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SEIBERG-WITTEN EQUATIONS WITH NEGATIVE SING

NEDIM DEGIRMENCI AND NULIFER OZDEMIR

(Communicated by Kazim ILARSLAN )

ABSTRACT. In this work we write down Seiberg-Witten equations with nega-
tive sign. We give some explicit solutions to these equations on R* which are
related with the famous Dirac monopole. We also point out a relationship bet-
ween Seiberg-Witten equations with negative sign and Freud equations which
are stated on Minkowski space R:3.

1. INTRODUCTION

Seiberg-Witten equations which are stated for 4—dimensional spin®—manifolds
firstly appeared in 1994 ([12]). The solution space of these equations contains infor-
mations about the topological structure of underlying manifolds whose scalar curva-
ture are negative ([8]). There are some modifications ([7]) and some generalizations
to higher dimensions ([2, 3]). In the present paper we propose similar equations
to Seiberg-Witten equations for 4—dimensional manifolds which are meaningful for
4—manifolds whose scalar curvature is positive.

2. BASIC DEFINITIONS
Most detailed form of the prerequisites below can be found in [11].

Definition 2.1. A spin®—structure on a 2n-dimensional oriented real Hilbert space
V' is a pair (W,I') where W is a 2" —dimensional complex Hermitian vector space
and ' : V — End (W) is a linear map which satisfies

L@ +T (@) =0 T@T(=Ww1
for every v € V.

Note that, because of the universal property of the Clifford algebra CI(V') on V,
' can be extended to an algebra homomorphism from CI(V) to End (W).

Let (W,T) be a spin® structure on V. There is a natural splitting of W. Fix an
orientation of V' and denote by

€ = egy...eae1 € CU(V),
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the unique element of CI(V') which has degree 2n and is generated by a positively
oriented orthonormal basis {e1, ..., €2, } . Then ¢ = (—=1)" and hence

W=WwteWw-,
where the W+ are the eigenspaces of T' () given by
W*={weW |TI(e)w=+i"w}.

Note that T (v) W™ C W~ and T'(v) W= C WT for every v € V. So the
restriction of T'(v) to W+ for any v € V determines a linear map v : V. —
Hom (W*, W) satisfying

Y)Y () = o1
for every v € V .

Let (W,T') be a spin® structure on V. Such a structure gives an action of the

space of 2—forms A2V on W. This action is defined by the following:

Firstly, identify A2V with the space of second order elements of Clifford algebra
C5(V) via the map

AV — (V) ;n= ijei Nej— ijeiej.

i<j 1<j

Compose this map with ' to obtain a map p : A2V — End (W) given by

p | D mges ey | = mil (e)T (e5)
i<j i<j

for any orthonormal basis {eq, ..., €2, } of V. This map is independent of the choice
of the orthonormal basis {e1, ..., €2, }. The spaces W¥ are invariant under p () for
every 2—form 1 € A%2V. Therefore we can define
P () = p () lwe
for n € A2V. If V is a 4-dimensional, then p* () = p* (nT) for every 2—form
n € A2V, where nt is the self-dual part of ». The map p extends to a map

p: AV ®@C —End(W)

on the space of complex valued 2—forms. If ) is a real valued 2—form then p (n) is
skew-Hermitian and if 7 is imaginary valued then p (1) is Hermitian.

Under certain conditions over the 2n-dimensional oriented manifold M, a global
version of the map I' can be defined. A spin® structure is defined by the map
I: TM — End (W), W being a 2"-dimensional complex Hermitian vector bun-
dle on M. Such a structure exists iff wo(M) has an integral lift (see [6]). T ex-
tends to an isomorphism between the complex Clifford algebra bundle CI (T'M) and
End (W) . There is a natural splitting W = W+ & W~ into the +i™ eigenspaces of
T (eanean—1...e1) where {e1,ea, ..., €2, } is any positively oriented local orthonormal
frame of T'M.

A Hermitian connection V on W is called a spin® connection (compatible with
the Levi-Civita connection) if

V, (I (w) ®) =T (w) Vy® + I (V,w) D,

where @ is a spinor (section of W ), v and w are vector fields on M and V,w is
the Levi-Civita connection on M. V preserves the subbundles W*.
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There is a principal Spin® (2n)-bundle P on M such that the bundle W of spinors

and the tangent bundle TM can be recovered as the associated bundles
W = P Xgpine(an) C*" , TM = P x 4q R*"
where Ad is being the adjoint action of
Spin® (2n) = {ewx 10 € R,x € Spin(2n)} C Cla,

on R?". In addition a complex line bundle Ly = P x5 C can be obtained from the
principal Spin© (2n)-bundle P where d : Spin® (2n) — S* defined by § (e?z) = €.

