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ABSTRACT

It is well known that the famous D’Alembert formula for solving the wave equation of second-
order is a very important instrument in the study of the dynamics of waves. It is also obvious that
D’Alembert’s solutions for higher-order partial differential equations are of great importance. In
this paper, the D’ Alembert solutions of the Cauchy problem for linear partial differential equations
with homogeneous constant coefficients of the third-order are obtained. Finally, using the obtained
solutions, some computer tests on three distinct roots have been carried out. The results clearly
indicate the dispersion dynamics of waves with some initial profile.
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UCUNCU MERTEBEYE GORE HOMOJEN DENKLEM iCiN BASLANGIC
DEGER PROBLEMIiNIN D’ALEMBERT COZUMU

Duygu GUNERHAN* , Bahaddin SINSOYSAL**

(oY4

ikinci mertebeden dalga denklemini ¢6ziimii igin {inlii D’ Alembert formiiliiniin, dalgalarin dinamigini
incelemek acisindan ¢ok onemli bir ara¢ oldugu iyi bilinmektedir. Yiiksek mertebeden kismi tiirevli
diferansiyel denklemler icin de D’Alembert tipinden ¢oziimlerin elde edilmesinin biiyiik nem
tagidig1 agiktir. Bu makalede ticiincii mertebeye gore homojen sabit katsayili lineer kismi diferansiyel
denklemler i¢in Cauchy probleminin D’Alembert ¢oziimleri ele alinmistir. Son olarak, elde edilen
¢oziimler kullanilarak, ti¢ farkli kok durumunda bazi bilgisayar testleri yapilmigtir. Bulunan sonuglar
belli baglangi¢ profile sahip dalgalarin dagilim dinamiklerini agik¢a ifade etmektedir.
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1. Introduction

Many problems that are often encountered in
engineering and science are reduced to the initial
value problems for partial differential equations
[31,[71.[91,[12]. Since the solution of the initial value
problem has both theoretical and practical importance,
the solution of the mentioned problems is thoroughly
researched in the literature. In these studies, the
existence and uniqueness of solutions of these
problems are analyzed by functional analysis method
[4].[51[8],[11].

In the works of authors such as Courant, Petrovski,
Tikhonov and Samarski, the solution of the Cauchy
problem for higher-order partial differential equations
is obtained by Fourier transformation [1],9],[12].
However, it is difficult to calculate the special integrals
in these expressions. For this reason, in order to solve
the higher-order partial differential equations, it is
necessary to obtain solutions that can be used easily
from a practical point of view.

It is also known in the literature that there is a theory
on the partial differential equations with constant
coefficients [2],[3],[6],[9],[10].

In this article, D’Alembert’s solutions have been
obtained for the solution of the Cauchy problem for the
constant-coefficients linear homogeneous hyperbolic
type equation with respect to the third-order derivative.
D’Alembert’s solutions allow proving the existence,
uniqueness and continuous dependence on the initial
data of the solution of the problem as well as provide
easy-to-use expressions from a practical point of view.
In upper half plane of R?(x,t) Buclid space we
consider for unknown function u=u (x,t) the following
third-order equation

63u+ cu " u i 63u_0 1)
% 5t T M atzax T P araxr T B ox3
with the following initial conditions
aku(x,t)
L, = Bk, (k=012) )

where the functions ¢, (x), (k =0,1,2) are known
and the constants a;, (i = 0,1,2) are certain constants.
In order to solve the problem (1), (2) we investigate
a solution of the form u (xt) = ¢ (x+At), where ¢ is a
three times continuously differentiable function and A
is an unknown constant. The speed of traveling wave A
is obtained from the following equation

a3 + a2 + a,d+a; =0 (3)

which is called as characteristic polynomial.
Equation (3) is the third-order algebraic
equation. According to Fundamental Theorem
of Algebra, it has exactly three roots.

Hence, one of the following cases occurs:

1%, A, # A, # 15 ie., the roots are real and distinct,
2°. 4y = A, = 23 ie,\=1, isarootof multiplicity 3,
3% A, # 4, = A3 ie, h=4, isadistinctrootand 4, isa
double root.

1.1 Three Distinct Roots Case

Suppose that equation (3) has three simple real roots
Ai, (i = 1,2,3). In this case, it can easily be shown
that the functions @1 (x + A1t), @, (x + A;t)and
@3 (x + A5t) satisfy equation (1). Since equation (1)
is linear, the function

u(x, t) = @y (x + 416) + @ (x + A,8) + @3 (x + A3t) (4)
is clearly a general solution of (1). By replacing (4)
with (2), we have the following system of algebraic
equations for the unknown functions ¢1, ¢ and @

@1(xX) + @2 (x) + @3(x) = ¢py(x),

91 () + L) + 405 () = 1), (5)

M2ef () + 22705 (x) + A3 05 (x) = ¢ (x).
By integrating the second equation once and the
third equation twice of system (5) with respect to
x and taking into account the Cauchy formula, we
obtain the following algebraic equations system for
unknown functions ¢4, ¢, and ¢4

?10) + 92(0) + 93(0) = do(x),

110100 + 220200 + 20300 = [ 4 (€)E + Cao,

A2, () + A, (1) + A5 (1) =[x — )9, ()dE + Caox + Cy.

