditions with (2.4), for any X,Y € D, we obtain

(3.9) (Vxh)Y — (VyHh)X =0,
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which implies that A’ acts as a Codazzi tensor on each integral submanifold M?" of
the distribution D and, being n > 1, the eigenfunctions A\, —\ are constant along
D since D = [\ @ [-A] = [A] @ [-]]. Thus, for any X € D we have X(\) =0 and
X (k) = 0 follows from \? = —1 — k.

In the case of generalized (k, 1)’-nullity condition, from &(\) = —A\(u+2), we get
X (p) = 0 since, for X € D, [X,£] € D implies 0 = [X,£](A) = X(E(N)) = =AX (u).

Instead, to prove X (u) = 0 in the case of generalized (k, p)-nullity condition, we
use the second Bianchi identity. We have, for X, Y € D

(310) (VXR)(Yagag) - (VYR)(ngvg) + (VgR)(X7 Y, 5) =0.

The nullity condition implies the vanishing of the third term. Using (3.4) and
taking into account that Vx¢& € D, we find

(VxR)(Y,£,8) = Vx(R(Y,§)E) — R(VxY, )¢ — R(Y, §)Vx¢

X(k)Y + X(pw)hY + w(Vxh)Y + pg(hY, X + hpX)E.
Thus, since X (k) =Y (k) =0, (3.10) becomes
(3.11) 0=X(uhY =Y (hX +p(Vxh)Y — (Vyh)X —2g(hX, hpY)E).
Now, from (3.9) and (3.8), one easily deduces
(3.12) (Vxh)Y — (Vyh)X € [¢],
for any X,Y € D and, by a simple computation, we obtain

(Vxh)Y — (Vyh)X = 2g(hX, hY ).

Therefore, (3.11) reduces to X (u)hY — Y (u)hX = 0.
Finally, choosing X € [A] and Y € [-)], we get A(X(1)Y + Y (u)X) = 0. Then

A # 0 and X,Y linearly independent imply X () = Y (u) = 0. This means that
Z(u) =0 for any Z € D, since D = [A\] @ [ ] O

Examples with non constant k, u are constructed in last section.

Proposition 3.3. Let (M?"*1 ¢ £ n,g) be an almost Kenmotsu manifold, with
h # 0 and n > 1, satisfying either the generalized (k,u)-nullity condition or the
generalized (k, p)' -nullity condition. Then, h and h' are n-parallel, that is for any
XY, Z € D, one has

g(Vxh)Y,Z)=0  g((Vxh)Y,Z) =0

Proof. We notice that the two nullity conditions imply (3.9) and (3.12). We discuss
the np-parallelism of h. If X|Y,Z € D, (3.12) implies

(3.13) 9(Vxh)Y, Z) = g(Vyh)X, 2).

Then, if X € D and Y, Z are in the same eigenspace of h, since X (\) = 0, a direct
computation gives g((VXh)Y, Z) = 0. By the symmetry of Vxh with respect to
g, using (3.13), for any X,Y € [A] and Z € D, we also have g((Vxh)Y,Z) =
9(Y, (Vxh)Z) = g(¥, (V 7h) X) = 0.

Therefore, (Vxh)Y, with X,Y € [)], has only the component along £. Since
g((Vxh)Y, &) = —g(Y,h(X — ¢hX)) = —Xg(X,Y), being ¢X € [—]], we obtain
(Vxh)Y = =Xg(X,Y)¢, for X|Y € [)].

Analogously, if X,Y € [=)], we get (Vxh)Y = A\g(X,Y)¢&, and, finally, if X € [}]
and Y € [ )], we have (Vxh)Y = A\?g(X, pY)E.

