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Keywords Abstract: One of the major problems in fitting an appropriate linear regression
Multicollinearity, model is multicollinearity which occurs when regressors are highly correlated. To
Ridge parameter, overcome this problem, ridge regression estimator which is an alternative method
Heteroscedasticity,

to the ordinary least squares (OLS) estimator, has been used. Heteroscedasticity,
which violates the assumption of constant variances, is another major problem in
regression estimation. To solve this violation problem, weighted least squares
estimation is used to fit a more robust linear regression equation. However, when
there is both multicollinearity and heteroscedasticity problem, weighted ridge
regression estimation should be employed. Ridge regression depends on the ridge
parameter which does not have an explicit form of calculation. There are various
ridge parameters proposed in the literature. A simulation study was conducted to
compare the performances of these ridge parameters for both multicollinear and
heteroscedastic data. The following factors were varied: the number of regressors,
sample sizes and degrees of multicollinearity. The performances of the parameters
were compared using mean square error. The study also shows that when the data
are both heteroscedastic and multicollinear, the estimation performances of the
ridge parameters differs from the case for only multicollinear data.

Ridge regression,
Weighted ridge regression

Coklu Dogrusallik ve Degisen Varyans Altinda Farkli Ridge Parametrelerinin Bir

Karsilastirmasi
Anahtar Kelimeler Ozet: Uygun bir dogrusal regresyon modeli tahmin edilmesi sirasinda karsilagilan
Coklu dogrusallik, ana problemlerden biri bagimsiz degiskenler yiiksek korelasyona sahip oldugu
Ridge parametresi, zaman ortaya ¢ikan ¢oklu dogrusalliktir. Bu sorunun giderilmesi i¢in siradan en

Degisen varyans,
Ridge regresyon,
Agirlikl ridge regresyon

kiiciik karelere bir alternatif yontem olarak tanitilan ridge regresyon tahmincisi
kullanilmaktadir. Sabit varyanslar varsayimini bozan degisen varyans durumu,
regresyon tahmininde diger ana sorunlardan biridir. Daha saglam bir dogrusal
regresyon esitligi tahmin edebilmek i¢cin bu bozulma sorununa ¢6ziim olarak
agirlikli en kiigiik kareler tahmini kullanilir. Ancak, hem ¢oklu dogrusallik hem de
degisen varyans sorunu mevcut oldugunda, agirlikli ridge regresyon tahminine
basvurulmalidir. Ridge regresyon, kesin bir hesaplama formiilii bulunmayan ridge
parametresine baghdir. Literatiirde oOnerilen bir ¢ok ridge parametresi
bulunmaktadir. Hem ¢oklu dogrusallik hem de degisen varyans iceren veri i¢in bu
ridge parametrelerinin performanslarini analiz etmeye yonelik bir simiilasyon
calismasi diizenlenmistir. Farkli 6rnek hacimleri, farkli bagimsiz degisken sayilari
ve farkli ¢oklu dogrusallik dereceleri kullanilmistir. Ridge parametrelerinin
performanslar1 ortalama hata Kkareleri degerleri gbz Oniine alinarak
karsilastirilmistir. Calisma ayni zamanda, verinin hem ¢oklu dogrusallik hem de
degisen  varyansa sahip oldugu durumda, ridge parametrelerinin
performanslarinin, verinin sadece ¢oklu dogrusalliga sahip oldugu durumdakinden
farkli oldugunu gostermistir.
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1. Introduction

One of the assumptions of the classical linear
regression model is nonexistence of
heteroscedasticity. Heteroscedasticity is the situation
that occurs when the error terms vary. When this
assumption is violated, then the Gauss-Markov
theorem does not apply. In this case, ordinary least
squares (OLS) estimator is not the best linear
unbiased estimator (BLUE) having the minimum
variance among the other unbiased estimators.

The linear regression model is given as

y =Xa + e, (D)
where yis an X 1 vector of observations ¢is ap X 1
vector of unknown regression coefficients, Xis a
n X p known design matrix of rankp and eis an X
1 vector random variable having multivariate normal
distribution with mean vector 0 and variance-
covariance matrix o2I,, where I,, is an identity matrix
of order n.

