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Abstract

In this study, we introduce iterative restricted Liu estimator to combat
multicollinearity in generalized linear models. We also obtain necessary
and sufficient conditions for the superiority of the first-order approxi-
mated restricted Liu estimator over the first-order approximated maxi-
mum likelihood and Liu estimators by the approximated mean squared
error criterion. The results are illustrated by conducting simulation
studies and numerical examples.
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1. Introduction

Collinearity has long been recognised as a potential source of problem in the esti-
mation, computation and interpretation of linear model parameters [1]. Although max-
imum likelihood (ML) estimator is the most widely used method in linear regression,
ML estimates become unstable and covariance matrix of the ML estimator inflates when
collinearity exists among the explanatory variables. Therefore, in the existence of the
multicollinearity, estimators such as restricted estimator, Liu estimator [9], the restricted
Liu estimator [7] and others were proposed as alternative to the ML estimator to reduce
the adverse effects of the multicollinearity. As in the case in linear regression, collinearity
causes difficulty in the interpretation of estimated regression coefficients in generalized
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linear models (GLMs). Mackinnon and Puterman [10] study how to detect the collinear-
ity in GLMs. Marx and Smith [12] present a principle component estimator for GLMs,
and show that it can be useful with the presence of an ill-conditioned information ma-
trix. Nyquist [15] considers the maximum likelihood estimation in GLMs under linear
restrictions on the parameters. Segerstedt [17] introduces the ordinary ridge regression
estimator for GLMs. Kurtoglu and Ozkale [8] derive Liu estimator for GLMs. In ad-
dition to observations on the response and explanatory variables, auxiliary information
on the vector of regression coefficients can exist. Then, auxiliary information, especially
exact linear restrictions, can be used to overcome multicollinearity. Therefore, it is the
objective of this paper to present a restricted Liu estimator in GLMs. Both iterative and
first-order approximated restricted Liu (FOARL) estimators are developed using qua-
dratic penalized likelihood. Because there are different estimators used in the case of
multicollinearity in linear regression, these estimators can also be defined for GLMs. As
in linear regression, estimation in GLMs is also sensitive to multicollinearity.

This article is organized as follows. In Section 2, we propose iterative restricted Liu
estimator in GLMs in the existence of multicollinearity. In Section 3, the mean squared
error (MSE) properties of FOARL estimator in GLMs and the performance of the FOARL
estimator are obtained, numerical examples are given in Section 4. Finally, two Monte
Carlo simulation studies are presented in Section 5. In Section 6, the conclusions of the
paper are presented.

2. The FOARL Estimation in GLMs

Suppose that y1, . .., yn be the observations of independent random variables Y1, ..., Y,,
each of which has the probability density function such that the mean of Y; is u; and the
corresponding canonical parameter is 6; = g(u;), ¢ = 1,...,n. The exponential family
can be written in the form

Oiyi — b(@z)

fyi,0:,¢) = exp )

+c(yl’qs) ) i:]‘?"'?n’

where a(-), b(-) and ¢(-) are known functions and ¢ > 0 is a dispersion parameter, which
in some families takes on a fixed known value, while in other families it is an unknown
parameter to be estimated from the data along with 6. For each observation values of a

set of ¢ explanatory variables, ;] = (xi1,...,Ziq) is also recorded where z; is the ith row
of the design matrix X = (z1,... ,xn)T which denotes the n X ¢ matrix of explanatory
variables, 1; = x; B is the linear predictor where 8 = (Biy---y B4)" is the ¢ x 1 vector of

parameters, also known as regression coefficients. The log-likelihood function is given by

(2'1) 1(07 o, y) = — =+ C(yi7 ¢) )

a(®)

i=1
where @ = (61,...,0.) T,y = (y1,...,Yn) .

We suppose that in addition to the linear predictor, the set of ¢ linearly independent
restrictions on the parameter vector 3 exist: R/ 8 = r,, t = 1,...,T, where R;] =
(R, ..., Riq) are g x 1 vectors and r¢ are scalars. Alternatively, we define the restricted
Liu estimator for GLMs with the log-likelihood function in (2.1) with respect to quadratic
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penaly function (R{ 8 — r;)?. The objective function is

R D

1 AT N T )
%wﬂﬁ—ﬂﬂ(B—W%—deggkﬁhﬁ—m%

+ C(yi7 ¢)

where 0 < d < 1 is Liu-biasing parameter, Lagrange multipliers and 3 is the iteratively
reweighted least squares (IRLS) estimator evaluated at the final iteration.

Differentiating (3, d, X) with respect to 3 and making use of Fisher’s method of
scoring, we get the ¢ x 1 vector

Q(B,d, A, = |:3w(ﬁ,dq>\):| A
(B )lﬁ—ﬁr(d)( ) op B:Br(d)(m)

= wg X WD(y —p) =B+ dB—RTA (RB —1)]g_p, (ayom) -

(2.2)

where A* = diag(\1, ..., Ar) is the matrix of Lagrange multipliers, R" = (R1...Rr)
is the ¢ X T known auxiliary information matrix that expresses the structure of infor-
mation on the individual parameters or some linear combinatory of these parameters,
r=(r. ..rT)T is the 1 x T vector of scalars and W = diag{w;;} is the n x n diag-
onal matrix with weights wi; = {1/var(Y;)} (du:/dn;)°. Both R and r are assumed to
be known and in addition rank(R) = T is assumed. The jth (j = 1,...,q) element of

Q(B,d, ) is
¢;(B.d,A) = 2GR

n N T
= [; st g (wi)wi; — By +dB; — t; RijM(R{ B 1))

Second-order partial derivatives of (83,d,\) gives the Hessian matrix H;(3,d,\) =
8%Y(B,d, X\)/0B0B" having the (j,v)th entry as

PyB.dN) 1 _i(g’(ui) )
005~ aw ™ maE (Cur
n T
(23) - Z %mzv - 6]1) - ZAththvL

where §;, = 1 if j = v and zero otherwise.
Taking the expected value of both sides of (2.3), we get

0*p(B, d, A
sju(B,d;A) = _E[ géﬂaﬁ ):|
J v
1 [&1 a
a(¢) — w; J J e tIvt I

Consequently, the expected value of H;(3,d, A) is of the form

(2.4)  E[H(B,d,\)] = ﬁ[(xwa +I)+RTAR].

Application of the Fisher scoring method yields
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Br(@ Y = B ™ + {{B[H(8,d. M)} [245522] }

B=Br(d) (™)
_ B(d)(m+1) _ (XTW(m)X + I)flRT[(A*)fl
+R(XTW X + )R RA@ Y — ),
where B(d)™ ) = (XTWMX + 1) "{(XTWMX + dI)3™HY s in the form of the
proposed Liu estimator by Kurtoglu and Ozkale [8] and B+ is in the form of the
ML estimator in GLMs and both 3(d)(™Y and 3™+ are evaluated at the iteration

algorithm (derivation details are given in Appendix A).
The (m + 1)th approximation of the restricted Liu estimator is finally obtained as

Br(d)™t = lim B (d)™Y

A1,y Ag—>00
= B - X" WX +D)T'RTREX"WMX +1)7 'R
(2.5) x(RB(d) ™ —r).
In the special case of d = 0, Br(d)(m'H) equals to the restricted estimator which is

introduced by Nyquist [15]. The estimator in (2.5) is calculated iteratively. The estimator
in the first step can be written as

Br(d)P = BV -XWIX+D'RTRX WX +1)'RT]
< (R — 1),
where B(d)) = (XTWOX +1) 1 (XTWOX +dI)B™ is the first-order approximated
Liu (FOAL) estimator, 31 = (XT WO X)X TW 2 is the first-order approximated
ML (FOAML) estimator and z(® = X8©® + [D(y — 1)]3_p0) is the working response.
The first-order approximated restricted ML (FOARML) estimator in GLMs given by
Nyquist [15] is
B =Y - XTWOX)T'RTRXTWOX) 'R TN RBY — ).

Thus, the weight matrix and the working response of ﬁr(d)(l), B(d)(l)7 BY and ﬁﬁl) are

calculated in the same B(?) initial value or real parameter and all these four estimators
have the same working response.

3. Superiority of the FOARL estimator over other estimators by
the matrix MSE criterion

In this section, we compare the FOARL estimator to the FOAML, FOARML and
FOAL estimators according to the matrix MSE criterion. We compute approximated
biasing vector and variance covariance matrix of the estimator ﬂr(d)<1> as

Bias[B,(d) "] = (d — )M 8 - S; 'R (RS;'R") '(RB 1),
Var[B,(d)"] = a(¢)M1S4S7 'SaM1,

where M; = S7'—S7T'RT(RS;7'RT)'RS[!, Sy = X TWOX4dI,and S; = X WO X+
I. Then, the matrix MSE of the estimator 3, (d)® is

MSE[B,(d)Y] = a(¢)M1SsS™'SqM; + [(d—1)M,8—S;'RT(RS;T'RT)™?
x(RB - r)][(d—)MiB - ST'RT(RST'RT) ' (RB - 1)) .
Similarly, the MSE matrices of the estimators 31, BP and ,é(d)(l) are respectively as
MSE[B"] = a(¢)s ™",
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MSE[BY] = a(¢)Mo+ST'RT(RST'RT)™!
x(RB—r)(RB—r) [ST'TRT(RST'R")'|T,

and
MSE[B(d)V] = a(¢)S1 'SaS™'S4ST" + (d —1)°S7'BB" ST,

where S = X "W X and My =S~ ! - S7!'R"(RS™!R")'RS".

3.1. Comparisons when the restrictions are true, i.e., R3=r. We examine the
matrix MSE comparisons of Br(d)(l) and ,@ﬁl) in GLMs when the restrictions hold true.
We see that the MSE matrices of the estimators in GLMs are similar to that of the
corresponding estimators in linear regression models. However, the points that should
be emphasized are that the response in GLMs is from the exponential family while the
response in linear regression is usually from normal distribution. Furthermore, the MSE
matrices depend on the matrix X' WX in GLMs while on the matrix XX in linear
regression. As a consequence, although the results in their closed forms seem to be similar
they are not exactly the same.

3.1.1. The comparison between the FOARL estimator and the FOAL estimator. For the
superiority of B,-(d)m over B(d)(l) when RB3 = r holds true, Theorem 3.1 can be given.
The difference A; = MSE[3(d)V)] — MSE[B,(d)™V] is given by A; = B — M;S;BS;M;
where B = MSE[B(d)™].

3.1. Theorem. The estimator B,(d)V) is superior to the estimator B(d)™V) by the cri-
terion of matriz MSE if and only if Amax(B™"M1S1BS1M1) < 1 where Amax is the
mazimum eigenvalue of M;S;:BS;M;B~ L.

Proof. For the superiority of B,(d)") over B(d)"), we examine the difference A; =
MSE[B(d)M] — MSE[B,(d)™V] is given by A; = B — M;S:BS;M;. By applying The-
orem B.2 in Appendix B from Graybill [4] we can derive the necessary and sufficient
condition for A; to be nonnegative definite (nnd). Since B is positive definite (pd)
and M;S1BS1M; is a symmetric matrix, there exists a nonsingular matrix Q such that
Q'BQ =1Iand Q"M;S;:BS;M;Q = A, where A is a diagonal elements are the roots
of the polynomial equation |M;S1BS1M; — AB| = 0. Since

IM;S:BS1M; — AB| = [M1S:BS;M;B~" — AL, ||B| =0,

i is an eigenvalue of M;S;:BS:M;B~'. M;S:BS;M;B™! has the same eigenvalues
with B~'M;S:BS;M;. If B—M,;S;BS; M is an nnd matrix, Q' BQ-Q"M;S;BS:M;Q =
I, — A is an nnd matrix. Then 1 — A; > 0, so we get )\max(BflMlslBSlMl) <1.