There is a one-to-one correspondence between spin® connections on W and
spin® (2n) = Lie (Spin®(2n)) = spin (2n) @ iR-valued connection 1-forms A €
A(P) C Q' (P, spin©(2n)) on P. Hence every spin® connection A decomposes as

A=Ay + Q%trace(ﬁ),

where 121\0 is the traceless part of A Let A = %trace(le\) which is an imaginary
valued 1-form in Q! (P,iR) that satisfies

1
(2.1) Ay (vg) = Ay (v), Ay (p€) = 5otrace(§)

for v € T, P, g € Spin®(2n), and & € spin® (2n). Let
AT) ={A € Q' (P,iR) : A satisfies (2.1)}.
There is a one-to-one correspondence between the elements of A (I') and spin® con-
nections on W. Let V 4 be the spin® connection corresponding to A € A(T"). A(T)
is an affine space with the parallel vector space Q! (M, iR). Let Fy € Q2 (P,iR) be
the curvature of the 1-form A and D4 denote the Dirac operator corresponding to
Ae A(D),
Dy:C®(M,WT) — C® (M, W")
defined by

2n
Da(®) =) T(e)Vae, (®)
i=1
where ® € C>° (M, W) and {ej, ea, ..., €2, } is any local orthonormal frame.

3. SEIBERG-WITTEN EQUATIONS

The Seiberg-Witten equations on a 4—dimensional spin®—manifold M can be
expressed as follows:

Let T': TM — End (W) be a fixed spin® structure on M and consider the pair
(A, ®) € A(T) x C>= (M, WT). The Seiberg-Witten equations read

(3.1) D4 (®) =0,

(3.2) o (Fa) = (007,

where (®9*), € C°° (M,End(WT)) is defined by (®®*)(r) = (®,7)P for 7 €
C> (M, W) and (®P9*), is the traceless part of (P®*). Hence the Seiberg-Witten
equations have been obtained on 4—dimensional spin®-manifolds.

Now let us consider these equations on flat space R*. The spin® connection
V = V4 on R* is given by
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where A; : R*—iR and ® : R* — C2 . Then the associated connection on the
line bundle L = R* x C is the connection 1—form

4
A=Y "Aidz; € Q' (R, iR)

i=1
and its curvature 2-form is given by

Fy=dA=> Fydz; \dz; € O (R*iR),

1<J

where Fj; = ax — g‘;}; fori,7=1,...,4.

Let I' : R* — End(C*) be the classical spin® structure which is given by

where v : R — End(C?) is defined on generators eq, e1, €2, €3 by the followings:

1 0 i 0 0 1 0 4
7(60)|:0 1:|77(61)|:0 _Z:|37(62)|:_1 0:|”Y(63)|:Z 0:|
Note that in the definition of ~, the 2 x 2 identity matrix and ¢ multiples of the well-

K Pauli mat 1 0 0 i dom — 0 1
nown Pauli matrices o7 = 0 1| o9 = i 0 and o3 = | |
used. In many works, the classical spin®—structure has been used (see for instance

[11], [10], [5]).

-1 0 0 0
0O -1 0 0 .

Note that I" (egezeieg) = 0 0 1 0 and the eigenspaces of
0 0 01

T (ezezeieq) are

VVI+ = {(¢17¢2)070) | ¢1,¢2€CO® (R4’C)}7
Wf = {(0307¢33¢4) | ¢35¢4 S Cc (R4,C)} .

According to the above data Seiberg-Witten equations on R*, i. e. equations
(3.1) and (3.2), are as follows (see [11], [10] ):
The first of these equations, D4® = 0, can be expressed as

—Vo® +101 V1P 4+ 105Vo® +103V3P = 0,
or more explicitly
9014 Aoy =i (Ml +A1¢1) (aﬁj +A2¢2) +i (g;g; +A3</>2)
(3.3)
gfﬁ + Ao = (gﬁf +A1¢2> (gi; +A2¢1) +i <%+A3¢1)
where ® = (¢1, ¢2,0,0). The second one is
T (Fa) = (297),
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and this equation can be expressed explicitly

For+Fy = —1% (@@1 - @52) )
(3.4) Foo = Fiz3 = 5 (0109 — 0261) ,
Fos+ Fia = —%(d10y + ¢20,) .

where FA = dA hence FA = F()ldSUO A dl’l + FOQdZL'o A dLEQ + Fogdil,'o /\déﬂg + F12d.’E1 AN
dzo + Fizdx1 N dxs + Fozdxs N dzs.
4. SEIBERG-WITTEN EQUATIONS WITH NEGATIVE SIGN

Now we change the second equation of Seiberg-Witten equations by multiplying
(—1) its right hand side. Then the Seiberg-Witten equations with negative sign on
a 4—dimensional spin® manifold can be expressed as follow:

(4.1) D (®) =0,

(4.2) ot (Fa) = — (@97,

Now we consider the Seiberg-Witten Equations with negative sign on R*. The
second equation of the Seiberg-Witten equations with negative sign on R* is

Pt (Fa) = — (@97,

and this equation can be expressed explicitly as follows:

For+Fas = 4 (0101 — ¢20),
(4.3) Foo — F13 = f% (éfll(bz - @le) )
Fos+ Fia = £ (¢10 + ¢261).