Now writing Z € D as Zy + Z_, where Z) and Z_) denote the component of Z in
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[A] and [—)], respectively, it follows that, for any X,Y,Z € D, g((Vxh)Y,Z) =0
and h is n-parallel. Moreover, we have
9(Vxh)Y,€) = g(Y, (Vxh)§) = —g(Y,h(VxE)) = —g(hX + h*pX.Y),
hence (Vxh)Y = —g(hX + h?pX,Y)E.
Since h' = h o ¢, being ¢ n-parallel, the n-parallelism of i’ follows. We get
g(Vxh)Y,€) = g(Y, (Vxh')€) = —g(Y, W (Vx€)) = —g(W' X + h"*X,Y)
and (Vxh')Y = —g(WX + h?X,Y)¢E.
Finally, differentiating (3.1), for X, Y € D, we get (Vxh?)Y = —(k+1)n(VxY).
Being D integrable and h? = h'? we obtain
(3.14) (Vxh?)Y — (Vyh*)X =0, (Vxh?)Y —(Vyh?)X =0.
for all X,Y € D. O

4. THE GENERALIZED (k, 1)-NULLITY CONDITION

In this section we deeply analyze almost Kenmotsu manifolds M?2"*!, of di-
mension 2n + 1 > 5, whose characteristic vector field £ belongs to the generalized
(k, p)-nullity distribution.

Proposition 4.1. Let (M?"+1 o £ n,g) be an almost Kenmotsu manifold satisfy-
ing the generalized (k,u)-nullity condition with h # 0 and n > 1. Then, for any
X,Y, one has

(Vxh)Y = —g(hX + h*pX,Y)E = n(Y)(hX + h*pX) — 29(X)hY — pun(X)phY .
Proof. From Proposition 3.3 we know that (Vxh)Y = —g(hX + h%2pX,Y)¢, for

X,Y € D. Then, we write any vector field X on M?"*! as Xp + n(X)¢, Xp
denoting the component of X in D and, using (3.3), we have

(Vxh)Y = (Vxph)Yp+n(Y)(Vxph)é+n(X)(—=2hY — pphY)
= —g(hX +h*pX,Y)E = n(Y)(hX + h*pX) + n(X)(=2hY — pphY),
which concludes the proof. ([

We now state some curvature properties.

Lemma 4.1. Let (M*"* ¢, €,n,9), n > 1, be an almost Kenmotsu manifold sati-
sfying the generalized (k, p)-nullity condition and h # 0. Then, for any X,Y,Z € D,

RxyhZ —hRxyZ = —g(hY-‘th(pK Z)(X—l—h(pX)
+g(hX + W2 X, Z)(Y + heY)
—g(X + hoX, Z)(hY + h2pY)
+9(Y + hpY, Z)(hX + h?¢X).

Proof. We consider the Ricci identity for h and applying Proposition 4.1, by direct
computation, we obtain

nyhZ — hRXyZ = —g((VXh)Y — (Vyh)X, Z)g

+9((Vxh?)Y — (Vyh?) X, pZ)¢

~g(Vy Z,)(hX + 12X) + g(Vx Z,E)(hY + h2Y)
—g(hY + h2¢Y, Z)V x€ + g(hX + h2pX, Z)Vy¢€

—g(h*X, (Vyp)Z)§ + g(B*Y, (Vx ) Z)E.
Therefore, taking into account (3.14), the n-parallelism of ¢ and h, and completing
the above computation, we obtain the desired formula. ([l
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Lemma 4.2. Let (M?" ¢ € n,9), be an almost Kenmotsu manifold satisfying
the generalized (k, p)-nullity condition with h # 0. Then, for any X,Y,Z € D, one
has

RxypZ —oRxyZ =g(pY +hY,Z)(X + hpX) — g(¢X + hX, Z)(Y + hpY)
—g(X 4+ hpX, Z) (@Y + YY) + g(Y + hoY, Z)(pX + hX).