Let )\max(BflMl&BSlMQ < 1. Since B is pd and M;S:BS1M; is a symmetric
matrix, we have get

)\q < I‘TMlslBS1M11}

<A
- z "Bz =7b

where /\1(B_1M1$1B81M1) 2 . 2 Aq(B_lMlslBS1M1) are the roots of |M181B81M1 — )\B| =
0. Then we get 2z M;S:1BS1 Mz < asTBm7 so B—M;S1BS;M; is an nnd matrix. It
is obvious that A; is nnd if and only if Amax(B~'*M18:BS;M;) < 1. O
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3.1.2. The comparison between the FOARL estimator and the FOARML estimator. For
the superiority of B,(d)?) over B, we consider the matrix MSE difference A, =
MSE[B8Y)] — MSE[B,.(d)"]. In the case of RB = r, the matrix MSE difference A,
equals to

As = a(¢)Mo — a(¢)M1S,87'SuM; — (d — 1)>M, 88" M;.
The result can be presented by Theorem 3.2.

3.2. Theorem. Under the conditions that a(¢)[Mo — M1S4S™'S;M1] is nnd, the esti-
mator ,@T (d)(l) is superior to the estimator Bﬁ” by the matrix MSE criterion if and only
if

(d—1)>8"M; (Mo — M;S,S'SqM,) M8 < 1,

when the restrictions are true.

Proof. Let C(D) denotes the column space of D where D = a(¢)[Mo — M1S48™'Sy
M,]. Then if (1 — d)M;8 € C(D), A, is nnd if and only if (d — 1)?8"M;D M3 < 1
where D~ is a generalized inverse of D under the condition that D is nnd, see [18].

Since C(M1S4S™!'S4M1) C C(Mo) and R(M:1S487'SyM;1) C R(Mo) where R(...)
denotes the row space of a matrix, applying Theorem B.1 in Appendix B from Harville
[6], and by following Ozkale [16], the g-inverse of D can be written as

b
a(¢)
Furthermore, —(d — 1)M;8 € C(D) if and only if —(d —1)M;3 = —(d — 1)DD™ M, 3.
The proof of the equality —(d—1)M;3 = —(d—1)DD~M; 3 can be followed from Ozkale
[16]. O

D = My + My M, (S;'SS;" — MM, M,;) M, Mj;].

3.1.3. The comparison between the FOARL estimator and the FOAML estimator. We
consider the difference Az = MSE[3V]-MSE[3,(d)M] = a(¢)S ™' —a(¢)M1S,S™'SqM,; —
(d—1)*>M;1 88" M; to compare the FOAML estimator and the FOARL estimator. Then,
we give Theorem 3.3.

3.3. Theorem. Under the condition that a(¢)(S™' — M1S4S™'SyM,) is nnd, B,(d)™®
is superior to B in the sense of MSE matriz criterion if and only if

(d—1)?8 "My (S — M1S4S™'SaM;) M1 < a(9),

when the restrictions are true.

Proof. Let C(A) denotes the column space of A where A = a(¢)[S™' — M1S4S™!S,
M;]. Then if (1—d)M;3 € C(A), Az is nnd if and only if (d—1)?8"M;A"M, 8 < a(¢)
where A is a g-inverse of A under the condition that A is nnd (see [18]).

Since C(M1S4S™'S;M;) C C(S™') and R(M:1S487'SaM;) C R(S™!) where R(-)
denotes the row space of a matrix, applying Theorem B.1 in Appendix B from Harville
[6], and by following Ozkale [16], the g-inverse of A can be written as

1
a(¢)
Furthermore, —(d — 1)M;18 € C(A) if and only if —(d — 1)M:18 = —(d —1)AA™ M, 3.
The proof of the equality —(d—1)M:18 = —(d—1)AA~M;3 can be followed from Ozkale
[16]. O

A~ [S+SM,(S;'SS,;" — M;SM;) M;S].

3.2. Comparisons when the restrictions are not true, i.e., RG#r.
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3.2.1. The comparison between the FOARL estimator and the FOARML estimator. In
this case, the performances of the FOARL and FOARML estimators depend upon R3 # r
and both of them ore biased estimators of 3. We consider the difference

A; = MSE[B"] - MSE[3,(d)"]
= a(¢p)(Mo —M,;8,87'S;M;)+S'RT(RST'R)'RB-r)(RB—1)"
x(RST'RT) RS —(d—1)* M8 —-S;'RT(RS;'RT) 7]
x(RB-r)(RB—1) MBS '"RT(RST'R") 7]’
to compare the FOARML estimator and the FOARL estimator. Then, we give Theorem
3.4.

3.4. Theorem. Under the condition that a(¢)(Mo —M1S4S™*SqM1) is an nnd matriz,
the FOARL estimator dominates the FOARML estimator in terms of the matriz MSE
criterion if and only if

B— (RR") 'r]T(M;Sg — MoS) " (Mg — M;S4S™'SyM;)~

x(M;Sq — MoS)[B— (RR")'r] =0
when the restrictions are incorrect.
Proof. A4 can be written as Ay = D + dlle — dgd; where d; and ds are the biases
of the FOARML and FOARL estimators. To the end of the comparison, it is important
whether d; € C(D), ¢ = 1,2 or not. From Theorem B.3 in Appendix B d; ¢ C(D),
ds ¢ C(D) and d2 € C(D : d1). di and d2 are linearly independent. Thus when D is
nnd, A4 is nnd. Because of similarity between the FOARL and FOARML estimators in

GLMs and restricted Liu and restricted ML estimators in linear model, the proof can be
followed from Ozkale [16]. O

3.2.2. The comparison between the FOARL estimator and the FOAML estimator. In
this case, A5 equals to
As = MSE[B"] - MSE[B,(d)")]
= a(®)S™" —a(¢)M1S8487'SM; — (M;S, — 1)
x[B-RTRR")'r][B-R"T(RR")'r] " (MiS; - 1)".
to compare the FOARL estimator and the FOAML estimator. Then, we give Theorem
3.5.

3.5. Theorem. Under the condition that a($)(S™' — M1S4S™'S4M;) is nnd matriz,
the FOARL estimator is better than the FOAML estimator in the sense of the matriz
MSE criterion if and only if

B-RTRR") 'r] " (M8, —I) (S™' — M;S4S™'SyM; )~
x(MiSq —D[B-R"(RR") 'r] < a(¢)
when the restrictions are not true.

Proof. If (M1Sq —I)[3—RT(RR") 'r] € C(A) where A = a(¢)[S™" — M1S4S 'S4
M,], As is nnd if and only if AA™(M;S; — I) = M;Sq — I. The proof of the equality
AA~(M;Sq —I) = M;S; — I can be followed from Ozkale [16]. O

4. Numerical Examples

We illustrate the theoretical results of the proposed estimator on two different real
life data sets.
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4.1. Example 1: Mine Data Set. In this numerical example, the response has Poisson
distribution with log link. The data set was originally given by Myers [14] and was also
used by Marx [11]. Myers [14] presented 44 observations on mines in the coal fields of the
Appalachian region of western Virginia. There are four continuous explanatory variables.
These variables were analyzed for roles contributing to the number of injuries or fractures
that occur in the upper seams of the mines.

In this study, as [14, 11] did, a generalized linear regression assuming the y; observa-
tions are from Poisson distribution and the log link function is going to be considered.
The regression model is

log jui = Bo + Przri + Bawai + Bz + Pawai,

where [i; is the expected number of upper seam injuries or fractures in the ith coal mine
area, x1; is the corresponding inner burden thickness, which is the shortest distance
between seam floor and lower seam, x2; is the percent extraction of the lower previously
mined seam, x3; is the lower seam height and z4; is the time that the mine has been
opened.

Our computations here were performed by using R. We used 1x 107 (sufficiently close
to zero) as a convergence criterion. If the sum of absolute difference for the parameter
estimates between the iterations is smaller than 1 x 107% the iterations stop. The
eigenvalues of XTWX at final iteration of IRLS method are obtained as A = 416468,
A2 = 338966, A3 = 30607.8, Ay = 3824.86, \s = 0.95040. Thus, by following [11]
the condition indices of the information matrix are 1.0000, 3.5052, 11.6647, 32.9976 and
2093.3225, indicating severe ill conditions and justifying an optional estimation technique.

To make comparisons, all the estimators are obtained by the first-order approximation.
The ordinary least square (Is) estimator Bjs = (X X)X "y is used as an initial value of
B in computing the estimators and calculated as ,@(O) = (—4.579885, —0.001896, 0.104574,
—0.007993, —0.050250) ". We calculate the weight matrix W® with the diagonal element

ﬂgo), where ﬂgo) is exp(xﬂ(o)). The working response for Poisson distribution is defined

as 21-(0) =z; 8O 4+ (yi — NEO))/MEO), i=1,...,n.

The Liu-biasing parameter d is computed as d, which is proposed by Kurtoglu and
Ozkale [8]. Therefore, according to the conditions given by Kurtoglu and Ozkale [8], dj,
value is arbitrarily chosen as 0.95.

The values of 3 affect the value of R3 — r which measures the relative performances
of the estimators. Therefore, to see how the restrictions affect the MSE values, four
different types of restrictions are used corresponding to:

(i) 481 — B3 = 0 where the effect of the third explanatory variable on the linear
predictor is four times the first explanatory variable
R'=[0 4 0 -1 0],7=0),

(ii) 481 — B3 = 0.01 where the effect of the difference between four times the first
explanatory variable and the third explanatory variable on the linear predictor
is 0.01. Here, the number 0.01 is arbitrarily chosen to make difference from the
restriction given by (i)

R"=[0 4 0 -1 0],r=0.01),

(iii) Bo + B1 + B4 = —5 which means that sum of the effects of the constant, first and
fourth explanatory variables on the linear predictor is —5
R'=[1 1 0 0 1], r=-5),

(iv) Bo+B1+ B4 = —5.5 which means that sum of the effects of the constant, first and
fourth explanatory variables on the linear predictor is —5.5 where the number
—5.5 is arbitrarily chosen to make difference from the restriction given by (iii)
R'=[1 1 0 0 1], r=-55).
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Table 1. The parameter estimates and scalar MSE values of the esti-
mators when d = 0.95.