OLS estimator minimizes the residual sum of squares
(RSS) in a linear regression model. The calculation of
the RSS is given as follows.
RSS(@) = ¥, (v — ax,)?, @)
The weighted least square estimator is the alternative
method to OLS when the error is heteroscedastic. In
the weighted least squares estimation, the weighted
sum of squares given below is minimized.
WSS(a, w) = (3)

n 2
i Wi (v — ax;)”,
where,

w; = 1/0}

so that, the maximum likelihood estimation is
recovered. Another violation of assumptions in a
classical linear regression model is the problem of
collinearity. Multicollinearity exists when the
regressors are related to each other. There are some
techniques proposed to overcome this problem such
as ridge regression. Ridge regression is a biased
estimation technique which was introduced by Hoerl
and Kennard [1]. For the linear regression model
given in Equation (1), The usual least squares
estimate (LSE) or the maximum likelihood estimate
(MLE) of a is given by

4)

This estimate depends on the characteristics of the
matrix C = X'X. If there are dependencies among the
columns of the matrix C, this is a problem called
multicollinearity. Then, the least square estimators
do not give correct estimates. Hoerl and Kennard [1]
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suggested a method called ridge regression to solve
that problem. They use a modified C and take C(k) =
C+ klp, k = 0. Then the resulting estimators become

a(k) = (C+ kL) 'X'y, (5)
which are known as ridge regression estimators. The
constant k > 0 is called the ridge parameter.

There is not an explicit way of calculating k, however,
in literature there are many different formulas
proposed by different researchers for estimating k
such as Hoerl and Kennard [1,2].

32

(6)

K

~2 )
X"max

where 62 is the estimated error variance from
ordinary least square (OLS) regression and &2,y is
the square of the maximum of unknown regression
coefficient estimate.
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KZ = max(&i)’ L=

(7)

0) 152;"':p

where @; is the ith unknown regression coefficient
OLS estimate.

62
P A2
Zi:oai

K; = (8)

where @ is the unknown regression coefficient. Hoerl
etal. [3]

po?
P ~20
i=0%i

K, = 9

where p is the number of regressors. Lawless and
Wang [4]

p&*>

p 20
Zi:ollai

K, = (10)

where 4; is the ith eigenvalue of the covariance
matrix C given in (1.4). Schaeffer et al. [5]

1
K6 = @, (11)

Nomura [6]
K, = 2" (12)

7 S e[ (e a@2 /e )y
Kibria [7]
K=" (13)
8 (Hp_oa’lz 1/p’
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given that,

Q)lQ)
LRSI N

m; =

Ky = median{m?},

BRI

P
Ko = Z:

1
p

Khalaf and Shukur [8]

K., = (}Lmax)a2
1 ((Tl—P—l)&z‘*‘Amaxa?nax)'

(14)

(15)

(16)

(17)

where nis the number of observations and 4,,,, is
the maximum eigenvalue of the matrix C given in

(1.4).Norliza et al. [9]

(02 Amaxsly (@) (50 (10}
Amaxzizo (Alaiz) !

Kiz =

Alkhamisi and Shukur [10], for

Ki3 = max (

9>|q>
RN BN

1\ .
+A—i),1—0,1,2,...,p

Batah etal. [11]

Ky =
p5?

52 fat (@it o) e (sataa?)|

Muniz and Kibria [12] and Kibria et al. [13]

K5 = max (mi),

i

K16 = max(m,),

1/p
Kig = H?:g(mi)'
1
)

Kig = median(

K,o = median(m;),

~(@F4/20%)|f

(18)

(19)

(20)

(21

(22)

(23)

(24)

(25)

(26)

given that,
q = _ Amax
b (-p)8+Amaxt}’
1
K21 = max (_),
q;

K3, = max(q;),

1/p
—_m? (2
Kos =120 (3.)-

1/
Ky = Hfzo(qi), P

1
K, = median (—),

ai
K¢ = median(q;),
Dorugade [14], given that,

262 .
Ki(AD)=m, l=0,1,2,"',p

K,, = Arithmeticmean|[k;(AD)],
K,q = Median[k;(AD)],

K,9 = Geometricmean|k;(AD)],

K5, = Harmonicmean[k;(AD)],

Asar et al. [15]
p2 62

31 = 92 AZ'
Amax Zz —o%i

K p3 52
32 /13 ZP a2’
max Lj=q L

p ¢&°
33T 713 v 52
Amax Zi=o%i

(27)

(28)

(29)

(30)

(B

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)
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p 82

o0 = G I 42
2 ~2
Kss = Jﬁ Z‘-’:a?' (43)
Goktas and Seving [16],
K;¢ = Jmedian(m,), (44)
62
Kyy = ———,
377 (median(&;))? (45)