5. SEIBERG-WITTEN EQUATIONS ON MINKOWSKI SPACE
When one take 4-dimensional Euclidean space with the metric
n(x,y) = Toyo — T1Y1 — TaY2 — T3Y3,

where = = (x9,21,22,73),y = (Yo, 1, Y2,y3) € R*, this space is called Minkowski
space and it’s denoted by RM3. A spin®—structure on R™3 can be defined similar
to the Euclidean case as follows:

Definition 5.1. A spin®—structure on R is a pair (W, ') where W is a 4—dimensional
complex vector space and I' : R — End (W) is a linear map which satisfies
L (0)? = —n(v, v)1
for every v € V.
Due to the universal properties of Clifford algebras, the map I' can be extended to
an algebra isomorphism from complex Clifford algebra Cly = Cly 3@ C to End (W)

which is still denoted by I' where Cl; 3 is the real Clifford algebra on R!:3.
An explicit spin®—structure on R"3 can be given by using Pauli matrices:

() (3 5)
rea) = ( o fgo) ren =, ‘{)

02 g3
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where

(10 (01 (0 —i (10
0=V o 1)\ 10 )2\ io )0 Lo -1)

Note that T'(eg)? = —1I4, I'(e1)? = ['(e2)? = I'(e3)? = Iy, where I4 is 4 x 4 identity
matrix. As in the Euclidean case, I' gives rise to an action of the space A? (RL?’)
on W which is induced by Clifford multiplication:

p: A (RY?) = End(W), p ijdxi ANdxj | = ijf‘(ei)I‘(j).
i<j i<y
The map p extends to a map
p: AV ®@C —End(W)

on the space of complex valued 2—forms. The representation space W = C* is
called spinor space. This space has the following natural decomposition:

W=Wrew"-

where

Wt = {(wlaw27070>|1/)i € (C}?
W= = {(0707¢37¢4)‘¢i € (C} .

These subspaces are invariant under the action p. Hence we get the new maps p*
by restrictions:

pt(m) = p)lw+s p~(0) = p(n)lw-
Generally Dirac operator Dy : C* (RY3, W) — C> (R**, W) on R"? associ-
ated to spin®—structure I' is defined by
Da(®) = =T (e0) Vi (®) + T (e1) VZ (®) + T (e2) VZ (@) + T (e3) VL, (D)

where ® € C* (R1’3,W) and {eg,e1,e2,e3} is any orthonormal frame on RU:3.
Note that V4 preserves subbundles W+ and the Clifford multiplication by vectors
interchanges these subbundles. Hence we get the following decomposition

D% : 0= (RY,W*) — ¢ (R, WT) .
From now on we consider the Dirac operator D} and denote it by D4, explicitly
Dy (D) = —0oVA (®) + 01V (D) + 02VE (@) + 03V (D).
Now we can state Seiberg-Witten equations on R!:3:

Da(®)=0
Pt (Fa) = (@), .

The explicit form of the first equation is

gf; + Ao = % + A1 —i <% + A2¢2) + % + A3y,
%02 4 Aoy = 52+ Migr+i (52 + Asgr) — (52 + Azsn).

The left side of the second equation can be written by

pt(Fa) = . Fos +.iF12 . Fo1 +iFss — 1 (Fog —iF3) .
Fo1 +iF53 + i (Fog — iF13) — (Fo3 +iF12)
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On the other hand the traceless part of the endomorphism (®®*) is

G161 —P2ds 7
@e = TP 8 )
P12 T

Then the second equation is

Foz +iF1y = %7
FOl +iF23_i(F02_iFl3) = ?1¢27
For +iFo3 + i (Fop — iF13) =  ¢1¢0.
If we rearrange these equations, we obtain
F03 —+ Z'F12 = %(¢1§1 - ?262 )

)
Fo1 +iF»s3 3 (0105 + d102)
Foo —iF13 = % (éf)ld)z - ¢1¢2) .
These equations are also known as Freund equations, because in [4] Freund gave
the following explicit solutions to these equations:

—i.fg il‘l

Ay =A3=04, = ,As =

2r (r — x3) 2r (r — x3)

b — 1 T, — 129 by = 1 /r—2z3
! V2r r(r—x;;)’ 2 V2r ro

Also see [1, 9, 10] for some discussion of these solutions.