Estimator Rest. Bo B B2 B3 Ba Scalar MSE
B - -4.909674 -0.001789 0.097199 -0.007045 -0.047203 0.232122
B(d)™ - -4.863429 -0.001782  0.096665 -0.007101 -0.047090 0.229910
55»' ) (i) -4.903588 -0.001781 0.097159 -0.007124 -0.047166 0.209601

(i) -4.366989 -0.001020 0.093567 -0.014083 -0.043899 0.504145

(i) -4.950893 -0.001796 0.097676 -0.006995 -0.047310 0.001781

(iv)  -5.449518 -0.001871 0.103437 -0.006389 -0.048609 0.291556

Br(a)® (i) -4.862113  -0.001780 0.096658 -0.007122 -0.047080 0.172544

(i) -4.418463 -0.001021 0.094188 -0.014086 -0.044005 0.411639

(i) -4.950882 -0.001796 0.097676 -0.006995 -0.047321 0.001780

(iv)  -5.449489 -0.001871 0.103438 -0.006387 -0.048639 0.291524

Change %

BY and B(d)™ - 10.94%  10.38%  10.54%  10.79%  10.23%
B (i)-()  110.94%  142.68%  13.69% 197.67%  16.92%
(iii)-(iv)  110.07%  14.19%  15.89%  18.66%  12.74%
Br(d)™ (i)-(ii) 19.12%  142.62%  12.55%  197.78%  16.53%
(iii)-(iv)  110.07%  14.19%  15.89%  |8.68%  12.78%

(i). restriction (ii). restriction

0- N

N — — — . Liu_Estimator
- ML_Estimator
- Rest_Estimator
RestLiu_Estimator

— — — - Liu_Estimator

- ML_Estimator
- Rest_Estimator
RestLiu_Estimator

Scalar MSE
Scalar MSE

N — — — - Liu_Estimator N — = = - Liu_Estimator
S I B B CI=T5=1 ML_Estimator N == ML_Estimator

AP N I N - -cicicicl Rest_Estimator
RestLiu_Estimator 08~ .

------- Rest_Estimator
RestLiu_Estimator

Scalar MSE
’
Scalar MSE

Figure 1. Scalar MSE values of the first-order approximated estima-
tors versus d under different restrictions (Mine Data Set).

The estimated parameter values, scalar MSE values and the change percentage in
coefficients are given in Table 1. The percentage change in Bs are calculated as ,[:31 =
[{B(new); — B(old);}/B(old):] x 100% where B shows any estimators. In computing the
scalar MSE values, unknown 3 parameter vector is replaced by ﬁ(l) which is approxi-
mately unbiased (this idea is similar to those which are done the linear regression model).
Table 1 shows that the estimators behave differently with respect to the model parame-
ters and restrictions. For example, when the estimators are compared under restrictions
(i)-(iii), it is observed that sMSE[3,(d)"] < sMSE[B{"] < sMSE[B(d)")] < sMSE[3"]
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0.7<d<1 and (i). restriction

~

0.28 - ~
~ < = = = = Lju_Estimator
~ - | s ML_Estimator
) R E— ool Rest_Estimator
S o = RestLiu_Estimator
L
0 0.24-
=
=
«
[\
&)
(%2}
0.20 -

0.7 0.8 0.9 1.0
d value

Figure 2. Scalar MSE values of the first-order approximated estima-
tors versus d in interval (0.7,1) under restriction (i) (Mine Data Set).

under restriction (i), sMSE[8(d)"] < sMSE[3")] < sMSE[B,(d)V] < sMSE[8"] un-
der restriction (i), sMSE[B,(d)"] < sMSE[B")] < sMSE[3(d)V] < sMSE[3™"] under
restriction (iii) and sMSE[8(d)™"] < sMSE[8"] < sMSE[B{"] < sMSE[B,(d)™"] under
restriction (iv) where sMSE is the scalar MSE value.

There absolutely exists a biased estimator which outperforms ﬁ(l). It is observed
that which estimator is superior than the other depends on the restriction and the Liu-
biasing parameter used. Under the (iii) and (iv) restrictions, the FOARML and FOARL
estimators give almost the same scalar MSE values. As seen from Table 1, under the
(i) and (iii) restrictions, the FOARML and FOARL estimators have smaller scalar MSE
value than the FOAML and FOAL estimators.

The change in the percentage of coefficients between (i) and (ii) restrictions is maxi-
mum for the FOARML and FOARL estimators (approximately 97%). The change in the
percentage of coefficients between (i) and (ii) restrictions is minimum for the FOAML
and FOAL estimators (approximately 0.2%). In both the FOARML and FOARL estima-
tors, the changes in percentage of the coefficients for (iii)-(iv) restrictions give the same
amount of change in percentage.

To see the scalar MSE behavior of the estimators in GLMs for values of d in the
interval (0, 1), Figure 1 is given. To see the changes of the FOAL estimator more clearly
in the scalar MSE values under (i) restriction, we have narrowed the interval of d to
(0.7 < d < 1) in Figure 2. Figure 2 clearly indicates that as d moves away from zero,
scalar MSE of the FOAL is decreasing up to a d value and then slightly increasing as
d approaches to one. Figure 2 suggests that the FOAL estimator has smaller scalar
MSE value than the FOAML estimator when d is larger than approximately 0.90. As d
moves away from 0.90 to 0, the difference between the scalar MSE values of the FOAL and
FOAML estimators increases where FOAML estimator gets better than FOAL estimator.
Figure 1 also supports the results of Table 1. In other words, since d = 0.95 is larger
than 0.90, the FOARL estimator has less scalar MSE value than the others as Figure 2
shows. As seen from Figure 1 that under restrictions (iii) and (iv), scalar MSE values of
the FOARML and FOARL estimators are almost same (see Table 1 for d = 0.95). As
seen from Table 1 and Figure 1 that FOARML estimator performs better than FOAML
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estimator in the sense of scalar MSE criterion under the restrictions (i) and (iii). But
it seen that FOARML estimator for the restrictions (ii) and (iv) is not superior over
FOAML estimator in terms of scalar MSE. Figure 1 displays the behaviour of the scalar
MSE value of FOAL estimator that d gets larger (approaches 0.95), the scalar MSE value
of FOAL estimator decreases more rapidly until d = 0.95. After this value, the scalar
MSE value of FOAL estimator increases slightly. As a consequence, we can say that the
restrictions and the Liu-biasing parameter affect the performance of the estimators.

4.2. Example 2: Weather Data Set. In this numerical example, the response has
gamma distribution with reciprocal link. The data set was first analyzed by Chatterjee
and Hadi [3]. The data correspond to the weather factors and nitrogen dioxide concen-
trations (y), in parts per hundred million (p.p.h.m.), for 26 days in September 1984 as
measured at a monitoring station in the San Francisco Bay area. There are four explana-
tory variables. The variables considered in the study are: mean wind speed in miles per
hour (z1) in m.p.h., maximum temperature (x2) in °F, insolation (x3) in langleys per
day and stability factor (z4) in °F. Our computations here were performed by using R.
Chatterjee and Hadi [3] have shown that this data set has a gamma distribution.

The gamma model with reciprocal link is f; = (3°7_, Bjzi;)~'. The Pearson estimate
of a(¢) is obtained as ¢* = 0.07572852.

The constant term is added to the X matrix. The eigenvalues of the X TWX matrix
where W is obtained at the final iteration of the IRLS method are obtained as AL =
1240.428467, Ao = 72.912574, A3 = 45.938929, Ay = 19.375420, and A5 = 5.801554.
Thus, the condition number (see [10]) which is computed as Amax/Amin = 213.8097
indicates that multicollinearity exists.

To compute the IRLS estimator, we assigned with Hardin and Hilbe’s [5] initial fit-
ted values [L§0> = (y 4+ 7)/2. Then we define the weight matrix W from (W)=t =
(dn/dp)?> V' and the working response z with the ith observation 21(0) = 1/;11(-0) — (yi —
/150))/(;15-0))2 for the gamma distribution with reciprocal link.

All the estimators are obtained by the first-order approximation. The ordinary ls
estimator ,éls = (XTX)_IXTy is used as an initial value of B and calculated as ﬁ(0> =
(6.269231, —5.622560, 7.502692, —2.000586, —0.356589) ' .

Liu-biasing parameter d is computed as dp, which is proposed by [8]. Therefore, ac-
cording to the conditions given by [8], two dj, values are arbitrarily chosen as 0.25 and
0.90.

The restrictions are chosen as follows:

(i) Bo+B1+ B2+ B3+ Ba = 0 which means that the sum of the effects of explanatory
variables and the constant on the linear predictor is zero (R™ = [1 11 1 1],
r=0),

(ii) B14 B2+ B3 = 0 which means that sum of the effects of the explanatory variables
on the linear predictor is 0 (R" =[01 11 0], r = 0),

(iii) B1 + B2 + B3 = 0.01 which means that sum of the effects of the explanatory
variables on the linear predictor is 0.01 where the number 0.01% is arbitrarily
chosen to make difference from the restriction given by (i) (RT = [0 11 1 0],
r=0.01).

Table 2 shows that the restrictions and the dj, values affect the MSE performance of the
estimators. In computing the scalar MSE values, unknown 3 parameter vector is replaced
by B which is approximately unbiased. When the results in Table 2 are considered, it

SWe recognized that as the deviation from 0 increases, scalar MSE values of the FOAL and
FOARL estimators inflate. Therefore, 0.01 is arbitrarily choosen.
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Table 2. The parameter estimates and scalar MSE values of the esti-
mators for different d values and restrictions.

- ML_Estimator
Rest_Estimator
RestLiu_Estimator

Estimator d Rest. Bo B B2 B3 Ba Scalar MSE
8w - - 0.3089166 0.0132961 -0.0037102 0.0000512  0.0000507 0.0417548
ﬁ(d)(l) 0.25 - 0.2267008 0.0150655 -0.0029761 0.0000668 -0.0003206 0.0292329
0.90 - 0.2979545 0.0135320 -0.0036123 0.0005332  0.0000012 0.0389611
59) - i) -0.0181439 0.0202662 -0.0007861 0.0001155 -0.0014516 0.1070521
- (ii) 0.5720477 0.0059614 -0.0060111 0.0000497  0.0010802 0.0761032
- (iif) 0.2990107 0.0135723 -0.0036235 0.0000513  0.0000120 0.0069032
ﬁr(d)“) 0.25 i) -0.0181264 0.0202520 -0.0007855 0.0001159 -0.0014558 0.1070405
0.25  (ii) 0.5312684 0.0055127 -0.0056088 0.0000960  0.0007696 0.0555099
0.25  (iii) 0.2807248 0.0133711 -0.0034431 0.0000720 -0.0001272 0.0067997
0.90 i) -0.0180952 0.0202273 -0.0007844 0.0001166 -0.0014642 0.1070197
0.90  (ii) 0.5478234  0.0056949 -0.0057722 0.0000772  0.0008957 0.0640246
0.90  (iii) 0.2972799 0.0135532 -0.0036065 0.0000532 -0.0000011 0.0070209
(i). restriction (i). restriction
0.107(
o107t
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=
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Figure 3. Scalar MSE values of the first-order approximated estima-
tors versus d under different restrictions (Weather Data Set).
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is observed that under restriction (i), the ordering sMSE[3(d = 0.25)"] < sMSE[B(d =
0.90)V] < sMSE[BM] < sMSE[B,(d = 0.90)")] < sMSE[B,(d = 0.25)V)] < sMSE[3{"]
exists. This ordering changes to sMSE[3(d = 0.25)Y] < sMSE[3(d = 0.90)Y] <
sMSE[B™M)] < sMSE[B,(d = 0.25)M] < sMSE[B,(d = 0.90)V] < sMSE[3"] under
restriction (ii), and sMSE[B,(d = 0.25)V] < sMSE[8'"] < sMSE[B,(d = 0.90)"] <
sMSE[B(d = 0.25)V] < sMSE[B(d = 0.90)V] < sMSE[B")] under restriction (iii).

In general, there absolutely exists a biased estimator which outperforms BW. Tt is
observed that which estimator is superior than the other depends on the restriction and
the Liu-biasing parameter used.