2. Literature review

There is a considerable amount of studies in ridge
regression analysis dealing with the estimation of the
ridge parameters. Hence, in this section, we only
present some recently published studies. Macedo et
al. [17] present a new method to estimate the ridge
parameter, based on the ridge trace and an analytical
method borrowed from maximum entropy. Based on
a simulation study, Mansson et al. [18] have found
that increasing the correlation between the
independent variables has a negative effect on the
mean square error (MSE) and prediction sum of

square (PRESS) of some considered ridge
parameters. Mansson and Shukur [19] have
investigated some logistic ridge regression

parameters and they have shown that there is at least
one ridge regression estimator that has a lower mean
square error than the maximum likelihood method
for all situations. Salam [20] has introduced an
alternative procedure having a smaller mean square
error for determining the ridge parameter. Khalaf
[21] proposes two ridge regression parameters and
demonstrates the performance of the proposed
estimators outperforming the OLS and other
estimators. Hamed et al. [22] propose a technique
related to ridge parameter selection which depends
on a mathematical programming model. Mansson et
al. [23] introduce a new Ridge Regression Granger
Causality (RRGC) test and they compare it to the GC
test employing some Monte Carlo simulations.
Dorugade [24] introduces some new ridge parameter
estimators based on the correlation between the
response and regressors and tests their optimality
through simulation. Wong and Chiu [25] compare the
mean squared errors of 26 different ridge parameter
estimators. They also propose a new approach which
minimizes the empirical mean squared errors
iteratively. Al Somahi et al. [26] propose some new
methods for choosing the suitable ridge parameter
for logistic regression. Duzan and Shariff [27]
investigate the robustness of the ridge regression
method. They show that the system stabilizes in a
region of k, where k is a positive quantity less than
one. The values of k depend on the degree of
correlation between the independent variables. They
have also shown that k is a linear function of the
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correlation between the independent variables.
Kibria and Banik [28] make a comparison of 28
different ridge regression estimators and they
propose five new ones. They conduct a simulation
study to evaluate the performances of them.
Alibuhtto [29] has generated simulation data with
different levels of correlation coefficient by Monte
Carlo techniques. The level of multicollinearity is
determined by the correlation matrix, the variance
influence factor (VIF) and the condition number. It
was found that the ridge parameter k and sample
sizes are negatively correlated with a significance
level of 5%. Lukman and Ayinde [30] classify the
estimators based on the ones of Hoerl and Kennard
[1,2] into different forms and various types. They also
propose some modifications to improve those
estimators. Bhat and Raju [31] present some popular
ridge estimators and provide a generalized class of
ridge estimators as well as a modified ridge
estimator. They evaluate the performance of them
through a Monte Carlo simulation technique. Uzuke et
al. [32] consider some ridge estimators as well as
proposing some new methods as a solution for
skewed eigenvalues of the matrix of explanatory
variables. They have found that when the sample size
increases, the Prediction Sum of Squares (PRESS)
value decreases as the correlation coefficient
becomes large. Macedo [33] has improved the ridge-
GME parameter estimator, which combines ridge
regression and generalized maximum entropy to
eliminate the subjectivity in the analysis of the ridge
trace. Lukman et al. [34] classify the estimators based
on Dorugade [14] into different forms. They also
provide some new ridge estimators. Giacalone et al.
[35] provide various proposed ridge estimators, then
introduce L,p; method, based on L, -norm
estimation. Their method is an adaptive robust
procedure which is used when the residual
distribution deviates from normality. They state that
their new approach produces more efficient
estimates for different levels of multicollinearity.

3. Simulation process

At the stage of generating collinear data having
heteroscedasticity, The linear regression model
considered is as follows

Vi = ap+ a1 Xy + axXip + -+ ap Xy, + g, (46)

where the coefficients are determined to be
identically 1. The regressors, which have a certain
degree of multicollinearity within the linear
regression model, have been generated by the
following equality

Xy = uij,/l —pj + pjltip,

fori=1,-,n and j=1,

(47)

...’p_l
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where,
u;j~Normal(0,1), (48)
fori=1,--,n and j=1,-,p
gi~Normal(0, i), (49)

fori=1,-,n

where p; s the degree of multicollinearity which is
the assumed correlation between regressors i and j
and w;; is the error term having the standard normal

distribution. The simulation design is summarized in
Table 1.

Table 1. Simulation Design

Sample Size Degree of Number of
(n) Multicollinearity Regressors
(p) (P)
20 0.1 3
30 0.3 5
50 0.5 7
80 0.9
100
250
500

For each type of generation the study has been
replicated for 10,000. The comparison has been made
according to the following Mean Square Error (MSE)
criterion.

1
px10000

(50)

MSE(&ridge) = 23220025;1(1 — a;)?

The MSE values obtained for sample sizes 20, 30, 50,
80, 100, 250, 500 are given in Table 2, Table 3, Table
4, Table 5, Table 6, Table 7, Table 8 respectively. The
bold values indicate the highest values in the related
categories.