Proof. Owing to the C R-integrability, each integral submanifold M’ of D is a Kéhler
manifold, so that Ry ¢Z — @R Z = 0, for any X,Y,Z € I'(TM’), where R’
denotes the curvature tensor field of M’. On the other side, as hypersurface of
M2+ M’ has the Weingarten operator A given by AX = —Vx¢& = —(X +hpX).
Hence, using the Gauss equation, we get

RxyZ =Ry Z + g(X + hoX, Z)(Y + hoY) — g(Y + heY, Z)(X + hpX).
and the required formula follows. O

We shall prove that the generalized (k,p)-nullity condition completely deter-
mines the curvature tensor field. To this aim, taking into account the nullity con-
dition and (3.4), it is enough to determine R on D.

Theorem 4.1. The curvature tensor of an almost Kenmotsu manifold M?*"+1,
n > 1, satisfying the generalized (k, p)-nullity condition with h # 0, satisfies, for
any X)\,Y)\, Zy € [)\] and X,)\,Y,)\,Z,)\ € [—)\]

Rx, v, Z-x = Ag(pYx, Z-x) X\ — g(0Xx, Z-\)Y)]
— Ng(eYn, Z_\)eXx — 9(pXn, Z_x) Y2l

Rx v Zxn = —N[g(pY_x, Z0)pX_x — g(0X -, Z0)pY_)]
+ Mg(X_x, Z0)Y_x — g(@Y_x, Z)) X 1],

Rx,y ,Z-x=—9(Y-x, Z2)Xx — Ng(0Xx, Z_)pY_»
+ Alg(Y=x, Z-X)eXx — g( X, Z-X)Y-1],

Rx,v 3 Zx = g(Xx, Za)Y-_x + Ng(pY_x, Zx)p Xy
+ Ag(Xn, Z0)eY_x — g(0Y_x, Zx) X1,

Rx,v,Zx = —g(Yx, Z)) X + g(Xx, Zx)Y>
+ Ag(Ya, Zx)p X — g(Xx, Zx) YA,

Rx v . Z-x=—9(Y_x\,Z_\)X_ x4+ 9(X_\,Z_))Y_\
= Ag(Yox, Zon)pXox — g(Xx, Z-2)pYa].
Proof. First of all, for any Xy, Y\, Zy € [A], applying Lemma 4.1, we get
AR, v, Zx — hRx,v, Zx = 2X*[g(Ya, Z2)pXx — g(Xx, Z2) Y]
and, by scalar multiplication with W_y € [—\], one has
20g(Rxy v Za, W-r) = 2X%[g(Ya, Z2)g(9 X5, W-x) = g(Xx, Z2)g(#Ya, W-2)]
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from which, being A # 0,
I(Rx, v, Zx, Wox) = Ag(Ya, Zx)g(pXn, W)
—9(Xx; Zx)g(Yx, W_y)].
With a similar argument, for any X, Wy € [A] and Y_», Z_ € [ ], we also obtain

9J(Rx\v_ Z-x, Wa) = —g(Yx, Z_x)g(Xx, Wi)

—N2g(0Xx, Z-2)g(pY-x, W)
and, from (4.1), by symmetries of the tensor field R, for any X, Yy, W € [\] and
Z_) € [—)\]

(4.1)

(4.2)

I(Rx,vi Z-x, Wx) = Ag(pYx, Z_x)g(Xx, W)
—g9(0Xx, Z_x)g(Yx, Wi)].

Next, fixed a local p-basis (€, e1,...,en,0€1,...,pe,), with e; € [A\] we compute
Rx,v,Z_x. The nullity condition implies g(Rx, v, Z_x,&) = 0, while, using the
first Bianchi identity, (4.2) and (4.3), we get

9(Rx, v Z-x,ei) = Mg(eYxn, Z-2)g(Xx, €i) — g(0Xn, Z_x)g(Yx, €;)]

g(RXAYA Z_x, @61) =\ [g(XM QOZ_)\)g(Y,\, 61') - g((,OZ—,\, Y)\)g(X)\, Ei)],
so that, summing on ¢, the expression for Rx,y, Z_» follows.
The terms Rx_,v_,Zx and Rx,y_, Z_» are computed in a similar manner.
Now, acting by ¢ on the formula just proved and using Lemma 4.2, we get