Here, C30,C30 and C3; are any constants.
The following determinant consisting of the
coefficients of the system is nonzero,

1 1 1

A= (A A2 A3 = (A — ) Ay — A3)(A3 — 4y)
VER eIV E!

because 4;, (i = 1,2,3) are different from each

other. Therefore, the system has only one solution.
By Cramer’s method we get

bo(x) 11
N CLI S P
La-9¢.0ds 1 %

0 11
CIO AZ 13,

=
2 2
Cyox+C3; A3 A5

@ =1

1 bo(x) 1
o [ ¢ ©dE A
2 [ - 6¢.(O)dE A

1 0 1
Ay Cao 23|,
25 Caox+Cs A3

1

- 1
@2(x) =3 +7

11 Bo(x) 1 i
=tk b FaOE |4in 4 G | (8)
B3 [fx-DgO)dg] 1M B Caox+Ca

For the second determinants in formulas (6)-(8), it
is easily seen that
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0 11
Czo A2 A3
Caox +Cay 23 23

1 0 1
g Cao A
2 Coox+Cs A

1 1 0
L Cao
25 B Coox +Cs

+ + =o.

In this case, taking into account (4) for the solution
of problem (1), (2) we get

@o(x + 2,8) (. |
X+t
L [Tews  a o
X+t
[T arne-oo,00 5 R
0
1 bo(x + 2,t) 1
+ A f[:+m¢1(§)df A3 (9)
B+ At - 9§, () B
1 1 bo(x + A3t)
xX+Aat
no f .0t

x+Azt
BB [ e he- 0e.0a
0

Expression (9) indicates that the solution of problem
(1), (2) is an expansion of D’ Alembert’s formula.

1.2 Three-Multiple Root Case

Now, we assume that the characteristic equation
corresponding to equation (1) has three-multiple
root denoted by A, . In this case, the general solution
of problem (1), (2) has the following form (10)

ulx,t) = @ (x + A4t) + to, (x + A1t) + t2@5(x + A4t).

The necessity of satisfying the initial conditions
(2), we obtain the algebraic equations system for
the unknown functions ¢, ¢, and ¢5 . From this
system, we have

©1(x) = do(x), ©2(x) = ¢4 (x) — A195(x),

1
030 = 5 [92(0) ~ 20,4 () + By ()]

The calculated values of these functions are replaced
by expression (10), we get
(11)

t222
u(x,t) = do(x + A,t) — tA;pp(x + Ayt) +T‘¢;;(x +2,t)
ey (x + A1t) — t2A1 ¢ (x + A1t) + %4:2(7( + A4t).

It is clear that (11) demonstrates the superposition of
simple waves scattered at —\ speed.
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1.3 A Repeated and A Distinct Root Case

In this section, we assume that the characteristic
equation corresponding to equation (1) has one pair
of repeated roots and a distinct root. Let A, be a
distinct root and Az be a repeated root. In this case,
the general solution of equation (1) has the form

ulx, t) = @10 + ;) + @y1 (x + A,t) + tp,, (x + A,t).
Using initial conditions (2) to find the unknown

functions ¢4, @, and @, in equation (12), the
following system of algebraic equations is obtained

@11(x) + <p21(x) = ¢o(x), (13)

21015 (x) + 2,051 (%) + @25 (x) = ¢4 (x),

011 (x) + 25951 (x) + 22,95, (x) = ¢, (x).

By differentiating the first equation and integrating
the third equation of system (13) with respect to x,
we obtain the following algebraic equations system
for unknown functions @1, (x), @3, (x) and @,,(x)

@11(0) + @31 (%) = g (x), (14)

21011 (0) + 2051 (%) + @22(x) = ¢1(x),

L0110 + 395 (%) + 22,9025 (x) = f(,x $2(§)dE + Cao.

Here C3 is a constant. Calculating the determinant
of the coefficients, we get

1 1 0
A=A A 1| =1 —1,)?
22 22,

Since A; # 4,, then A# 0. Using Cramer’s
rule again, we have the solution of the system as
follows:

¢o(x) 1 0
, 1 ¢, (x) 1, 1
(P11(x) = K x
[ 0:©@as 460 B 21,
0
(15)
= 2 [Bs(0) — 22,01 () + [ $2(§)dE + o),
1 ¢o(x) 0
, 114 ¢,(x) 1
(P21(x) = Z x
B[ puOds e 22,
’ (16)

= 2103 = 20,284 (%) + 20,6, (x) — [ 62(§)dE = Cso),
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1 1
4 A

o (x)
¢1(x)

@22(x) = — x
B2 [ 60+ o
0

1

=12 = 209500 = (2 - D)1 () + (2, — ) J) $2(§)dE + (A, — 11)Ca0)