3. Results and Discussions
The following are the results of the MSE values

Table 2. MSE values in average for sample size 20

provided in Table 2 to 8: As the degree of collinearity
increases for some of the cases, the MSE values of
some of the ridge parameters either tend to decrease
or increase. However, for a large number of
regressors, the MSE values of the ridge parameters
increases regardless of the sample size. The ridge
parameter Ks performs well for weak degrees of
multicollinearity in most cases. Also, the ridge
parameters performing well in the previous study did
not succeed well in this study. Instead, if the data set
is heteroscedastic, then only Ks, Ks, Ki9 and Kzo
estimators should be considered for use. For
moderate or fairly strong degrees of multicollinearity
in any sample size, when the number of regressors is
less than or equal to 5, K20 estimator usually seems to
perform the best. For large number of regressors, in
small sample sizes, Ks appears to be the best ridge
parameter while Ki9 takes the lead for larger sample
sizes. On the other hand, in a study given by Goktas
and Seving [16] they showed that when the degree of
multicollinearity is large as 0.5, then Kiz is the best
for multicollinear data. When the degree of
multicollinearity is low as 0.3 and there are three
regressors, K21 seems to be the best estimator for any
sample size. However, when the number of
regressors increases to 7, Kis seems to be the best for
a sample size less than 250. Moreover, for large
sample sizes, K25 and K21 produce the best results.

Briefly, this study and the previous study of Goktas
and Seving [16] show that when the data are only
multicollinear or  both  multicollinear  and
heteroscedastic, there is not a specific ridge
parameter having the best estimation performance.

We think this study will be helpful for researchers
who have to use the weighted ridge regression
method with data involving both multicollinearity
and heteroscedasticity by guiding them in the
selection of the appropriate ridge parameter, taking
the number of regressors, sample size and the degree
of multicollinearity into consideration.

Ridge P=3 P=5 =7

Paramet | p=0.1 | p=0. | p=0.5 | p=0.9 p=0.1 | p=0.3 | p=0.5 | p=0. p=0. | p=0. | p=0.5 | p=0
Ks 0.270 | 0.25 | 0.251 | 0.205 0.298 | 0.2741 | 0.2702 | 0.17 0.72 | 0.75 | 0.8500 | 1.09
K7 0.3270 | 0.32 | 0.336 | 0.413 0.3769 | 0.3764 | 0.3885 | 0.43 0.84 | 0.89 | 1.0715 | 2.38
Ks 0.3794 | 0.33 | 0.286 | 0.205 0.3999 | 0.3255 | 0.2970 | 0.15 0.51 | 0.50 | 0.533 | 0.8
Ko 0.3128 | 0.30 | 0.316 | 0.364 0.3569 | 0.3511 | 0.3605 | 0.37 0.82 | 0.87 | 1.0372 | 2.15
Kio 0.3664 | 0.32 | 0.277 | 0.207 0.3775 | 0.3078 | 0.2809 | 0.16 0.54 | 0.53 | 0.5827 | 1.02
Ki2 0.4516 | 0.45 | 0.512 | 1.976 0.5676 | 0.5999 | 0.6464 | 2.92 094 | 1.00 | 1.2551 | 543
Kia 0.4516 | 0.45 | 0.512 | 1.978 0.5676 | 0.5999 | 0.6464 | 2.93 094 | 1.00 | 1.2551 | 5.44
Kie 0.4516 | 0.45 0.512 | 1.978 0.5676 | 0.5999 | 0.6464 | 2.93 0.94 1.00 1.2551 | 5.43
K19 0.3789 | 0.33 0.288 | 0.304 0.3687 | 0.3078 | 0.2891 | 0.40 0.67 0.69 0.8314 | 292
Kzo 0.2897 | 0.25 | 0.226 | 0.179 0.3113 | 0.259 | 0.242 | 0.16 0.63 | 0.64 | 0.7190 | 1.25
K21 0.3785 | 0.33 0.288 | 0.307 0.3685 | 0.3080 | 0.2895 | 0.41 0.67 0.69 0.8345 | 3.03
K23 0.3888 | 0.33 0.302 | 0.263 0.3638 | 0.3085 | 0.2924 | 0.25 0.70 0.72 0.8405 | 1.81
Kzs 0.3088 | 0.29 | 0.283 | 0.413 0.3345 | 0.3146 | 0.3137 | 0.50 0.80 | 0.83 | 0.9928 | 3.19
Ks2 0.3289 | 0.29 | 0.268 | 0.403 0.3403 | 0.3085 | 0.3058 | 0.68 0.80 | 0.84 | 1.0309 | 3.96
Kss 0.3481 | 0.31 0.318 | 0.818 0.3787 | 0.3808 | 0.4080 | 1.87 0.87 0.93 1.1847 | 5.23
K39 0.3672 | 0.33 | 0.347 | 1.027 0.4031 | 0.4163 | 0.4535 | 2.29 0.89 | 095 | 1.2111 | 5.38
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Table 3. MSE values in average for sample size 30