Rx\vapZ-x = g(eYx, Z_x\) X\ — g(¢Xn, Z_\)Y
—Alg(eYx, Z-x)pXx — g(9Xx, Z-5)pYa].
Writing this formula for ¢ Z), by the compatibility condition, we have the result for

Rx,y, Z. Similar computation yields Rx_,y_, Z_. Analogously, using the third
formula and Lemma 4.2 we obtain Rx,y , Zx. [l

(4.3)

Now, we are able to compute some sectional curvatures.

Proposition 4.2. Let (M"Y o, &,n,g), n > 1, be an almost Kenmotsu manifold
satisfying the generalized (k, p)-nullity condition with h # 0. Then, for the sectional
curvatures we have:
k2 if X €[N
a) K(X.§) = { k— A if X € [=A].
— if X, Y €[\ X, Y el|-\
b) K(X,Y) = ) , Zf [A] or [=A]
L+ X (g(X, Y ) i X € ALY € [AL
c) The scalar curvature is given by Sc = 2nk — 4n>.

Proof. From the nullity condition, one immediately obtains the sectional curvature
of a plane section containing £. The expressions in b) easily follow from the previous
proposition. Finally, choosing a local orthonormal frame (£, e;, pei)i1<i<n, We get
the Ricci tensor expressions

Ric(€, &) = 2nk, Ric(e;,e;) = Ap— 2n, Ric(pe;, pe;) = —Ap — 2n,
and the scalar curvature is given by Sc = 2nk — 4n?. O

Corollary 4.1. Let (M?"1 ¢ &1, g) be an almost Kenmotsu manifold. If n > 1
and & belongs to the generalized (k,p)-nullity distribution with h # 0, then the
leaves of D are flat Kdhlerian manifolds.
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Proof. By Remark 3.1, we already know that each of the integral submanifolds of
D is a Kihlerian manifold. Now, we prove the flatness. Let M be a leaf of D. As
hypersurface of M?"*+1, M has the Weingarten operator A given by AX = —Vx& =
—(X — phX). Hence, applying the Gauss equation, we get

K(X,)Y)=K(X,Y)+ (1+g(hY,Y)) (14 g(hX,pX)) — g(hX,pY)?,

for any orthonormal X,Y € I'(TM). Therefore, the result follows from the previous
proposition. [l

5. THE GENERALIZED (k, ¢t)’-NULLITY CONDITION

This section is devoted to study almost Kenmotsu manifolds, of dimension at
least 5, satisfying the generalized (k, p)’-nullity condition with h’ # 0.

Being h' n-parallel, from Proposition 1 in [9] we soon obtain the explicit expres-
sion of V4.

Proposition 5.1. Let (M?"*1 o, &,n,9), n > 1, be an almost Kenmotsu manifold
satisfying the generalized (k, ) -nullity condition with h' # 0. Then, we have:

(VxH)Y = —g(WX + WX, V) —nY) (WX +h>X) — (u+ 2)n(X)Y,
for any X, Y € T(TM?"+1).
Proof. Proposition 1 in [9] states that
(Vxh)Y = —g(l' X + WX, Y)E = n(Y)(W' X + W X) + 5(X)(Veh' )Y

and using (3.5) we get the required formula. |

Lemma 5.1. Let (M*"* ¢ £ n,9), n > 1, be an almost Kenmotsu manifold
satisfying the generalized (k,p) -nullity condition with h' # 0. Then, for any
XY, Z € D, one has

RxyhWZ —NWRxyZ = (k+2)g(Y,Z)WVX — g(X,2)N'Y
+9(WX,2)Y — g(h'Y, Z)X].