To consider the effect of the restrictions and the Liu-biasing parameter on the estima-
tors, the scalar MSE values of the estimators corresponding to d values in the interval
(0,1) are given in Figure 3. Because of scaling, the performance of the FOARML and
FOARL estimators are not obviously seen from the left side of Figure 3. Therefore, the
scalar MSE values of the FOARML and FOARL estimators versus d under all restrictions
are plotted separately in the right side of Figure 3. As seen from Figure 3, as d goes from
0 to 1, the scalar MSE value of the FOAL estimator increases where as the scalar MSE
value of the FOARL estimator decreases in linear manner under restriction (i), increase
in linear manner under restriction (ii) and decrease and increase in a parabolic manner
under restriction (iii). Figure 3 suggests that under restriction (iii), the FOARML and
restricted Liu estimators perform better than the others. At restrictions (i) and (ii),
the FOAL estimator shows better performance than the other estimators which is also
supported by Table 2.

5. Monte Carlo simulation studies

In this section, we examine the performance of the FOARL to the FOARML, FOAL
and FOAML estimators in GLMs via simulation studies. Since the distribution of re-
sponse, degree of multicollinearity, sample size, restriction types, and Liu-biasing param-
eter impact the performance of the estimators, simulation studies are conducted under
various choices of these parameters. Our Monte Carlo simulation studies are performed
by using R and the seed value of the generator of R is taken as 12345. We design two
simulation studies where one considers gamma response and the other Poisson response.

5.1. Experiment 1: Simulation study with gamma response. In this experiment,
the response has gamma distribution with log link. The setting is as follows.

(1) To see the effect of the number of observations, the sample sizes are chosen
as n = 100, 200, 300, 400, 500, 600, 700, 800, 900, 1000 and the number of
explanatory variables is chosen as ¢ = 4.

(2) Following McDonald and Galarneau [13], the explanatory variables are generated
by

Tij = (1_72)1/2wij + YWig+1, t=1,...,n, j=1,...,q,

where w;; are independent standard normal pseudo-random numbers and 7 is
specified so that the correlation between any two explanatory variables is given
by 72. The explanatory variables are then standardized by using unit length
scaling so that XX is a matrix of correlations.

(3) To see the correlation effect in the simulation, we considered v? = 0.90, 0.95,
0.99.

(4) For each set of explanatory variables, parameter vector B is chosen as 8 =
(1/2) X jgx1 where jgx1 is a ¢ x 1 vector of ones.
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(5) The values of 3 affect the value of R@ = r which measures the correctness of the
restrictions and the performances of the estimators depend on the magnitude of
R = r. Therefore, following Ozkale [16] four different scenarios are chosen:

(i) B1—2B2 =0, B3 —2B4 = 0 where the effect of the first explanatory variable
on the linear predictor is twice the second explanatory and the effect of the
third explanatory variable on the linear predictor is the fourth explanatory
variable

(m=[0 20 %] ==[2])

(ii) B1 + B2 + B3 + B4 = 0 where the sum of the effects of the explanatory
variables on the linear predictor is 0 (RT =[1 11 1], r = 0),

(iii) B1 — B2 =0, B3 — B4 = 0 where the first and second explanatory variables
have same effect on the linear predictor, the third and fourth explanatory
variables have the same effect on the linear predictor

(==[o v 1 S ]e=]0])

(iv) 1 — B2 =10, B3 — Ba = 0, 1 — B3 = 0 where each explanatory variable
affect the linear predictor in the same way

1 -1 0 0 0
R'=|0 0 1 -1 1|,r=1]0
1 0 -1 0 0

Note that in (i)-(ii), the restrictions are not true that is R8 # r and in
(iii)-(iv) the restrictions are indeed true that is R@ =r.
(6) The response of the gamma model is generated using pseudo-random numbers
from Gamma(u = fi/var;, v = var;/fi;) distribution with log link function
where var; = 17 and

/li :exp([§0+ﬁ1mi1 +32$i2 +...+Bq$iq), 1= 1,...,7L, ] = 1,...,q.
(7) Model parameters are estimated using the FOAML, FOARML and FOAL meth-

ods. We set the initial fitted values ,&1(-0) = exp(Xﬁ(0>) where 8 is the ordinary
Is estimator. We calculate the weight matrix WO with the diagonal element

(7")?.
(8) We assign the working response z with the ith observation 250) = log(ﬂgm) +
(yi — ﬂgo))/ﬂgo) for the gamma distribution.

(9) In the simulation procedure, the dispersion parameter is estimated to be the
Pearson method ¢ = (n —q)~ ' >0 (yi — ;150))2/(;150))2 for each sample size
and explanatory variables.

(10) The Liu-biasing parameters are chosen as d = 0.1, 0.3, 0.5, 0.7, and 0.9.

(11) The number of replications in Monte Carlo simulation study is taken as 2000.
The performance of the estimators is calculated in terms of the estimated MSE
(EMSE):

2000

EMSE(3) = ﬁ > B =B (B — B),
r=1

where the subscript (r) refers to the rth replication and ,C:}(T) is the estimate of
B in the rth replication of the experiment.

The simulation results are reported in Tables C1-C10. The main conclusions obtained
from the simulation results are as follows:

(a) While the degree of collinearity becomes larger at fixed Liu-biasing parameter
except for restriction (iv), the EMSE values of the estimators increase.
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(b) When the Liu-biasing parameter becomes larger at fixed degree of collinearity
and sample size, the EMSE values of the FOAL and FOARL estimators increase.

(¢) The sample sizes do not have an obvious effect on the EMSE values of the
estimators at fixed degree of collinearity and Liu-biasing parameter.

(d) Taking account of restrictions, the difference between the EMSE values of the
FOARL and FOARML estimators is least at the restrictions (iv). The largest
difference of these estimators is at the restriction (ii).

(e) The Liu-biasing parameter, degree of collinearity and sample size do not have
an obvious effect on these results.

5.2. Experiment 2: Simulation study with Poisson response. This experiment
is designed mainly for Poisson distributed response. The explanatory variables are gen-
erated as in Experiment 1 and n values, degree of correlation, Liu-biasing parameter d,
parameter vector 3 and restrictions are chosen as in Experiment 1.

The y; observations are generated from a Poisson distribution y; ~ P(us), i =1,...,n
where p; is determined by

i = exp(,é’lxu +...+ quiq).

We calculate the weight matrix w 70

© with the diagonal element /" where /i

eXp(XB(O)). The working response for Poisson distribution is defined as 21(0) = x;r,éw) +
~(0)y /~(0)
(yl _,U/E ))///LE )7 1= 17'“777“
The simulation results are reported in Tables C11-C20. The main conclusions obtained
from the simulation results are as follows:

(a) The EMSE values of the FOAML and FOARML (except restriction (iv)) increase
as the degree of correlation increases. This case is valid for the FOAL and
FOARL estimators for fixed d value; however, the increasement is not as severe
as compared to the FOAL and FOARL estimators, respectively.

(b) As d increases from 0.1 to 0.9 when correlation is fixed, the EMSE values of the
FOAL and FOARL estimators increase.

(¢) The sample sizes do not have an obvious effect on the EMSE values of all the
estimators considered when correlation is fixed.

6. Conclusions

In this paper, to cope with the effects of multicollinearity in GLMs, a new estimator,
called restricted Liu estimator in GLMs is introduced by unifying Liu and restricted
ML estimators in GLMs. The superiority of the FOARL estimator over the FOAL,
FOARML and FOAML estimators is examined with respect to the scalar MSE criterion.
The numerical examples and simulation studies are conducted on the superiority of the
FOARL estimator over the FOAML, FOARML, and FOAL estimators.

Based on the analyses, we conclude that the FOARL estimator outperforms the other
estimators under certain restrictions. The Liu-biasing parameter affects the performance
of the FOARL and FOAL estimators in GLMs.

Appendix A. Derivation of the restricted Liu estimator

Assuming that A* and X" WX +1I are invertible, application of inverse theorem (see
p.428 [6]), we obtain

[BIH(8, 0, Nl j, e | = a(@{(XTWX 417 — (XWX +1)”"
(A1) xR[(AD) '+ RX"WX+ID)'R']T'R(XTWX +1)7'}.
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By using (2.2), (2.4) and (A.1), we get

oY(B,d, A)

E[H(8,d, N)]5_g, @y = Br(d)™ + [ 95

B=hr(d)("™)
1

a(9)
(A2) +X'WD(y—p)— B ()™ +dB+R"A"r].
Following (A.1) and (A.2), B,(d)™*) simplificies to
Br(d)m ) = (XTWX+I) ' —(X"WX+I)'RT

X[(A) '+ RXTWX+ID) 'RTTT'RXTWX +1)7'}
<[(XTWX +1)8,(d)™ + XTWD(y — p) — B (d)™
+dB +R A [(XTWX 4+ 1) 'RTA"r].

After multiplying the terms and by using the following equation 8(d)™ " = (XWX +

D XWX +1)3,.(d)™ + XTWD(y — p) — B-(d)™ + d], we get, after algebric
simplifications,

(XTWX +1)3,(d)™

Br(d) ™Y = Ba) ) - (XWX +D)T'RT[(A) T+ RXTWX 1)
xRTT'RAM) ™ + I - (XWX 4+ 1) 'R[(A")*
+R(X'WX +1)7'R"|'R]

= B - XTWX+D)'R[(A) ' +RX WX +1)7!
xR'TT'RAM@) ™ + (XWX +I)+R"Ar] 'R Ar.
For further simplifications and from (A.1), we obtain
(XWX +I)+RTAr] '"RTA"
= XWX+ 'R'A"—X"WX+I)"'RT
X[(A) '+ RXTWX+ID)'RTTT'RX"WX +I)'RTA"
= X"WX4+D'R[(AY'+RX"WX+I)'R|!
X{(A) '+ RX"WX+I) 'R -RX'WX +I) 'R }A"
= X'WXA4D'R'[(A) '+ RX'WX+I)'R']7H(A") A"
Finally, B, (d)™Y results in

Br(d) ™Y = Ba) ™ - (XWX +D)T'RT[(A) T+ RXTWX 1)
xRTT'RAM) ™ + (XTWX +I)'RT[(A*) !
+R(X"WX+D) 'R 'r

= B - X"WX +1)7*
xRT[(A") '+ RX"WX+I) 'R ' [RB(d) ™Y — ).

Appendix B. Theorems

B.1. Theorem. [[6]] Let R represent an n X ¢ matriz, S an n X m matriz, T an m X p
matriz, and U a p X ¢ matriz. If R(STU) C R(R) and C(STU) C C(R), then the
matric R~ —R™STT™ (T~ +T TUR™STT ™) T TUR" is a g-inverse of the matriz
R+ STU.

B.2. Theorem. ([4]) Let A and B be n x n symmetric matrices
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(1) If A is pd, there exists a nonsingular matriz Q such that QTAQ = I and

Q"BQ = D, where D is a diagonal matriz and the diagonal elements of D are
roots X of the polynomial equation |B — AA| = 0.

(2) If A and B are both nonnegative (neither has to be positive definite), there exists

a nonsingular matriz Q such that QT AQ and Q' BQ are each diagonal.