Ridge P=3 P=5 P=7
Paramet | p=0.1 | p=0. | p=0.5 | p=0.9 p=0.1 | p=0.3 | p=0.5 | p=0. p=0. | p=0. | p=0.5 | p=0
Ks 0.248 | 0.20 | 0.253 | 0.232 0.272 | 0.2685 | 0.272 | 0.20 066 | 0.71 | 0.8362 | 1.70
K7 0.2881 | 0.22 | 0.321 | 0.471 0.3357 | 0.3469 | 0.3853 | 0.53 0.69 | 0.76 | 09154 | 2.95
Ks 0.3779 | 0.24 | 0.287 | 0.202 0.3939 | 0.3244 | 0.2648 | 0.14 047 | 0.49 | 0.524 | 0.9
Ko 0.2789 | 0.22 | 0.306 | 0.420 0.3215 | 0.3300 | 0.3619 | 0.45 0.69 | 0.76 | 09051 | 2.77
K10 0.3621 | 0.23 | 0.278 | 0.201 0.3682 | 0.3015 | 0.2488 | 0.14 0.50 | 0.52 | 0.5626 | 1.12
K12 0.3574 | 0.26 0.419 | 1.569 0.4336 | 0.4605 | 0.5489 | 2.30 0.71 0.79 0.9640 | 4.37
K14 0.3574 | 0.27 0.419 | 1.569 0.4336 | 0.4605 | 0.5489 | 2.30 0.71 0.79 0.9640 | 4.37
K16 0.3574 | 0.27 | 0.419 | 1.569 0.4336 | 0.4605 | 0.5489 | 2.30 0.71 | 0.79 | 09640 | 437
K19 0.3989 | 0.25 | 0.298 | 0.236 0.3746 | 0.3091 | 0.2539 | 0.25 0.55 | 0.59 | 0.6793 | 2.46
K20 0.2638 | 0.19 | 0.212 | 0.164 0.2796 | 0.238 | 0.209 | 0.14 0.57 0.61 0.6957 | 1.51
K21 0.3986 | 0.25 | 0.298 | 0.237 0.3745 | 0.3091 | 0.2539 | 0.25 0.55 | 0.59 | 0.6798 | 2.53
K23 0.3938 | 0.25 | 0.303 | 0.245 0.3454 | 0.2914 | 0.2519 | 0.19 0.58 | 0.63 | 0.7106 | 1.65
Kzs 0.2817 | 0.22 0.281 | 0.397 0.3074 | 0.3017 | 0.3049 | 0.42 0.67 0.74 0.868 2.97
K32 0.3171 | 0.22 0.250 | 0.270 0.2969 | 0.2618 | 0.2435 | 0.41 0.63 0.69 0.8218 | 3.25
K3g 0.3228 | 0.27 | 0.277 | 0.627 0.3073 | 0.3061 | 0.3599 | 1.41 0.68 | 0.76 | 09267 | 4.24
K39 0.3356 | 0.29 0.302 | 0.83 0.3234 | 0.3346 | 0.4113 | 1.80 0.69 0.77 0.9427 | 4.33
Table 4. MSE values in average for sample size 50
Ridge P=3 P=5 P=7