(17)
Integrating the expressions in (15)-(17), we also find
the functions ;4 (x) and ¢@,4 (x)

o0 (0) =1 (B () = 20, f 61 () + [} (x = )2 + Coox + Cur],
; . 5
Pl = X[ui 20 2)00) + 20 [ 01O - [ - 0,606 o + cnl
A 5

respectively. When the obtained values of
functions ¢4, @, and ¢,, are replaced in (12), we
take the following representation for the solution of
problem (1),(2)

L o S
) =K[A§¢.,<x+m)— N N R T R TR
A i
"
b

1 gt
+Cax+ Gyt IU% = 223 25) o (x + 25t) + ZAzf 1 (§)d¢

X+Agt
= ht = 002(0008 - Cuox G 4 5 iR = 0405+ 20
]
=3 = D)y G + 2a8) + (g = 2) [T 9o (D) + (A = 20)Co |-

2. Computer Tests
‘We now obtain the graph of the solution of problem (1),
(2),whichis the expansion of the D’ Alembert’s formula
in (9). In order to solve equation (1), let the coefficients
bea, =1, a; = -2, a, = -1 and a3 = 2. As easily seen, the
roots of the characteristic polynomial corresponding to
the equation are 2, =1, A, = 2 and 1; = —1. Thus, the
determinant consisting of the coefficients of system
A= 6, is nonzero.

Similar to case of three distinct roots, we get the
functions @1, 92 and @3

¢o(x) 1 1

0 1 1
=2 Le®d 2z 4l g, 2 -1,
C30§ +C3; 4 1

G- ¢©af 4 1
1 bo(x) 1

1 0 1
e@=it  Le®d -1l g, 1)
1 Caf+Cy 1

1 [ -9 1
11 bo(x)

Pu(0) =21 2 [F o) + G
1 4 [fx=-Hb(9)d

11 0
12 Cao
1 4 Cyof+Csy

1
*e

respectively, where C,,, C3, and Cy,; are constants.
Since

0 1 1) 1 0 1 111 0
[ 2 —1|+[1 Gy —1l+[1 2 € |=
Caof+Cxy 4 11 11 Ct+cy 11 11 4 Ce+cyy

= 3Cy0 - 3 C30§ — 3C31+2C308 + 2C31+ C3p§ + €31 — 3C5 =0

then the general solution of homogeneous equation

ho(x +1) S
u(x,n:g{ a2 -1
M art-D0df 4 1

1 $o(x +2t) 1 11 Po(x —t)
+[1 o ga®)ag -1+t 2 7t ba©ag }
1 et -6 1] |14 [Tia- - Hg©)dE

or more clearly
u(x, ) = 1 (60(x + £) — 20x + 26) + 26 — O3 + 1 {3 [ pa (),

(18)

30 0 ag)+ {3 ) G ke - 9O
+2 71k 26 = D8O + Iy e - = Do @)dE).
Now, we take into account equation (18) under the

following conditions: The initial profile, velocity
and acceleration are

0, x <=2,
x+2
== -2<x<0,
Pox) =1 2 (19)
—— 0<x<2,
0, x> 2
0, x< =2,
$1(x) =42, —-2<x<2, (20)
x 22

and ¢,(x) = ¢ respectively, where c is a constant.
In order to see that the solution of (18) consists of
two waves travelling to right and to left, firstly, we
take the functions ¢, (x)

ox

onl

L Loyl Loy |
: 0 + g ¢ 0 +

Figure 1. The solution of equation (18),(¢; (x) = ¢,(x) = 0)

and ¢, (x) both identically zero. Figure 1 shows that
the solution graph is the same as the D’ Alembert
formula for the classical vibration of string equation.
Indeed, if the roots of characteristic equation
corresponding to equation (3) are ; = a and
A, = —a,then A = |1 1 | = —2a.In that case, we
a -a
put them in equation (9)

Golx + at) 1 1 ¢olx—at)

x+at x-at

1.
HEOZTN [ pueas ol tla [ aioa
0 o
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Figure 2. The solution of equation (18),(¢, (x) = ¢ < 0)

so we get the classical D’ Alembert formula, [1],[9]

x+at
¢o(x +at) + po(x —at) 1
e IR G

x—at

u(x,t) =

5 ) s 0 5 0 &
Figure 3. The solution of equation (18), (¢,(x) = ¢ > 0)

‘When the initial acceleration function ¢, (x) is taken
into account, no waves moving to the right and left
will occur. When ¢ <0 and ¢ >0, Figure 2 and 3 are
obtained, respectively.

3. Conclusion

The analytical solutions of the Cauchy problem
written for the hyperbolic equation have been
obtained by taking into account the simple and
multiple of the roots of the characteristic equation.
In the case of three distinct roots, it is shown that
the solution graph of the equation is the same as the
D’Alembert formula for the classical vibration of
string equation. The solutions here allow the study
of the propagation dynamics of waves in some
mediums.
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