Proof. We can consider the Ricci identity for A’ and obtain the formula by direct
computation using Proposition 5.1 or, since b’ = h o ¢ implies

(Rxyh')Z = (Rxyh)(pZ) + h((Rxy¢)Z),
then, using Proposition 3.3, Proposition 4.1 and Lemma 4.2, we obtain
(Rxyh)Z = —g(Z, X +NWX)WY + 1Y) +g(Z,Y + KY)(W'X + h*X)
—g(WY + 1Y, Z2) (X + W' X) + g(W' X + WX, Z)(Y + h'Y).

Finally, using h'* = (k + 1)p?, we conclude the proof. O

Since the link between Rxy and ¢ does not involve the nullity conditions and,
being h’ # 0, the structure is C'R-integrable, then Lemma 4.2 still holds, writing
h' instead of h o .
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Lemma 5.2. Let (M?" T ¢ £ n,9), be an almost Kenmotsu manifold satisfying
the generalized (k,p) -nullity condition with h' # 0. Then, for any X,Y,Z € D,
one has

RxyyZ — pRxyZ = g(¢Y + oh'Y, Z)(X + I'X)
—g(pX + o' X, Z)(Y + 1Y)
—9(X + WX, Z)(pY + h'Y)
+9(Y + 1Y, Z)(pX + o' X).
Theorem 5.1. Let (M*"*1 ., &,n,g) be an almost Kenmotsu manifold satisfying

the generalized (k,p) -nullity condition with k' # 0 and n > 1. Then, for any
X, Yo, Zx € [N and X_\,Y_x,Z_» € [-)])/, the curvature tensor satisfies:

Rx,v,Z-x=0, Rx_,y_,Zx=0,

Rx,v_,Zx = 2+ k)g(Xx, Z))Y-x,

Rx,v_,Z-x=—2+k)g(Y_x,Z )X},

Rx,viZx = (k= 2))[g(Yx, Zx)Xx — g(Xx, Zx)Y)],

Rx_ v, Z_x=(k+2N)[g(Yox, Z_\)X_x —g(X_x, Z_2)Y_1]
Proof. Applying Lemma 5.1, for any X € [A\] and Y_», Z_ € [-A]', we have

“ARx,y , Z-x—h Rx,y s Zx = 22k +2)(9(Yor, Z_2)Xx + 9(Xx, Z_2)Y_).

At the same time, by scalar multiplication with Wy € [\]’, being A # 0, we get
(5.1) 9(Rx\v_ Z-x, W) = —=(k + 2)g(Y_x, Z_x)g(Xx, W}).
Lemma 5.1 implies that Rx,y, Zx € [A\]' and Rx_,y ,Z_x € [-A]". Now, in order
to compute Rx,y, Z_»x, we consider a local orthonormal frame {¢,e;, pe;}, with
e; € [A). The nullity condition gives g(Rx,y,Z-x,§) = 0, while Rx,v,e; € [\
implies g(Rx,v, Z—x, ;) = 0. Using the first Bianchi identity and (5.1), we have

9(Bx,vaZ-x pei) = g(Ry,z_ypei, Xa) — g(Rx,z_,p€i, Y2)

= —(k+2)(9(Z-x, pei)g(Ya, X»)
—9(Z-x, pei)g(Xx,Yy)) = 0,
so that Rx,y,Z-x = 0. The terms Rx_,v_,Zx,Rx,v_,4x and Rx,y_,Z_) are
computed in a similar way.
Now, by Lemma 5.2, using Rx,v, Z_x = 0, we get

Rx,vi0Z-x = (14+X)?(g(eYn, Z_\)Xx — g(0Xx, Z_\)Y)).

Writing this formula for ¢Zy € [\, being (1 + \)? = —k + 2\, we have
Rx,v,Zx = —Rx, v, 0(9Zx) = (k — 2X)(9(Yx, Zx) Xx — g(X»x, Z))Y>).

