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ABSTRACT

In this paper the well-known properties of helices in Euclidian 3-space are extended to n-dimensional
Riemann-Otsuki space. We define the infinitesimal deformations of curves in Riemann-Otsuki space
and obtain the condition such that the given deformation of a curve defines a generalized Helix in
this space.
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N-BOYUTLU RIEMANN-OTSUKI UZAYLARINDA GENELLESTIRILMIS
HELISLER

Jeta ALO*

Oz

Bu makalede, helis egrilerinin 3 boyutlu Oklid uzayinda bilinen ozellikleri n-boyutlu Riemann
Otsuki uzayinda genisletilmistir. Riemann-Otsuki uzayinda egrilerin sonsuz kii¢iik deformasyonlarini
tamimlayarak verilen bir deformasyonun bir genellestirilmis helisi tanimlamasi i¢in kosullar

belirlenmistir.
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INTRODUCTION

As is known in 3-Dimensional Euclidean space,
if there is a 1-1 correspondence between the
points of two curves such that the tangent vectors
to these corresponding points are parallel, then
the first and second normals to theses points are
parallel, too. Such curves are said to be deducible
from each other by Combescure transformations.

Hayden [1] studied this property of curves in
Riemannian space where he used the concept of
“parallel” in the accepted sense for a Riemannian
space. He studied the infinitesimal deformation
which displaces the tangent parallely at each
point. If it also displaces the 1-normal, 2-normal,

., (n-1) normal parallely at each point then he
called this transformation a “General Combescure
Transformation (G. C. Transformation)”. If every
transformation of a curve which displaces its
tangents is a G.C Transformation then it is said
that the curve possesses the G.C. property and
if every curve of a space possesses the G.C.
property then it is said the space possess the G.C.
property. He showed that the only Riemannian
spaces which possess the G.C. property are flat
spaces and he examined some special cases
of deformations which displace the tangent
parallely.

In this paper these properties of curves are
studied in Riemann-Otsuki spaces.

1. Riemann Otsuki Spaces

Using the concept of tangent bundle of order 2
which is denoted by ¥ (a) Otsuki showed that the
classical connections such as affine, projective
and conformal connectiozns on manifolds can
be considered from unificative standpoint [2-4] .
Otsuki defined a general connection, as a cross
section of the vector bundle T(M)®D?(M) ,
where D?(m) is the dual vector bundle of ¥ ()

In local coordinates #', a general connection I'
can be represented by.

I =6, ®(Pd’u* +T',di’ @dlu* ), (1
and it can be written simply byr=(p.r,) wherer
are components of a tensor type (1,1) which
is denoted byp=A(T),and is called the principal
endomorphism of 7(m) . If P is an identity
isomorphism of 7(M), i.e.P =5, then I is an affine
connection. Thereafter he defined the covariant
derivative with respect to this connection
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where Aa*z-% Moreover, Otsuki showed
that the product of a tensor of type (1,1) and the
general connection is a general connection, too.
These connections denoted by 'T=0r =(0,P",0ir,)
and 'r-ro-(Rg,A,Q") are called, respectively,
the contravariant and the covariant part of the
connection I',

T = 6u, ® QP! du’ + QT ,du’ ® du" ) (3)

Jh

= 0uQ, ®(P'du’ +Thdu’ ®du*) = QT
T = u, ® (d(PRQldu’ )+ Ay Q' ®du’ ) =TQ . (4)

If T is a regular general connection and Q = P!
we get

r-P - (8,08 -(5,T%)
T=rP" =(8,0,00)=(8),'T})

(5)

ie. I' and T are affine connections which are
called respectively contravariant and covariant
part of a regular general connection I'.Then
T.Otsuki defined a basic covariant differential by
DV =i

ie-Jglt

(6)
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For a general connection T'=(F,I%,) and an
identity isomorphism I we have

D&, ; dx*

—L = (b - BN ) (8)
and when I’ is regular we get

DS e (B

ds‘ ( r r,k )E (9)

which does not necessarily vanish. From the
equations (5) we find

i +"F:d,1)/k _ka'r,/ch =0
the Otsuki equation which gives the relationship
between the covariant and contravariant parts
of a general connection I'. Riemann-Otsuki
spaces are characterized by a Riemannian metric

associated with general connection concept
defined by T.Otsuki.



A general connection determined by the equation
V,&; = 0 defines a Riemann-Otsuki space which will
be denoted by (R-0,) [5-6]. This space, as defined
by AMoor [7-8] is a special case of a Weyl-Otsuki
space.