B.3. Theorem. ([2]) Let Gnxp be the set of n X p complex matrices and let Hy, be the
subset of Snxn consisting of Hermitian matrices. Further, given L € Gnxp, the symbols
L*, R(L) and (L) stand for the conjugate transpose, the range and set of all g-inverses,
respectively of L. Now, let A € H,, a1 and as € g,x1 be linearly independent, f;; =
ajA~a;, i,j = 1,2 for AT € g(A), and s = [a] (I, — AA™)* (I, — AA7)ay]/[aj (I, —
AA7) (I, — AA7)ay], provided that a1 ¢ R(A). Then A + a;al — asa3 is nnd if and
only if any one of the following sets of conditions hold.

(a) A is nnd, a1 € R(A), az € R(A) and (fi1 + 1)(f22 — 1) < |f12]*;

(b) A is nnd, a1 ¢ R(A), as € R(A : a1) and (a2 —sa1)* A" (ag —sa;) < 1 — |s|?;

(c) A = UAU" — 6vv", a1 € R(A), a2 € R(A), v'a1 # 0 and (fi1 +1) < 0,

(fa2 —1) <0, (fi1 4 1)(fa2 — 1) > |f12|?> where (U : v) (with U possibly absent)
is a subunitary matriz, A is a pd diagonal matriz (occuring when U is present)
and & is a positive scalar. Further, the conditions (a)-(c) are all independent of
the choice of A~ € g(A).

Appendix C. Tables of simulation studies

Table C1: EMSEs of estimators for GLMs with gamma response when n = 100.

FOAML FOARML FOAL FOARL

Restrictions Restrictions
d corr (i) (ii) (iif) (iv) (i) (ii) (iii) (iv)
0.90 29.5422  11.0529  30.3281  11.5347 0.2743 1.1915  0.6463 1.9655  0.5626 0.2267
0.1 0.95 59.4653  21.6902  60.2694  22.9911 0.2647 1.4184  0.7308 2.1978  0.6528 0.2208
0.99 301.0209 106.8740 301.8662 115.3358 0.2582 3.7647  1.5997 4.5479  1.5706 0.2169
0.90 29.5422  11.0529  30.3281  11.5347 0.2743 4.0886  1.7324 4.8596  1.6718 0.2297
0.3 095 59.4653  21.6902  60.2694  22.9911 0.2647 6.7766  2.7276 7.5534  2.7145 0.2235
0.99 301.0209 106.8740 301.8662 115.3358 0.2582  28.5083 10.7601  29.2891 11.1787 0.2194
0.90  29.5422  11.0529  30.3281  11.5347 0.2743 8.9303  3.5675 9.6937  3.5591 0.2370
0.5 0.95 59.4653 21.6902 60.2694  22.9911 0.2647  16.4440 6.3548  17.2141  6.4784 0.2302
0.99 301.0209 106.8740 301.8662 115.3358 0.2582  76.8595 28.6882  77.6340 30.0105 0.2257
0.90 29.5422 11.0529 30.3281 11.5347 0.2743  15.7166 6.1515 16.4678 6.2244  0.2487
0.7 0.95 59.4653  21.6902 60.2694 22.9911 0.2647 30.4206 11.6123 31.1798 11.9444 0.2410
0.99 301.0209 106.8740 301.8662 115.3358 0.2582 148.8183 55.3839 149.5828 58.0658 0.2358
0.90 29.5422  11.0529  30.3281  11.5347 0.2743 24.4475 9.4846  25.1821  9.6677  0.2648
0.9 095 59.4653 21.6902 60.2694 22.9911 0.2647 48.7065 18.5001 49.4506 19.1125 0.2558

0.99 301.0209 106.8740 301.8662 115.3358 0.2582 244,3848 90,8474 245.1353 95.3447 0.2498
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Table C2: EMSEs of estimators for GLMs with gamma response when n = 200.

FOAML FOARML FOAL FOARL
Restrictions Restrictions
d corr (i) (ii) (iii) (iv) (i) (ii) (iii) (iv)

0.90  30.1531  11.6998  30.8828  11.4509 0.2650 1.1771  0.6343 1.9630  0.5419 0.2140
0.1 095 59.7589 229170  60.4954  22.5290 0.2552 1.4040  0.7221 2.1958  0.6283 0.2082
0.99 295.7997 112.4884 296.5275 110.9072 0.2479 3.6976  1.5997 4.4937  1.4941 0.2039

0.90 30.1531  11.6998  30.8828  11.4509 0.2650 4.1285  1.7485 49106  1.6345 0.2175
0.3 0.95 59.7589 229170  60.4954  22.5290 0.2552 6.7874  2.7575 7.5758  2.6311 0.2113
0.99 295.7997 112.4884 296.5275 110.9072 0.2479  28.0228 10.8483  28.8158 10.6216 0.2068

0.90  30.1531  11.6998  30.8828  11.4509 0.2650 9.0729  3.6384 9.8467  3.4950 0.2255
0.5 095 59.7589 229170  60.4954  22.5290 0.2552  16.5047  6.4616  17.2856  6.2850 0.2187
0.99 295.7997 112.4884 296.5275 110.9072 0.2479  75.5401 28.9512  76.3263 28.5005 0.2136

0.90 30.1531  11.6998  30.8828  11.4509 0.2650 16.0103  6.3038  16.7712  6.1235 0.2380
0.7 0.95 59.7589 229170  60.4954  22.5290 0.2552 30.5560 11.8342 31.3251 11.5899 0.2302
0.99 295.7997 112.4884 296.5275 110.9072 0.2479 146.2498 55.9084 147.0251 55.1307 0.2244

0.90 30.1531  11.6998  30.8828  11.4509 0.2650 24.9406  9.7449  25.6842  9.5199  0.2549
0.9 0.95 59.7589  22.9170  60.4954  22.5290 0.2552 48.9411 18.8754 49.6943 18.5458 0.2458
0.99 295.7997 112.4884 296.5275 110.9072 0.2479 240.1517 91.7198 240.9122 90.5122 0.2391

Table C3: EMSEs of estimators for GLMs with gamma response when n = 300.

FOAML FOARML FOAL FOARL
Restrictions Restrictions
d corr [6) (ii) (iii) (iv) (i) (ii) (iii) (iv)

0.90  29.2874  9.1568  30.0099  9.2613 0.2631 1.1714  0.6014 1.9570  0.5148 0.2142
0.1 0.95 587009 18.0131 59.4287 18.3725 0.2517 1.3928  0.6622 2.1859  0.5788 0.2067
0.99 295.3786 89.3077 296.0891 91.7421 0.2430 3.6899  1.3523 4.4890  1.2934 0.2009

0.90  29.2874  9.1568  30.0099  9.2613 0.2631 4.0491  1.4915 4.8314  1.4170 0.2173
0.3 0.95 587009 18.0131  59.4287 18.3725 0.2517 6.6896  2.2856 7.4798  2.2377 0.2095
0.99 295.3786 89.3077 296.0891 91.7421 0.2430 27.9808  8.7243  28.7773  8.8954 0.2034

0.90 29.2874  9.1568  30.0099  9.2613 0.2631 8.8528  2.9642 9.6271  2.9228 0.2248
0.5 0.95 58.7009 18.0131  59.4287 18.3725 0.2517  16.2369  5.1944  17.0199  5.2271 0.2164
0.99 295.3786 89.3077 296.0891 91.7421 0.2430  75.4310 23.1019  76.2210 23.7442 0.2098

0.90 29.2874  9.1568  30.0099  9.2613 0.2631 15.5822  5.0195 16.3441  5.0321 0.2368
0.7 0.95 58.7009 18.0131 59.4287 18.3725 0.2517 30.0347  9.3885  30.8063  9.5470 0.2274
0.99 295.3786 89.3077 296.0891 91.7421 0.2430 146.0406 44.4849 146.8201 45.8398 0.2201

0.90 29.2874  9.1568  30.0099  9.2613 0.2631 24.2375  7.6575  24.9824  7.7450 0.2533
0.9 0.95 58.7009 18.0131 59.4287 18.3725 0.2517 48.0829 14.8680 48.8390 15.1974 0.2426
0.99 295.3786 89.3077 296.0891 91.7421 0.2430 239.8095 72.8734 240.5746 75.1823 0.2344
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Table C4: EMSEs of estimators for GLMs with gamma response when n = 400.

FOAML FOARML FOAL FOARL
Restrictions Restrictions
d  corr ) () ) 6) () G v
0.90 304989 10.1679  31.2269 10.1423 0.2692  1.1982 0.6309  1.9880  0.5447 0.2102
0.1 0.95 60.7168 19.9452  61.4530 20.0150 0.2591 1.4280  0.7012 2.2239  0.6146 0.2040
0.99 302.5332 98.3480 303.2697 99.1015 0.2516  3.7765 1.4669  4.5772 1.3820 0.1993
0.90 304989 10.1679  31.2269 10.1423 0.2692  4.1940 1.6256  4.9787 1.5367 0.2152
03 095 60.7168 19.9452 614530 20.0150 0.2591  6.9077 2.5100  7.6989 24243 0.2087
0.99 302.5332 98.3480 303.2697 99.1015 0.2516  28.6622  9.6375  29.4584  9.5716 0.2038
0.90  30.4989 10.1679  31.2269 10.1423 0.2692 9.1987  3.2757 9.9735  3.1866 0.2248
05 095 60.7168 19.9452 61.4530 20.0150 0.2591 16.7849 5.7552 17.5669 5.6759 0.2177
0.99 3025332 98.3480 303.2697 99.1015 0.2516 77.2648 25.5768 78.0524 25.5526 0.2123
0.90 304989 10.1679 31.2260 10.1423 0.2692 16.2122 5.5810 16.9725 54944 0.2391
0.7 0.95 60.7168 19.9452 61.4530 20.0150 0.2591 31.0595 10.4370 31.8281 10.3695 0.2310
0.99 302.5332 98.3480 303.2697 99.1015 0.2516 149.5844 49.2849 150.3594 49.3249 0.2249
0.90 304989 10.1679 31.2269 10.1423 0.2692 25.2345 8.5417  25.9756  8.4600 0.2580
0.9 095 60.7168 19.9452 614530 20.0150 0.2591 49.7317 16.5552 50.4824 16.5050 0.2487
0.99 302.5332 98.3480 303.2697 99.1015 0.2516 245.6210 80.7618 246.3792 80.8885 0.2417
Table C5: EMSEs of estimators for GLMs with gamma response when n = 500.
FOAML FOARML FOAL FOARL
Restrictions Restrictions
d  corr 6) ) @ v ) () G v
0.90  29.6030 10.4164  30.3499 10.0334 0.2697 1.1968  0.6330 1.9752  0.5455 0.2218
0.1 095 591960 20.5059 59.9570 19.8935 0.2588  1.4185 0.7065  2.2041 0.6151 0.2145
0.99 296.8833 101.5791 297.6659 99.1856 0.2506  3.7243 14973  4.5155 1.3830 0.2088
0.90 29.6030 104164 30.3499 10.0334 0.2607  4.1111 1.6422  4.8867 1.5207 0.2248
0.3 0.95 59.1960  20.5059  59.9570 19.8935 0.2588 6.7674  2.5513 7.5505  2.4043 0.2172
0.99 296.8833 101.5791 207.6659 99.1856 0.2506 28.1492  9.8955 28.9380  9.5523 0.2113
0.90 29.6030 10.4164 30.3499 10.0334 0.2697  8.9672 3.3284  9.7358  3.1490 0.2321
0.5 095 59.1960 20.5059  59.9570 19.8935 0.2588 163966 5.8776 17.1731  5.6288 0.2240
0.99 296.8833 101.5791 297.6659 99.1856 0.2506  75.8436 26.2998  76.6260 25.5085 0.2177
0.90 29.6030  10.4164  30.3499 10.0334 0.2697 15.7651  5.6915  16.5222  5.4306 0.2438
0.7 095 59.1960 20.5059 59.9570 19.8935 0.2588 30.3062 10.6853 31.0719 10.2887 0.2348
0.99 296.8833 101.5791 297.6659 99.1856 0.2506 146.8074 50.7102 147.5796 49.2516 0.2280
0.90 29.6030 104164 30.3499 10.0334 0.2607 24.5049 8.7316  25.2461  8.3652 0.2600
0.9 0.95 59.1960  20.5059  59.9570 19.8935 0.2588 48.4960 16.9745 49.2470 16.3840 0.2498
0.99 296.8833 101.5791 207.6659 99.1856 0.2506 241.0406 83.1267 241.7988 80.7817 0.2421
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Table C6: EMSEs of estimators for GLMs with gamma response when n = 600.