In the same manner, we obtain the result for Rx_,y_, Z_x. O

Proposition 5.2. Let (M?"*1 o & n,9), n > 1, be an almost Kenmotsu mani-
fold satisfying the generalized (k, p) -nullity condition with h' # 0. Then, for the
sectional curvatures we have:

okt if X e [\
8) K(X’ﬁ){ k— A if X € [-\];
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k—2) XY e[\
b) K(X,Y)={ k+2\ XY €[\
—(k+2) if X € [\, Y € [-A];
c) The scalar curvature Sc is given by Sc = 2n(k — 2n).

Proof. The expressions in a) follow immediately from the nullity condition. In
fact, for any unit X € [\, Rx¢§ = (k + Ap)X and, taking the scalar product
with X, one has K(X,£) = k + Au. Now, Proposition 5.1 implies that, for any
orthonormal X,Y € [A], RxyY = (k — 2X\)X which implies K(X,Y) = k — 2\
The remaining cases in b) are similar. Finally, the expression of the Ricci tensor in
a local orthonormal frame {&, e;, pe;} with e; € [A] is given by

Ric(¢, €) = 2nk,
Ric(e;, e;) ==2n(14+N)+Ap+2),
Ric(pei, pe;) = —2n(l —X) — A(n+2).
So, the scalar curvature is Sc = 2n(k — 2n). O

Corollary 5.1. Let (M?"*1 . & 1, g) be an almost Kenmotsu manifold. If n > 1
and & belongs to the generalized (k, p) -nullity distribution with h' # 0, then the
leaves of D are flat bi-Lagrangian Kdahlerian manifolds.

Proof. Let M be aleaf of D. By Remark 3.1, we already know that M is a Kihlerian
manifold. Moreover, from Theorem 2.2, we get that M is locally the Riemannian
product My x M_y and My x M_j is a bi-Lagrangian Kahler manifold. Now, to
prove the flatness, we use the Gauss equation for a hypersurface and we get

K(X,)Y)=K(X,Y)+ (1+g(hY,Y))(1+g(KX,X)) — g(X,hY)?,
for any orthonormal X,Y € I'(TM). Therefore, the result follows from the previous
proposition. [l
6. EXAMPLES
6.1. Examples in any dimension.
Example 6.1. Let n € N,n > 1 and consider on R?"*! the following vector fields:

5 z a za
5o X¢:6*<Z+e>a—%, Y; = e~ ¢ i=1,...,n,

g=c 5

where (21,...%n,Y1,-.-Yn,2) are the standard coordinates of R>"*1. They make
up a global frame which satisfies

[£7X’L} = _(1 + eiz)Xiv [57 )/’L} = _(1 - eiz)}/i

(6.1) X, X)) = [X,)] = [V X)) = [V Y] = 0,

for any 4,5 € {1,...,n}. We consider the 1-form 7 dual to £ and the (1, 1)-tensor
field ¢ defined by putting (&) = 0, p(X;) = Vi, ¢(Y;) = —X,;. Let g be the
Riemannian metric on R?**! such that the basis {€, X:,Yi}1<i<n is orthonormal.
It can be easily verified that (R?"*1 ¢, & 7, g) is an almost Kenmotsu manifold.
Notice that X; and Y; are eigenvectors of h’ with eigenvalues A = e™% and —M\,
respectively.