We can produce a solution for the Seiberg-Witten equations with negative sign
by using the Freund’s solution. Firstly, in the above solution of Freund, change the
coordinate (zg,x1,x2,x3) to (zo, s, T2,21), then the pair (A, ®) become the pair
(A’, @) with the following components:

and

711582 i:l?g

2r (r —xp)’

o = 1 T3 — 129 o = 1 /r—m
! \/ir«/r(rfxl)’ 2 V2r ro
Then the pair (B, V) is a solution to the Seiberg-Witten equations with negative
sign by By = Ajy, B1 = A3, By = A5, Bz = A} and 91 = ¢7, 2 = ¢h.

Hence the solution space of Seiberg-Witten equations with negative sign is non-
empty. One can produce infinitely many solutions by using the above special solu-
tion:

The group G = Map(M, S1) acts on the space A (T') x C*° (M, W+) via

u* (B,¥) = (B+u"du,u” ")
for u € Map(M,S'), B€ A(T) and ¥ € C> (M, WT). It can be checked that
Dy-p (u'V0) =u'Dp¥, Fy-p=Fp

Ay = Ay = 0,4, = Ay =

2r (r — 1)

and

and thus (B, V) satisfies the Seiberg-Witten equations with negative sign if and
only if the pair (u*B7 u_l‘l/) satisfies these equations.

Let us consider the smooth map u : R* — S*, u(z) = /(*) where f : R* - Risa
smooth map. Then the pair (B + idf, eif\I/) is a new solution to the Seiberg-Witten
equations with negative sign. More explicitly
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B = (BO + ’Lﬁ)dﬁio + (Bl + Zﬁ)dl'l + (BQ + Zﬁ)d(ﬁg + (B3 + Zﬁ)d.’ﬂg

83:0 6371 81‘2 8.133
U= (e 41, e aps) .
Putting above special solution in this last expressions:
~ Of of iT3 Of —1To Of
B=(i—)d —)d —— +i—)d ——— +i—)dx:
(28170) xo—'—(laxl) x1+(27’(7’+$1)+28$2) ‘r2+(2r(r+z1)+7lax3) Zs3

¥ (o 1 —x3+ix oif 1 T+ T
Vor/r(r+az) V2rVooro )7
where r = (22 4 22 + x3)1/2.

It is known that if (A, ®) is a solution to the Seiberg-Witten equation on a
4-dimensional compact manifold, then it has the global bound

18 ()]* < —s.

The proof of the compacness of the solution set of the Seiberg-Witten equations
based on this fact. Unfortunately similar situation doesn’t hold for the Seiberg-
Witten equations with negative sign.

Lemma 5.1. Let (A, ®) be a solution to the Seiberg- Witten equation with negative
sign on a compact manifold. Then the following inequality

1
55 < o)
holds.
Proof. The proof relies on the identity
A, l[]? = =2 V42 + 2Re (B, V5V 4@)

where Ay = d*d denotes the positive definite Laplace operator of the metric g ( see
[11]). From the last equation and Weitzenbock formula,

A |2 —2[|V4®2 + 2Re (d, V5 V 4 B)
2Re (P, V5V 4®)

—2(2, p* (Fa)®) — 53] 2|
2(2, (20), &) — 35|

19]* = 3]l

A

Since A, [|®]* > 0, [|[®]|* — s [®|]* > 0, hence we obtain
1
55 < ||(I)H2
0

Note that if the manifold M has positive scalar curvature s , then the spinor
® = 0 is not a solution to the Seiberg-Witten equation with negative sign on M.
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Conclusion 1. We have proposed the Seiberg- Witten equations with negative sign,
and we have observed that these equations have some solutions which are related
with the Dirac monopole. But we have not discussed structure of the solution space.

It is known that if (A, ®) is a solution of Seiberg- Witten equations over a compact
4-dimensional Riemannian manifold M , then

18(2)]* < —s

at each point, where s is the scalar curvature of M. Compacness of the modulo space
of Seiberg- Witten equations is proved by using this property and familar Sobolev
imbedding theorems (see [8]). On the other hand there is no a priory pointwise
bound to the size of the spinor field of any solution to the Seiberg- Witten equations
with negative sign as we shown above.

The Seiberg-Witten equations give invariants for 4-dimensional compact Rie-
mannian manifolds with negative scalar curvature. These equations are meaning-
less for 4-dimensional compact Riemannian manifolds with positive scalar curva-
ture. At this point a question arise: Is it possible to define similar invariants
for 4-dimensional compact Riemannian manifolds with positive scalar curvature by
considering the Seiberg- Witten equations with negative sign?
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