p=0.1 | p=0.3 | p=0.5 | p=0.9 p=0.1 | p=0.3 | p=0.5 | p=0.9 p=0.1 | p=0.3 | p=0.5 | p=0.
Ks 0.22 0.227 | 0.244 | 0.278 0.245 | 0.247 | 0.268 | 0.266 0.597 | 0.648 | 0.77 2.32
K7 0.254 | 0.258 | 0.291 | 0.535 0.283 | 0.295 | 0.342 | 0.631 0.608 | 0.662 | 0.794 | 3.09
Ks 0.391 | 0.330 | 0.292 | 0.202 0.401 | 0.323 | 0.266 | 0.145 0.466 | 0.480 | 0.528 | 1.11
Ko 0.248 | 0.252 | 0.281 | 0.484 0.276 | 0.286 | 0.328 | 0.557 0.606 | 0.660 | 0.791 | 3.00
Kio 0.373 | 0.314 | 0.278 | 0.199 0.371 | 0.298 | 0.247 | 0.141 0483 | 0.504 | 0.559 | 1.24
K12 0.290 | 0.297 | 0.344 | 1.285 0.330 | 0.348 | 0.423 1.812 0.615 | 0.670 | 0.807 | 3.62
K14 0.290 | 0.297 | 0.344 | 1.285 0.330 | 0.348 | 0423 | 1.813 0.615 | 0.670 | 0.807 | 3.62
K16 0.290 | 0.297 | 0.344 | 1.285 0.330 | 0.348 | 0.423 | 1.813 0.615 | 0.670 | 0.807 | 3.62
K19 0.464 | 0.395 | 0.336 | 0.209 0.427 | 0.339 | 0.269 | 0.172 0.492 | 0.517 | 0.595 | 2.07
K20 0.244 | 0.208 | 0.191 | 0.149 0.251 | 0.210 | 0.188 | 0.133 0.545 | 0.582 | 0.671 | 1.76
K21 0.464 | 0.394 | 0.336 | 0.209 0.426 | 0.339 | 0.269 | 0.173 0492 | 0.518 | 0.595 | 2.12
K23 0.430 | 0.358 | 0.314 | 0.243 0.359 | 0.287 | 0.243 | 0.174 0.530 | 0.563 | 0.643 | 1.56
Kzs 0.256 | 0.252 | 0.271 | 0.454 0.274 | 0.276 | 0.297 | 0.445 0.605 | 0.655 | 0.779 | 2.89
K32 0.349 | 0.292 | 0.254 | 0.201 0.292 | 0.239 | 0.208 | 0.242 0.559 | 0.600 | 0.707 | 2.73
K3ss 0.325 | 0.259 | 0.238 | 0.481 0.262 | 0.243 | 0.278 | 1.055 0.592 | 0.648 | 0.786 | 3.54
K39 0.326 | 0.263 | 0.257 | 0.684 0.268 | 0.262 | 0.323 | 1.408 0.600 | 0.657 | 0.797 | 3.60