Now, we check that ¢ belongs to the generalized (k, p)’-nullity distribution with
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k=—(1+e"2)and p=—2+ e *. If V is the Levi-Civita connection of g, using
the Koszul formula and (6.1), we obtain

Vx,X; =—(1+e7)d;&, Vx,Y; =0, Vx,t=(1+e*)X;
VyYj=—-(1-e"%)d;¢ VyX;=0, Vyi=({1-e7)Y;
VeX; =0, VY =0, Ve =0.
It follows that
R(X:, X;)§ = Vx,(Vx;6) — Vx,;(Vx,§)
(14+e*)Vx, X; —(1+e *)Vx, X;
= (I4+e7)X;, X,]=0.
Analogously, we get R(Y;,Y;){ =0 and R(X;,Y;)¢ = 0. Finally, we compute
R(X;,6)¢ = —Ve(Vx,€) — Vix, ¢
= —{(e)X;i—(14+e?)VeX;—(1+e*)Vx,¢
= X, — (1+e 72X,
= —(1+e®P)X; 4+ (-2+e WX,
A similar computation gives R(Y;, )¢ = —(1 + e )Y, + (=2 + e *)'Y;. This
shows the announced assertion.
Example 6.2. Consider the open submanifold of R?"*+1
M= {(x1,..., T, Y1, -, Yn,t) € R* T ¢ >0}
with standard coordinates (x1,...,Zn,y1,...,Yn,t). Let us consider

0 0 0 0 0

=—t~—, Xi=t(l+*)—+t"~——, Y;=-t
as a global basis of M. The brackets of these vector fields are all zero except for
(62)  [6Xi] = —(1+20)X; —28%Y;, [¢,Y)] = 22X, — (1 - 22)Y,,
for any ¢ = 1,...,n. We consider the 1-form n = —(1/t)dt, dual to £, and define a
(1,1)-tensor field ¢ by putting € =0, 0 X; =Y, ¢Y; = —X;. Finally, let g be the
Riemannian metric that makes the basis {, X;,Y;}1<i<, orthonormal. It can be
easily checked that (¢, &, 7, g) is an almost Kenmotsu structure on M. Computing
the operators h and A’ by means of (6.2), we get

hé =0, hX; = 2t%Y;, nY; = 2t*°X;,

ne=0, WX, =21X;, n'Y; = —2t%Y;.
Since h and A’ have the same eigenvalues, it follows that A = 2t and —\ are eigen-
functions for i and the corresponding eigendistributions have constant dimension n.

Now, we compute the Levi-Civita connection of g, by using the above orthonormal
frame and the Koszul formula. Applying (2.2) to X; and Y;, we soon obtain

Vb= (140X,  Vyé=(1-AY.

+ (1 —t?)

Furthermore
Vx,X; = 9(Vx,X;,0& = —g(X;,Vx,6)& = —(1+ \)5¢,
Vv = —g(Y;, Vv, )&= —(1 = A)dy¢,

Vx.Y; = —g(Xi, Vy,§)§=0.
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As the connection is torsion-free, we also get
VeXi =Vx,§+ 6 Xi] = -\Y, VeYi = Vy, £+ [§, Y] = AX.
Then we compute the curvature tensor R of g, obtaining
R(X;, X;)§ = Vx,(Vx,8) — Vx,;(Vx,§)
= (1+X)Vx,X; - (1+M)Vx, X,
(1+ N[Xi, X;] = 0.
Similarly, we get R(Y;,Y;)¢ =0 and R(X;,Y;)¢ = 0. Finally, we have
R(X;,§)§ = —VeVx,§—Vix, g€

= APX; + A1+ V)Y — (L+NX; =AY = A1+ N X; + 2

= 22X; — (1+N)2X; +2)%Y;

= —(1+ X)X, +2\hX,.
In a similar manner one finds R(Y;, £)€ = —(1 + A\?)Y; + 2\hY;.

Hence ¢ belongs to the generalized (k, u)-nullity distribution with k = —(1 + 4t%)
and p = 4t2.

6.2. Three dimensional examples. We describe two examples of 3-dimensional
almost Kenmotsu manifold satisfying the generalized (k, p)’-nullity condition and
the generalized k-nullity condition, respectively.