The Frenet Formulas for the Riemann—Otsuki space
with respect to' D zapplied to contravariant components
of the tangent and normal vectors ('D=D for
contravariant vectors), Nadj [9], are:

DV ="D¥ gy = KV ) = KatV{ar) + VgD,

(@=12,..,

a+l)

n; k, =0, k, =0)

2. Parallel tangent deformations
Let (R-0,) , be an n-dimensional Riemann-Otsuki
spaceand T'=(P,T',) a general connection with
V,8; =0Let
Xt = (s) (10)
beacurveon (r-0,) withan arc length s, and let
Ox* = ££” be an infinitesimal deformation at each
point of this curve, where & is an infinitesimal constant
and £%is vector field along C with & =./g,,&“&” Let
x* =x* + e& (11)
be an infinitesimal deformation of the curve (10). The
infinitesimal deformations in Riemannian n- space are
studied by Hayden [1] and Yano [10-11].
Let V(l), & V(;”) be tangent, 1-normal, 2-normal,..
(n-1)-normal vectors, respectively at any point P of the
curve C and 17(1’),, 17(:}) the tangent, 1-normal,...,(n-1)-
normal, respectively at the corresponding point
P of C.Then
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Let *p/* (¢ ) be the vector at P parallel to the vector V(f)
at the point P. Since for parallel vector fields

A v
g +' T 0" L. 0
dt dt
holds, we get (13)

v ()
i
In this case Vs - *V(f) is an infinitesimal vector which

is denoted by (SV(f) and

Vo (%)= (v 8) =¥ ()
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where s = \/g_wéx“éx” = \/gw(f“ -

From (12) and (13) we find, (15)
. ds d&* ds | 2
o8y =T iy =i 1o T

X‘“)(EV —xv) = \/gwef“efv =¢£.
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to the first order. We find % from gWV(;;I?(f) =1
where ds

8 =8+ Zg” (2 =x") = g0 + 5" (8, T + £, " T )

ds® = g, di"dz”

d57 = (g,,, +£8,,, £ ) (dx" + £d &) (dx* + £d&")

d5? = ds* + (g, &7 +28,, 5% )dx"dx’
@, )& +2g,, (£1-'To.8 ) detax’
d5? = ds* + 2eg,, {5 - 05,8 baraxt
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DE* D& _,
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sothat ¢ e E”V is the component of Dj
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along the tangent, we find
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and writing this equation in (15) we get

o == e A rie | -o( 2o (18)
and

o -t - 5 ) 19

The condition for é—"l to be the deformation
which displaces the tangents parallelly so called
“parallel tangent deformation” is AV, f =0

at every point of C. From (19) we find the
conditions

D§*

- (20)
and
D A
d—it/(a)fo, (@=2,3,..,n) (21)
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Writing this condition in (16) we find
bé’ .,
G

the condition that§ Ais a parallel tangent deformation in
Riemann-Otsuki spaces.

(22)

3. Generalized Helices in Riemann-Otsuki

Spaces
Let& * be a deformation such that

1 D67
AV = Ed—sﬂgﬂ (23)

This vector can be written in the terms of tangents and
normals as

?=Z%%>

where c’s are scalar functions of s. By using the Frenet
Formula’s we find
DV}

D&’ =2 o, o), de v
ds & ds ds
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Using (24) in equations (16) and (19) we get

_(DE"_Do;
=( ds N ds ¢ V(m (25)
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B gh B gh
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respectively.
Using the condition given in (23) we get

n

de, 2
; (Ca—lKa—l + I —CanKy ) V(a) =0

and from here,

La o K=o Ky @ =2,3,00 (26)

ds ot
These are n-1 equations of n ¢,...,c, scalar functions
such that one of C; ’s can be arbitrary defined. From
(26) we find

dc,
R =K, — Gk,
de,
A C4Ky = CyKy,
............................................... (27)
de,.y =cK, , —C, K
e nKn1 7 CpaKpzo
de,
T ==C,.K,1

If ¢, =0 thenfor k,_, #0 wefind ¢, ; =0

and fromhere ¢, ,=..=c,=¢;=0  which
means that the deformation £* = ().

Now, let’s suppose that c, ’s are constant. Then from
(27) we get

¢k, —¢k =0,

c,K —CyK, =0,

(28)

¢ Kn—Z _Cn—3Kn—3 = 0’

n=

C K,

n"n-1

_cn—IKn—l = 0’

€K, 5 =0,

and hence C, = 0 ,and
(e} =...=cz=Oifnisodd,

n-3 = Cnfi

=..=c, =0ifniseven

C K. e
e =const., ..., ~2 =const ifnisodd,
c IS

K!

Coa
= =const. ,... , —> = const

k.. ¢, ifnis even

-2
For a Euclidian 3-space this curve is a helix, Hayden in [ 1] called
this curve a“‘generalized helix”” in Riemannian n-space.

In Riemann-Otsuki space, a “generalized helix” is defined by a

el

deformation which satisfies the condition
S SA
N7 =l% B
) E ds

A < A
g =ZC«V(M) with constant c¢’s. This
1 1
—n+—|- Space
2n+2 P
defined by ¥),V(i)»-¥5 if n is odd or in the

L iopA ZRNET
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where ps
deformation must be in the
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