Table 5. MSE values in average for sample size 80

Ridge P=3 P=5 P=7

p=0.1 | p=0.3 | p=0.5 | p=0.9 p=0.1 | p=0.3 | p=0.5 | p=0.9 p=0.1 | p=0.3 | p=0.5 | p=0.
Ks 0.212 | 0.207 | 0.235 0.322 0.224 | 0.231 0.264 | 0.321 0.561 0.605 0.737 | 2.68
K7 0.228 | 0.227 | 0.266 | 0.569 0.248 | 0.262 | 0.315 | 0.681 0.565 | 0.610 | 0.746 | 3.13
Ks 0.410 0.348 | 0.304 | 0.212 0.412 0.339 | 0.277 0.148 0.463 | 0.480 | 0.544 | 1.26
Ko 0.224 | 0.223 | 0.259 | 0.526 0.244 | 0.256 | 0.306 | 0.619 0.564 | 0.609 | 0.745 | 3.08
Kio 0.390 | 0.330 | 0.290 | 0.208 0.378 | 0.310 | 0.253 | 0.141 0.478 | 0.498 | 0.570 | 1.38
Ki2 0.249 | 0.249 | 0.297 | 1.082 0.274 | 0.290 | 0.359 | 1.481 0.568 | 0.613 | 0.752 | 3.36
Kia 0.249 | 0.249 | 0.297 | 1.082 0.274 | 0.290 | 0.359 | 1.481 0.568 | 0.613 | 0.752 | 3.36
Kis 0.249 | 0.249 | 0.297 | 1.082 0.274 | 0.290 | 0.359 | 1.481 0.568 | 0.613 | 0.752 | 3.36
K19 0.538 | 0.466 | 0.399 | 0.226 0.490 | 0.403 | 0.313 | 0.148 0.464 | 0.485 | 0.566 | 1.96
Kzo 0.230 | 0.194 | 0.180 | 0.138 0.229 | 0.196 | 0.175 | 0.120 0.527 | 0.561 | 0.667 | 1.99
K21 0.538 | 0.466 | 0.399 | 0.226 0.490 | 0.403 | 0.312 | 0.149 0.464 | 0.485 | 0.566 | 2.00
K23 0.474 | 0.397 | 0.344 | 0.267 0.384 | 0.312 0.256 | 0.172 0.503 0.533 0.622 | 1.56
K2s 0.232 0.227 | 0.259 0.520 0.248 | 0.255 0.292 0.506 0.564 | 0.609 | 0.742 | 2.99
Ks2 0.403 | 0.338 | 0.289 | 0.184 0.317 | 0.258 | 0.210 | 0.162 0.522 | 0.556 | 0.665 | 2.56
Kss 0.339 0.255 | 0.216 0.360 0.242 0.212 0.234 | 0.815 0.551 0.598 | 0.737 | 3.30
K39 0.324 | 0.244 | 0.224 | 0.548 0.236 | 0.224 | 0.274 1.148 0.557 | 0.605 0.745 | 3.35
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Table 6. MSE values in average for sample size 100
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Ridge P=3 P=5 P=7
Paramet | p=0.1 | p=0.3 | p=0.5 | p=0.9 p=0.1 | p=0. p=0.5 | p=0.9 p=0.1 | p=0.3 | p=0.5 | p=0.
Ks 0.204 | 0.205 | 0.224 | 0.345 0.215 | 0.226 | 0.251 | 0.354 0.546 | 0.581 | 0.722 | 2.77
K7 0.218 | 0.221 | 0.249 | 0.579 0.235 | 0.251 | 0.291 | 0.711 0.549 | 0.585 | 0.729 | 3.10
Ks 0.417 | 0.358 | 0.312 | 0.220 0.422 | 0.343 | 0.282 | 0.150 0461 | 0474 | 0.553 | 1.34
Ko 0.215 | 0.218 | 0.244 | 0.542 0.231 | 0.246 | 0.284 | 0.649 0.548 | 0.584 | 0.728 | 3.07
Kio 0.396 | 0.338 | 0.296 | 0.217 0.388 | 0.313 | 0.258 | 0.142 0.473 | 0490 | 0.575 | 1.46
Ki2 0.235 | 0.239 | 0.274 | 1.010 0.255 | 0.274 | 0.325 | 1.392 0.550 | 0.587 | 0.732 | 3.26
Kis 0.235 | 0.239 | 0.274 | 1.010 0.255 | 0.274 | 0.325 | 1.392 0.550 | 0.587 | 0.732 | 3.26
Kie 0.235 | 0.239 | 0.274 | 1.010 0.255 | 0.274 | 0.325 | 1.392 0.550 | 0.587 | 0.732 | 3.26
K19 0.573 | 0.503 | 0.432 | 0.244 0.532 | 0433 | 0.343 | 0.150 0.451 | 0.466 | 0.554 | 1.92
K20 0.223 | 0.189 | 0.172 | 0.136 0.223 | 0.18 | 0.169 | 0.118 0.518 | 0.546 | 0.665 | 2.08
K21 0.573 | 0.503 | 0.432 | 0.244 0.532 | 0433 | 0.343 | 0.150 0.452 | 0466 | 0.554 | 1.95
K23 0.497 | 0421 | 0.364 | 0.284 0.408 | 0.324 | 0.267 | 0.172 0.492 | 0.515 | 0.616 | 1.58
Kzs 0.223 | 0.223 | 0.246 | 0.546 0.236 | 0.248 | 0.277 | 0.559 0.548 | 0.584 | 0.726 | 3.01
Ks2 0.433 | 0.368 | 0.312 | 0.190 0.344 | 0.273 | 0.220 | 0.146 0.507 | 0.534 | 0.650 | 2.49
K3zg 0.350 | 0.259 | 0.209 | 0.327 0.243 | 0.206 | 0.213 | 0.749 0.535 | 0.573 | 0.719 | 3.21
K39 0.328 | 0.240 | 0.212 | 0.512 0.230 | 0.214 | 0.250 | 1.078 0.541 | 0.579 | 0.727 | 3.25
Table 7. MSE values in average for sample size 250
Ridge P=3 P=5 P=7