FOAML FOARML FOAL FOARL
Restrictions Restrictions
d  corr (i) (ii) (iii) (iv) (i) (ii) (iii) (iv)

0.90  31.0492  9.4549  31.7829  9.7342 0.2644 1.2202  0.6271 2.0056  0.5519 0.2145
0.1 0.95 61.6927 18.4864  62.4344 19.1613 0.2527 1.4518  0.6873 2.2449  0.6155 0.2068
0.99 306.5041 90.7966 307.2401 94.5599 0.2433 3.8274  1.3867 4.6269  1.3474 0.2005

0.90  31.0492  9.4549  31.7829  9.7342 0.2644 4.2684  1.5579 5.0504  1.5158 0.2178
0.3 0.95 61.6927 18.4864  62.4344 19.1613 0.2527 7.0191  2.3710 7.8092  2.3675 0.2097
0.99 306.5041 90.7966 307.2401 94.5599 0.2433  29.0418  8.9219  29.8386  9.2231 0.2031

0.90  31.0492  9.4549  31.7829  9.7342 0.2644 9.3625  3.0874  10.1367  3.1082 0.2255
0.5 0.95 61.6927 18.4864  62.4344 19.1613 0.2527 17.0548 53713  17.8377  5.5007 0.2168
0.99 306.5041 90.7966 307.2401 94.5599 0.2433  78.2831 23.5922  79.0733 24.5711 0.2097

0.90 31.0492 9.4549  31.7829  9.7342 0.2644 16.5027  5.2156  17.2645  5.3291 0.2377
0.7 0.95 61.6927 18.4864 62.4344 19.1613 0.2527 31.5587  9.6885  32.3303 10.0153 0.2281
0.99 306.5041 90.7966 307.2401 94.5599 0.2433 151.5513 45.3974 152.3309 47.3913 0.2202

0.90 31.0492 9.4549  31.7829  9.7342 0.2644 25.6889  7.9426  26.4337 8.1786 0.2544
0.9 0.95 61.6927 18.4864 62.4344 19.1613 0.2527 50.5310 15.3225 51.2870 15.9110 0.2435
0.99 306.5041 90.7966 307.2401 94.5599 0.2433 248.8465 74.3378 249.6116 77.6837 0.2346

Table C7: EMSEs of estimators for GLMs with gamma response when n = 700.

FOAML FOARML FOAL FOARL
Restrictions Restrictions
d corr (i) (ii) (iii) (iv) (i) (ii) (iii) (iv)

0.90  30.6508  10.6061  31.4007  10.6001 0.2682 1.2114  0.6376 1.9914  0.5519 0.2202
0.1 095 61.1418 20.8514  61.9077  20.9660 0.2581 1.4429  0.7122 2.2298  0.6270 0.2132
0.99 305.5251 103.0444 306.3232 104.1052 0.2507 3.8167  1.5126 4.6087  1.4331 0.2080

0.90  30.6508  10.6061  31.4007  10.6001 0.2682 4.2199  1.6633 4.9972  1.5751 0.2232
0.3 095 61.1418 20.8514  61.9077  20.9660 0.2581 6.9573  2.5850 7.7416  2.5029 0.2160
0.99 305.5251 103.0444 306.3232 104.1052 0.2507  28.9423 10.0209  29.7317  9.9892 0.2107

0.90  30.6508  10.6061  31.4007  10.6001 0.2682 9.2476  3.3764  10.0177  3.2915 0.2305
0.5 0.95 61.1418 20.8514  61.9077  20.9660 0.2581  16.9015 5.9606  17.6790  5.8935 0.2229
0.99 305.5251 103.0444 306.3232 104.1052 0.2507  78.0226 26.6400  78.8055 26.7119 0.2173

0.90 30.6508  10.6061  31.4007  10.6001 0.2682 16.2945 5.7769  17.0531  5.7012  0.2423
0.7 095 61.1418 20.8514 61.9077  20.9660 0.2581 31.2753 10.8391 32.0420 10.7987 0.2339
0.99 305.5251 103.0444 306.3232 104.1052 0.2507 151.0576 51.3701 151.8301 51.6011 0.2277

0.90 30.6508  10.6061  31.4007  10.6001 0.2682 25.3605  8.8647  26.1033  8.8041 0.2585
0.9 095 61.1418 20.8514 61.9077  20.9660 0.2581 50.0788 17.2204 50.8307 17.2186 0.2490
0.99 305.5251 103.0444 306.3232 104.1052 0.2507 248.0473 84.2112 248.8056 84.6569 0.2421
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Table C8: EMSEs of estimators for GLMs with gamma response when n = 800.

FOAML FOARML FOAL FOARL
Restrictions Restrictions
d  corr ) () ) 6) () G v
0.90 287676  9.2882  20.4800 8.9809 0.2787 11544 0.6029  1.9432 0.5108 0.2112
0.1 0.95 57.2782 18.1590  58.0090 17.6806 0.2683 1.3691  0.6659 2.1643  0.5704 0.2048
0.99 285.5347 89.2477 286.2683 87.3721 0.2607  3.5840 1.3566  4.3840 1.2416 0.2000
0.90 28.7676  9.2882 29.4890 8.9809 0.2787  3.9868 1.5065  4.7690  1.3868 0.2177
0.3 095 57.2782 181590 58.0090 17.6806 0.2683  6.5468 2.3050  7.3357  2.1641 0.2111
0.99 285.5347 89.2477 286.2683 87.3721 0.2607  27.0810  8.7428  27.8750  8.4313 0.2060
0.90  28.7676  9.2882  29.4890  8.9809 0.2787 8.7072  3.0032 9.4780  2.8377 0.2292
05 095 57.2782 181590 58.0090 17.6806 0.2683 15.8654 5.2434  16.6435 5.0196 0.2218
0.99 285.5347 89.2477 286.2683 87.3721 0.2607 72.9545 23.1494  73.7381 22.4508 0.2163
0.90 287676  9.2882  20.4890 8.9809 0.2787 153154 5.0931 16.0700 4.8634 0.2454
0.7 0.95 57.2782 18.1590 58.0090 17.6806 0.2683 29.3249  9.4810  30.0877  9.1370  0.2370
0.99 285.5347 89.2477 286.2683 87.3721 0.2607 141.2043 44.5766 141.9734 43.3001 0.2309
0.90 28.7676 9.2882 29.4800 8.9809 0.2787 23.8116 7.7763 24.5451  7.4638 0.2664
0.9 095 57.2782 181590 58.0090 17.6806 0.2683 46.9252 15.0178 47.6683 14.5163 0.2568
0.99 285.5347 89.2477 286.2683 87.3721 0.2607 231.8305 73.0242 232.5807 70.9791 0.2497
Table C9: EMSEs of estimators for GLMs with gamma response when n = 900.
FOAML FOARML FOAL FOARL
Restrictions Restrictions
d  corr 6) ) (i) ) ) () G v
0.90  30.8776 10.1850  31.6047  10.4930 0.2745 1.2322  0.6455 2.0123  0.5616 0.2199
0.1 095 61.5356 19.9866 62.2734 20.7300 0.2637  1.4632 0.7147 22502 0.6343 0.2130
0.99 307.0856 98.6128 307.8316 102.7954 0.2557  3.8459 14826  4.6382 14311 0.2078
0.90 30.8776 10.1850  31.6047  10.4930 0.2745  4.2710 1.6455  5.0469 1.5851 0.2241
0.3 0.95 61.5356 19.9866  62.2734  20.7300 0.2637 7.0238  2.5329 7.8069  2.5050 0.2169
0.99 307.0856 98.6128 307.8316 102.7954 0.2557 29.1138 9.6898 29.9023  9.9218 0.2114
0.90 30.8776 10.1850 31.6047  10.4930 0.2745  9.3379  3.2999  10.1050  3.2911 0.2328
05 095 61.5356 19.9866 622734  20.7300 0.2637 17.0352 57889 17.8102 58715 0.2250
0.99 307.0856 98.6128 307.8316 102.7954 0.2557  78.4495 25.6918  79.2304 26.4979 0.2191
0.90 30.8776 10.1850 31.6047  10.4930 0.2745 16.4327  5.6087  17.1865 5.6796 0.2461
0.7 095 615356 19.9866 622734 20.7300 0.2637 31.4973 104830 32.2599 10.7339 0.2373
0.99 307.0856 98.6128 307.8316 102.7954 0.2557 151.8530 49.4887 152.6223 51.1593 0.2308
0.90 30.8776 10.1850 31.6047 104930 0.2745 25.5556 8.5719  26.2915 8.7505 0.2639
0.9 095 61.5356 19.9866 62.2734  20.7300 0.2637 50.4101 16.6150 51.1562 17.0921 0.2539
0.99 307.0856 98.6128 307.8316 102.7954 0.2557 249.3244 81.0805 250.0780 83.9060 0.2464
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Table C10: EMSEs of estimators for GLMs with gamma response when n = 1000.