Example 6.3. Let us denote the canonical coordinates on R? by (z,, z), and take
the three dimensional manifold M? C R? defined by

M? = {(2,y,2) € R3|z > 0}.
One may easily verify that putting

0 2z 72 e* 2 2
E:=—, n:=dz, g:=zeFdx"+ —dy”+dz°,
0z z

0 0 0 10
p(€)=0, SD(@CU) _Z37y7 90(8;1/) TS

(p,€,m,g) is an almost contact metric structure on M?3. We shall check that
(M3,¢,€,m,9) is an almost Kenmotsu manifold satisfying the generalized (k, u1)’-
nullity condition, with k, g non-constant smooth functions.

Obviously, dn = 0 and to verify the condition d® = 2n A ®, we have only to
evaluate it on the canonical basis of R?. Considering that all the ®,,’s are zero

except for @15 :=g (8%’ 908%) = —%g (8%’ %) = —e??, a direct computation yields
dd (5, 8%, 8%) = —%622 and n A @ (f, %, a%) = —%ezz, which show that the con-
dition is satisfied. Now, computing h’, we obtain

0 10 0 10
6.3 ME) =0, W|l=—)|=—=—, M|[=)=-——=.
(6:3) © ’ (890) 2z 0z’ dy 2z Oy

We point out that h’ does not vanish, so that M3 is not Kenmotsu, and X\ = 1/22
and —\ are the non-zero eigenvalues of h’. According to the general theory of almost
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Kenmotsu manifolds, for the Levi-Civita connection, we soon obtain V¢& = 0 and,
since [€, 8%] =0=1¢, 3%], by using (2.2), we get

0 1\ 0 0 1 8

By means of the Koszul formula, since the g;;’s are zero or depend only on z, we

have g(V P} dy,f) =0, g(V P dy’@ac) =0, g(V%%,%) = 0 from which it
1%}

follows that V 2 8 Vaay 5 = 0.

For the curvature tensor we obtain R o o £ =0, and

z Oy

19 19 1\2 9 1 1\ 0
Rocf = —Ve(l+)gy) = smg — (Ut 2) & = (2 —1-1- =) 5
Analogously, one has Raigg = (—# -1+ % — ﬁ) 8%. Taking (6.3) into account,

these two relations may be rewritten as

1\ 0 1 )
Raisf:<‘1‘4zz>aa:+ (z‘2>h (m)

1 1 ,
nee=(am) g (2) (@)

Thus, we see that £ belongs to the generalized ( )’ nullity dlstrlbutlon where
k, u are non-constant functions given by k = —1 — - and y = —2 —|— =, as provided
by Proposition 3.2.

Example 6.4. Let us consider R? with the natural coordinates x,y,z, and let

f(z) = —e=2%. We define on R? an almost contact metric structure (p,&,7,9) as
follows:
0
£ = 2 n:=dz, g := ef (220,24 ezz'ﬂc(z)clg/2 +dz?,
z

0 0 0 0
_ _J 9 ON__ -9
&) =0, w(ax) By’ W(ay) e o

Working as in the previous example, one sees that R? with the structure (¢, &,1, g)
is an almost Kenmotsu structure, which is not Kenmotsu, since the operator h does
not vanish. In fact, it is given by

=0 n(G) - a(5) -G

The positive eigenvalue A of h is given by A = 1 f/(z) = e~ 2, and one easily verifies

that % and a% are eigenvectors of h’ with eigenvalues A and —)\, respectively.

Thus, denoted by V the Levi-Civita connection, we get Vai{ = (1+ 6’22)8%,

Vag = (1 - 6*22)5)@/, and using the Koszul formula, V%% = Va%% = 0.
Fmadly7 for the curvature tensor R, we have

1\ 0 1\ 0
R%a%fzoa Ro &= <_1_€4Z>61‘7 R@%gﬁz <_1_e4z> %

Therefore, (R3, p, &, 7, g) is an almost Kenmotsu manifold with & belonging to the
generalized k-nullity distribution, k = —1 — e~*# non-constant function, and h # 0.
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