p=0.1 | p=0.3 | p=0.5 | p=0.9 p=0.1 | p=0.3 | p=0.5 | p=0.9 p=0.1 | p=0.3 | p=0.5 | p=0.
Ks 0.171 | 0.177 | 0.198 | 0.418 0.185 | 0.194 | 0.228 | 0.457 0.519 | 0.566 | 0.686 | 2.96
K7 0.177 | 0.184 | 0.209 | 0.587 0.193 | 0.205 | 0.246 | 0.739 0.519 | 0.567 | 0.688 | 3.04
Ks 0478 | 0.410 | 0.367 | 0.254 0.487 | 0.399 | 0.320 | 0.175 0.466 | 0498 | 0.578 | 1.66
Ko 0.176 | 0.182 | 0.206 | 0.563 0.191 | 0.203 | 0.243 | 0.699 0.519 | 0.567 | 0.687 | 3.03
Kio 0.456 | 0.385 | 0.347 | 0.246 0.447 | 0.363 | 0.288 | 0.163 0.475 | 0.509 | 0.594 | 1.76
Ki2 0.183 | 0.191 | 0.218 | 0.800 0.200 | 0.214 | 0.260 | 1.075 0.520 | 0.567 | 0.688 | 3.08
Kis 0.183 | 0.191 | 0.218 | 0.800 0.200 | 0.214 | 0.260 | 1.075 0.520 | 0.567 | 0.688 | 3.08
Kie 0.183 | 0.191 | 0.218 | 0.800 0.200 | 0.214 | 0.260 | 1.075 0.520 | 0.567 | 0.688 | 3.08
K19 0.734 | 0.671 | 0.605 | 0.370 0.698 | 0.606 | 0.494 | 0.208 0.430 | 0.456 | 0.531 | 1.83
K20 0.210 | 0.175 | 0.162 | 0.122 0.213 | 0.175 | 0.150 | 0.103 0.505 | 0.549 | 0.658 | 2.43
K21 0.734 | 0.671 | 0.604 | 0.370 0.698 | 0.606 | 0.494 | 0.207 0.430 | 0.456 | 0.531 | 1.86
K23 0.627 | 0.540 | 0.484 | 0.372 0.533 | 0.434 | 0.343 | 0.230 0.476 | 0.512 | 0.601 | 1.65
Kzs 0.180 | 0.186 | 0.210 | 0.618 0.195 | 0.207 | 0.245 | 0.692 0.519 | 0.567 | 0.687 | 3.03
K32 0.602 | 0.529 | 0.467 | 0.273 0.501 | 0.406 | 0.311 | 0.135 0.482 | 0.520 | 0.617 | 2.37
K3zs 0.438 | 0.299 | 0.213 | 0.208 0.291 | 0.201 | 0.166 | 0.485 0.509 | 0.557 | 0.680 | 3.04
K39 0.376 | 0.240 | 0.182 | 0.358 0.239 | 0.181 | 0.194 | 0.803 0.513 | 0.563 | 0.685 | 3.07
Table 8. MSE values in average for sample size 500
Ridge P=3 P=5 P=7

p=0.1 | p=0.3 | p=0.5 | p=0.9 p=0.1 | p=0.3 | p=0.5 | p=0.9 p=0.1 | p=0. p=0.5 | p=0.
Ks 0.154 | 0.157 | 0.181 | 0.453 0.161 | 0.172 | 0.206 | 0.524 0.508 | 0.548 | 0.675 | 2.92
K7 0.157 | 0.161 | 0.187 | 0.574 0.166 | 0.177 | 0.216 | 0.745 0.508 | 0.549 | 0.676 | 2.95
Ks 0.530 | 0.467 | 0.412 | 0.300 0.535 | 0446 | 0.366 | 0.204 0.471 | 0.501 | 0.597 | 1.86
Ko 0.156 | 0.160 | 0.186 | 0.559 0.165 | 0.176 | 0.214 | 0.716 0.508 | 0.549 | 0.676 | 2.95
Kio 0.508 | 0.442 | 0.390 | 0.293 0.494 | 0.407 | 0.332 | 0.188 0.477 | 0.509 | 0.609 | 1.95
Ki2 0.161 | 0.165 | 0.192 | 0.700 0.169 | 0.182 | 0.223 | 0.952 0.508 | 0.549 | 0.676 | 2.96
Kis4 0.161 | 0.165 | 0.192 | 0.700 0.169 | 0.182 | 0.223 | 0.952 0.508 | 0.549 | 0.676 | 2.96
Kie 0.161 | 0.165 | 0.192 | 0.700 0.169 | 0.182 | 0.223 | 0.952 0.508 | 0.549 | 0.676 | 2.96
K19 0.828 | 0.781 | 0.722 | 0.498 0.803 | 0.728 | 0.629 | 0.303 0.423 | 0.44 | 0.523 | 1.76
K20 0.206 | 0.173 | 0.155 | 0.119 0.203 | 0.166 | 0.145 | 0.095 0.500 | 0.538 | 0.658 | 2.56
K21 0.828 | 0.781 | 0.722 | 0.498 0.803 | 0.728 | 0.629 | 0.302 0.423 | 0.444 | 0.523 | 1.79
K23 0.722 | 0.648 | 0.580 | 0.474 0.635 | 0.536 | 0.442 | 0.301 0.471 | 0.502 | 0.598 | 1.68
Kzs 0.159 | 0.163 | 0.189 | 0.614 0.168 | 0.179 | 0.217 | 0.751 0.508 | 0.549 | 0.676 | 2.95
Ks2 0.723 | 0.664 | 0.598 | 0.389 0.632 | 0.538 | 0.435 | 0.186 0.472 | 0.504 | 0.607 | 2.28
Kss 0.522 | 0.366 | 0.238 | 0.163 0.353 | 0.222 | 0.153 | 0.355 0.499 | 0.541 | 0.670 | 2.94
K39 0.431 | 0.267 | 0.174 | 0.282 0.263 | 0.169 | 0.163 | 0.675 0.503 | 0.546 | 0.674 | 2.96
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