FOAML FOARML FOAL FOARL
Restrictions Restrictions
d  corr ) () ) 6) () G v
0.90 20.0214 9.3668 29.7541 9.2088 0.2720  1.1730 0.6068  1.9594 0.5176 0.2137
0.1 0.95 579086 18.3709  58.6554 18.1790 0.2600 1.3884  0.6688 2.1824  0.5785 0.2060
0.99 289.5640 90.6743 290.3296 90.1641 0.2506  3.6342 1.3676  4.4345 1.2717 0.1998
0.90 29.0214  9.3668 29.7541  9.2088 0.2720  4.0338 1.5161  4.8154 1.4136 0.2185
03 095 57.9086 183709 586554 18.1790 0.2600  6.6265 2.3231  7.4161 2.2142 0.2105
0.99 289.5640 90.6743 290.3296 90.1641 0.2506  27.4651  8.8525  28.2612  8.6892 0.2039
0.90  29.0214 9.3668  29.7541  9.2088 0.2720 8.7962  3.0220 9.5684  2.9015 0.2280
05 095 57.9086 183709 58.6554 18.1790 0.2600 16.0485 5.2890 16.8294 5.1510 0.2193
0.99 289.5640 90.6743 290.3296 90.1641 0.2506 73.9868 23.4544 747747 23.1618 0.2122
0.90 29.0214 9.3668 29.7541 9.2088 0.2720 154601 5.1245 16.2183  4.9815 0.2421
0.7 0.95 57.9086 18.3709 58.6554 18.1790 0.2600 29.6545  9.5664  30.4224  9.3889  0.2323
0.99 289.5640 90.6743 290.3296 90.1641 0.2506 143.1995 45.1733 143.9751 44.6895 0.2245
0.90 29.0214  9.3668 29.7541  9.2088 0.2720 24.0256  7.8236  24.7651  7.6534  0.2609
09 095 57.9086 183709 58.6554 18.1790 0.2600 47.4446 151552 48.1952 14.9279 0.2497
0.99 289.5640 90.6743 290.3296 90.1641 0.2506 235.1031 74.0092 235.8623 73.2722 0.2409
Table C11: EMSEs of estimators for GLMs with Poisson response when n = 100.
FOAML FOARML FOAL FOARL
Restrictions Restrictions
d corr (i) (ii) (iii) (iv) (i) (ii) (iii) (iv)
0.90 285934 111609 31.2301  11.4054 0.2844  1.2374 0.6653  2.0402  0.5681 0.2295
0.1 0.95 57.4946 21.9826 62.2156 22.7807 0.2741  1.4450 0.7474  2.2483  0.6511 0.2236
0.99 290.8867 108.3680 312.8578 114.2393 0.2661  3.6979 1.5955  4.5010 1.5155 0.2180
0.90 285934 11.1609 31.2301 114054 0.2844  4.0791 1.7422  4.9075 1.6391 0.2344
0.3 095 574946 21.9826  62.2156  22.7807 0.2741 6.6750  2.7243 7.5087  2.6312 0.2281
0.99 290.8867 108.3680 312.8578 114.2393 0.2661  27.6698 10.5985 28.5078 10.6483 0.2224
0.90 285934 11.1609 31.2301 11.4054 0.2844  8.7707 3.5469  9.6233  3.4438 0.2431
0.5 0095 574946 21.9826 62.2156 22.7807 0.2741 16.0338 6.2959 16.8969  6.2235 0.2362
0.99 290.8867 108.3680 312.8578 114.2393 0.2661  74.4118 28.1940  75.2842 28.5201 0.2301
0.90 28.5934 11.1609  31.2301 11.4054 0.2844 15.3123  6.0792  16.1877  5.9822  0.2558
0.7 0.95 57.4946 21.9826 62.2156 22.7807 0.2741 29.5215 11.4622 30.4131 11.4278 0.2479
0.99 290.8867 108.3680 312.8578 114.2393 0.2661 143.9241 54.3819 144.8302 55.1308 0.2412
0.90 285934 11.1609 31.2301 114054 0.2844 23.7039 9.3393  24.6007 9.2544 0.2723
0.9 0.95 57.4946 21.9826 62.2156 22.7807 0.2741 47.1380 18.2231 48.0572 18.2443 0.2631
0.99 290.8867 108.3680 312.8578 114.2393 0.2661 236.2066 89.1623 237.1457 90.4804 0.2557
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Table C12: EMSEs of estimators for GLMs with Poisson response when n = 200.

FOAML FOARML FOAL FOARL
Restrictions Restrictions
d corr (i) (ii) (iii) (iv) (i) (ii) (iii) (iv)
0.90 30.7105 12.2138  32.2011  11.8859 0.2752 1.2254  0.6582 2.0225  0.5619 0.2139
0.1 095 60.7527  24.0159  63.0798  23.4800 0.2640 1.4497  0.7482 2.2511  0.6499 0.2077
0.99 301.0278 118.7868 310.0946 116.2995 0.2526 3.7785  1.6578 4.5842  1.5424 0.2015
0.90 30.7105 12.2138  32.2011  11.8859 0.2752 4.2499  1.8099 5.0521  1.6878 0.2193
0.3 095 60.7527 24.0159  63.0798  23.4800 0.2640 6.9454  2.8543 7.7539  2.7156 0.2126
0.99 301.0278 118.7868 310.0946 116.2995 0.2526  28.5607 11.2675  29.3755 10.9749 0.2059
0.90 30.7105 12.2138  32.2011  11.8859 0.2752 9.2902  3.7526  10.0940  3.5923 0.2292
0.5 095 60.7527 24.0159  63.0798  23.4800 0.2640 16.8313 6.6741  17.6435  6.4677 0.2217
0.99 301.0278 118.7868 310.0946 116.2995 0.2526  76.9276 30.0649  77.7486 29.4308 0.2141
0.90 30.7105  12.2138  32.2011  11.8859 0.2752 16.3464 6.4863  17.1481  6.2752  0.2436
0.7 0.95 60.7527 24.0159  63.0798  23.4800 0.2640 31.1072 12.2077 31.9200 11.9062 0.2349
0.99 301.0278 118.7868 310.0946 116.2995 0.2526 148.8792 58.0501 149.7035 56.9103 0.2261
0.90 30.7105 12.2138 32.2011 11.8859 0.2752 25.4185 10.0110  26.2145 9.7366  0.2624
0.9 095 60.7527 24.0159  63.0798  23.4800 0.2640 49.7733 19.4551 50.5834 19.0312 0.2523
0.99 301.0278 118.7868 310.0946 116.2995 0.2526 244.4154 95.2229 245.2401 93.4134 0.2419

Table C13: EMSEs of estimators for GLMs with Poisson response when n = 300.

FOAML FOARML FOAL FOARL

Restrictions Restrictions
d corr [6) (ii) (iii) (iv) (i) (ii) (iii) (iv)
0.90 29.6153 10.0287  31.7611 10.0938 0.2783 1.2322  0.6549 2.0277  0.5615 0.2240
0.1 0.95 59.3247 19.6938  62.9979 19.9774 0.2664 1.4498  0.7180 2.2499  0.6266 0.2162
0.99 297.9529 97.6277 313.8923 99.6760 0.2581 3.7596  1.4641 4.5615  1.3865 0.2112
0.90 29.6153 10.0287  31.7611 10.0938 0.2783 4.1650  1.6319 4.9763  1.5379 0.2285
0.3 0.95 59.3247 19.6938  62.9979 19.9774 0.2664 6.8319  2.4889 7.6509  2.4094 0.2203
0.99 297.9529 97.6277 313.8923 99.6760 0.2581  28.2971  9.4620  29.1206  9.5031 0.2149
0.90 29.6153 10.0287  31.7611 10.0938 0.2783 9.0261  3.2366 9.8511  3.1538 0.2372
0.5 0.95 59.3247 19.6938  62.9979 19.9774 0.2664  16.4877  5.6463  17.3237  5.6044 0.2283
0.99 297.9529 97.6277 313.8923 99.6760 0.2581  76.1710 25.0394  77.0148 25.3345 0.2224
0.90 29.6153 10.0287 31.7611 10.0938 0.2783 15.8155  5.4689  16.6519  5.4092 0.2501
0.7 0.95 59.3247 19.6938 62.9979 19.9774 0.2664 30.4172 10.1900 31.2685 10.2115 0.2402
0.99 297.9529 97.6277 313.8923 99.6760 0.2581 147.3814 48.1965 148.2440 48.8806 0.2335
0.90 29.6153 10.0287 31.7611 10.0938 0.2783 24.5333  8.3289  25.3788  8.3041 0.2671
0.9 0.95 59.3247 19.6938 62.9979 19.9774 0.2664 48.6204 16.1202 49.4851 16.2308 0.2560
0.99 297.9529 97.6277 313.8923 99.6760 0.2581 241.9283 78.9330 242.8081 80.1415 0.2484
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GLMs with Poisson response when n = 400.

FOAML FOARML FOAL FOARL
Restrictions Restrictions
d  corr ) () ) 6) () G v
0.90 30.7848 10.1645 32.3040 10.0751 0.2847  1.2492 0.6552  2.0313  0.5654 0.2292
0.1 095 61.3707 19.9339 63.7764 19.8870 0.2734 1.4794  0.7232 2.2669  0.6329 0.2222
0.99 305.0298 97.5975 314.5162 97.9331 0.2663  3.8416 1.4750  4.6314 1.3826 0.2181
0.90 30.7848 10.1645 32.3040 10.0751 0.2847  4.2842 1.6473  5.0739 1.5452 0.2338
03 095 613707 19.9339 63.7764 19.8870 0.2734  7.0330 2.5256  7.8301  2.4207 0.2264
0.99 305.0298 97.5975 314.5162 97.9331 0.2663  28.9513  9.5400  29.7526  9.4166 0.2221
0.90  30.7848 10.1645  32.3040 10.0751 0.2847 9.3355  3.2860  10.1296  3.1692 0.2427
05 095 61.3707 19.9339  63.7764 19.8870 0.2734 17.0183 57497 17.8224  5.6255 0.2346
0.99 305.0298 97.5975 314.5162 97.9331 0.2663 77.9587 25.2596 78.7692 25.0840 0.2298
0.90 30.7848 10.1645 323040 10.0751 0.2847 16.4030 5.5711 17.1985 54374 0.2559
0.7 095 61.3707 19.9339 63.7764 19.8870 0.2734 31.4355 10.3957 32.2439 10.2473 0.2468
0.99 305.0298 97.5975 314.5162 97.9331 0.2663 150.8639 48.6337 151.6813 48.3848 0.2413
0.90 30.7848 10.1645 32.3040 10.0751 0.2847 25.4868 8.5028  26.2807 8.3499 0.2734
09 095 613707 19.9339 63.7764 19.8870 0.2734 50.2843 16.4634 51.0945 16.2863 0.2630
0.99 305.0298 97.5975 314.5162 97.9331 0.2663 247.6667 79.6623 248.4888 79.3191 0.2566
Table C15: EMSEs of estimators for GLMs with Poisson response when n = 500.
FOAML FOARML FOAL FOARL
Restrictions Restrictions
d corr 6) ) (i) ) 6) () G v
0.90 29.1453  10.4823  30.2451 10.2481  0.2666 1.1867  0.6286 1.9790  0.5464 0.2130
0.1 0.95 583401 20.6028 59.8329  20.2990 0.2566  1.4050 0.7008  2.2027 0.6162 0.2067
0.99 292.0949 101.8702 296.6694 101.1129 0.2499  3.6703 1.4824  4.4718 1.3897 0.2021
0.90 29.1453  10.4823 30.2451  10.2481 0.2666  4.0644 1.6324  4.8586 1.5351 0.2169
0.3 095 583401 20.6028  59.8329  20.2990 0.2566 6.6869  2.5312 7.4875 24249 0.2104
0.99 292.0949 101.8702 296.6694 101.1129 0.2499  27.7135 9.7979  28.5185  9.6280 0.2057
0.90 29.1453  10.4823  30.2451  10.2481 0.2666  8.8480 3.3050  9.6401  3.1798 0.2254
0.5 0095 583401 20.6028 59.8329 20.2990 0.2566 16.1805 5.8267 16.9803 5.6770 0.2183
0.99 292.0949 101.8702 296.6694 101.1129 0.2499  74.6430 26.0374  75.4483 25.7097 0.2132
0.90 29.1453  10.4823  30.2451 10.2481  0.2666  15.5375  5.6465  16.3237  5.4806  0.2383
0.7 0.95 583401 20.6028 59.8329  20.2990 0.2566 29.8856 10.5873 30.6812 10.3724 0.2303
0.99 292.0949 101.8702 296.6694 101.1129 0.2499 144.4590 50.2010 145.2612 49.6347 0.2247
0.90 29.1453 104823 30.2451  10.2481 0.2666 24.1320 8.6568 24.9093 8.4374 0.2557
0.9 095 583401  20.6028  59.8329  20.2990 0.2566 47.8024 16.8129 48.5902 16.5112 0.2465
0.99 292.0949 101.8702 296.6694 101.1129 0.2499 237.1613 82.2886 237.9574 81.4031 0.2402
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Table C16: EMSEs of estimators for GLMs with Poisson response when n = 600.

FOAML FOARML FOAL FOARL
Restrictions Restrictions
d  corr (i) (ii) (iii) (iv) (i) (ii) (iii) (iv)

0.90  29.7498  9.1261  31.2383  9.1824 0.2779 1.1963  0.6252 1.9901  0.5368 0.2166
0.1 0.95 59.0678 17.7827  61.3714 18.0406 0.2659 1.4155  0.6817 2.2151  0.5954  0.2091
0.99 293.6343 86.8990 302.4162 88.5403 0.2560 3.6892  1.3474 4.4937  1.2754 0.2026

0.90 29.7498  9.1261  31.2383  9.1824 0.2779 4.1267  1.5238 4.9256  1.4446 0.2223
0.3 0.95 59.0678 17.7827  61.3714 18.0406 0.2659 6.7585  2.3003 7.5651  2.2411 0.2144
0.99 293.6343 86.8990 302.4162 88.5403 0.2560  27.8600  8.5508  28.6733  8.6270 0.2076

0.90  29.7498  9.1261  31.2383  9.1824 0.2779 9.0084  2.9950 9.8090  2.9396 0.2325
0.5 0.95 59.0678 17.7827  61.3714 18.0406 0.2659 16.3693  5.1780  17.1800  5.1781 0.2238
0.99 293.6343 86.8990 302.4162 88.5403 0.2560  75.0374 22.5665  75.8570 22.9457 0.2164

0.90 29.7498  9.1261  31.2383  9.1824 0.2779 15.8414  5.0389  16.6405  5.0220 0.2471
0.7 0.95 59.0678 17.7827 61.3714 18.0406 0.2659 30.2478  9.3149  31.0597  9.4064  0.2373
0.99 293.6343 86.8990 302.4162 88.5403 0.2560 145.2213 43.3944 146.0445 44.2314 0.2291

0.90 29.7498  9.1261  31.2383  9.1824 0.2779 24.6258  7.6554  25.4200 7.6916 0.2661
0.9 0.95 59.0678 17.7827 61.3714 18.0406 0.2659 48.3942 14.7109 49.2044 14.9259 0.2549
0.99 293.6343 86.8990 302.4162 88.5403 0.2560 238.4117 71.0346 239.2361 72.4843 0.2457

Table C17: EMSEs of estimators for GLMs with Poisson response when n = 700.

FOAML FOARML FOAL FOARL
Restrictions Restrictions
d corr (i) (ii) (iii) (iv) (i) (ii) (iii) (iv)

0.90  30.4922 10.1295  31.5624  10.3847 0.2690 1.2144  0.6259 2.0009  0.5451 0.2183
0.1 0.95 60.7094 19.9315 62.1660 20.5798 0.2590 1.4416  0.6975 2.2339  0.6194 0.2119
0.99 303.3710 97.9897 307.8700 101.8113 0.2507 3.7972  1.4554 4.5940  1.4042 0.2066

0.90  30.4922 10.1295  31.5624  10.3847 0.2690 4.2134  1.6067 5.0014  1.5479 0.2219
0.3 0.95 60.7094 19.9315 62.1660  20.5798 0.2590 6.9246  2.4889 7.7194 24602 0.2152
0.99 303.3710 97.9897 307.8700 101.8113 0.2507  28.7549  9.5415  29.5553  9.7594 0.2097

0.90  30.4922 10.1295 31.5624  10.3847 0.2690 9.2165  3.2409  10.0023  3.2276 0.2299
0.5 0.95 60.7094 19.9315 62.1660  20.5798 0.2590  16.8005 5.7125  17.5945  5.7842 0.2226
0.99 303.3710 97.9897 307.8700 101.8113 0.2507  77.4921 25.3281  78.2930 26.0856 0.2166

0.90 30.4922 10.1295 31.5624  10.3847 0.2690 16.2237  5.5283  17.0035  5.5841  0.2422
0.7 0.95 60.7094 19.9315 62.1660 20.5798 0.2590 31.0694 10.3684 31.8592 10.5912 0.2340
0.99 303.3710 97.9897 307.8700 101.8113 0.2507 150.0090 48.8153 150.8072 50.3828 0.2273

0.90 30.4922 10.1295 31.5624  10.3847 0.2690 25.2350  8.4690  26.0050  8.6176  0.2587
0.9 0.95 60.7094 19.9315 62.1660 20.5798 0.2590 49.7312 16.4565 50.5134 16.8814 0.2494
0.99 303.3710 97.9897 307.8700 101.8113 0.2507 246.3054 80.0030 247.0979 82.6510 0.2417
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Table C18: EMSEs of estimators for GLMs with Poisson response when n = 800.

FOAML FOARML FOAL FOARL
Restrictions Restrictions

d  corr (i) (ii) (iii) (iv) (i) (ii) (iii) (iv)

0.90 30.1563 10.2279  30.9995 9.9267 0.2666  1.2082 0.6320  1.9987 0.5441 0.2113

0.1 095 60.0867 20.0413 61.0733 19.5458 0.2575 1.4335  0.7025 2.2299  0.6101 0.2052

0.99 299.6464 98.7883 301.7316 96.7418 0.2499  3.7574  1.4645  4.5581 1.3524 0.2006

0.90 30.1563 10.2279  30.9995 9.9267 0.2666  4.1814  1.6256  4.9695 15113 0.2157

03 095 60.0867 20.0413 61.0733 19.5458 0.2575  6.8701 2.5048  7.6645 2.3682 0.2095

0.99 299.6464 98.7883 301.7316 96.7418 0.2499  28.4215  9.6027  29.2209  9.2942 0.2046

0.90  30.1563 10.2279  30.9995  9.9267 0.2666 9.1316  3.2706 9.9129  3.1131 0.2245

0.5 095 60.0867 20.0413 61.0733 19.5458 0.2575 16.6480 5.7361 17.4366 5.5184 0.2179

0.99 299.6464 98.7883 301.7316 96.7418 0.2499 76.5650 25.4768  77.3595 24.7803 0.2125

0.90 30.1563 10.2279 30.9995 9.9267 0.2666 16.0588 5.5680  16.8290  5.3495 0.2379

0.7 0.95 60.0867 20.0413 61.0733 19.5458 0.2575 30.7674 10.3964 31.5461 10.0606 0.2304

0.99 299.6464 98.7883 301.7316 96.7418 0.2499 148.1880 49.0869 148.9738 47.8107 0.2244

0.90 30.1563 10.2279 30.9995  9.9267 0.2666 24.9629 8.5178  25.7177  8.2207 0.2556

09 095 60.0867 20.0413 61.0733 19.5458 0.2575 49.2282 16.4859 49.9931 15.9949 0.2472

0.99 299.6464 98.7883 301.7316 96.7418 0.2499 243.2904 80.4329 244.0638 78.3853 0.2402
Table C19: EMSEs of estimators for GLMs with Poisson response when n = 900.

FOAML FOARML FOAL FOARL
Restrictions Restrictions

d corr 6) ) G v 6) ) G v

0.90  29.3950  9.3950  30.4309  9.5818 0.2676 1.1864  0.6134 1.9774  0.5261 0.2133

0.1 095 586737 183986 60.0636 18.8364 0.2570  1.4065 0.6754  2.2041  0.5905 0.2062

0.99 2925257 90.3224 296.7109 93.5075 0.2492  3.6737 1.3723 44757 1.3122 0.2012

0.90 293950 9.3950 30.4309 9.5818 0.2676  4.0840 1.5300  4.8756  1.4577 0.2175

0.3 0.95 58.6737 18.3986  60.0636 18.8864 0.2570 6.7150  2.3391 7.5142  2.2896 0.2101

0.99 292.5257 90.3224 296.7109 93.5075 0.2492 27.7514 8.8481  28.5559  9.0142 0.2049

0.90 29.3950  9.3950  30.4309  9.5818 0.2676  8.9080 3.0442  9.6960  3.0086 0.2261

05 095 586737 183986 60.0636 18.8864 0.2570 16.2621 5.3155 17.0592 5.3449 0.2182

0.99 292.5257 90.3224 296.7109 93.5075 0.2492  74.7500 23.4210  75.5537 24.0473 0.2125

0.90 29.3950  9.3950  30.4309 9.5818 0.2676 15.6581  5.1560  16.4387  5.1791  0.2392

0.7 095 586737 183986 60.0636 18.8364 0.2570 30.0478  9.6047 30.8392  9.7564 0.2304

0.99 292.5257 90.3224 296.7109 93.5075 0.2492 144.6696 45.0912 145.4692 46.4113 0.2241

0.90 293950 9.3950 30.4309 9.5818 0.2676 24.3345  7.8655 25.1037 7.9689 0.2568

0.9 0.95 58.6737 18.3986 60.0636 18.8864 0.2570 48.0721 15.2065 48.8542 15.5242 0.2468

0.99 2925257 90.3224 296.7109 93.5075 0.2492 237.5101 73.8585 238.3024 76.1064 0.2396
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Table C20: EMSEs of estimators for GLMs with Poisson response when n = 1000.

FOAML FOARML FOAL FOARL
Restrictions Restrictions
d  corr (i) (ii) (iii) (iv) (i) (ii) (iii) (iv)
0.90  30.0800 10.1238  31.0495 10.1334 0.2765 1.2220  0.6406 2.0077  0.5543 0.2178
0.1 0.95 59.9603 19.9813  61.2093 20.1167 0.2667 1.4447  0.7114 2.2360  0.6250 0.2116
0.99 299.5451 98.5618 302.9818 99.6335 0.2589 3.7670  1.4701 4.5626  1.3887 0.2068

0.90  30.0800 10.1238  31.0495 10.1334 0.2765 41932 1.6263 4.9776  1.5408 0.2229
0.3 0.95 59.9603 19.9813  61.2093 20.1167 0.2667 6.8758  2.5116 7.6666  2.4326 0.2164
0.99 299.5451 98.5618 302.9818 99.6335 0.2589  28.4283  9.5852  29.2242  9.5561 0.2114

0.90  30.0800 10.1238  31.0495 10.1334 0.2765 9.1310  3.2556 9.9101  3.1767 0.2324
0.5 0.95 59.9603 19.9813 61.2093 20.1167 0.2667 16.6339  5.7342  17.4206  5.6747 0.2255
0.99 299.5451 98.5618 302.9818 99.6335 0.2589  76.5565 25.4075  77.3493 25.4878 0.2199

0.90 30.0800 10.1238 31.0495 10.1334 0.2765 16.0356  5.5285  16.8051  5.4621  0.2465
0.7 0.95 59.9603 19.9813 61.2093 20.1167 0.2667 30.7192 10.3795 31.4978 10.3515 0.2387
0.99 299.5451 98.5618 302.9818 99.6335 0.2589 148.1518 48.9371 148.9378 49.1836 0.2324

0.90 30.0800 10.1238 31.0495 10.1334 0.2765 24.9068 8.4450  25.6628  8.3969  0.2651
0.9 0.95 59.9603 19.9813 61.2093 20.1167 0.2667 49.1315 16.4472 49.8984 16.4629 0.2561
0.99 299.5451 98.5618 302.9818 99.6335 0.2589 243.2139 80.1738 243.9898 80.6436 0.2489
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