Arastirma Makalesi / Research Article  Igdir Universitesi Fen Bilimleri Enstitiisii Dergisi, 9(3): 1612-1621, 2019
Matematik / Mathematics Journal of the Institute of Science and Technology, 9(3): 1612-1621, 2019

DOI: 10.21597/jist. 461015 ISSN: 2146-0574, elSSN: 2536-4618

Reflections with Respect to Line and Hyperplane from Quaternionic Point of View
Melek ERDOGDU"

ABSTRACT: In this study, the reflections in E3 and E* are investigated by unit quaternions. Firstly, a
linear transformation is defined to describe reflections in E3 with respect to the plane passing through
the origin and orthogonal to the quaternion. Then some examples are given to discuss obtained results.
Similarly, two linear transformations are stated which correspond to the reflection in E* with respect to
the hyperplane passing through the origin and a reflection with respect to the line in the direction of the
quaternion. Finally, the matrix representaions of these reflections are found and the eigenvalues,
eigenvectors of them are given to analyse the geometric meaning in terms of the components of the
quaternion for each case.
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Kuaterniyon Bakis Acisi ile Dogru ve Hiperdiizlem Boyunca Yansimalar

OZET: Bu galismada, E3 ve E* uzayinda yansimalar birim kuaterniyonlar ile incelenmistir. ilk olarak,
E3 uzayinda orjinden gegen ve kuaterniyona dik dogrultudaki dogru boyunca yansimay: belirten bir
lineer doniistim tanimlanmistir. Ardindan, ortaya ¢ikan sonuglar 6rneklendirilmistir. Benzer sekilde,
E* uzayimda orjinden gecen hiperdiizlem ve kuaterniyon dogrultusundaki dogru boyunca yansimalara
karsilik gelen doniisiimler tanitilmistir. Son olarak bu yansima doniisiimlerinin matris temsilleri elde
edilmis ve her durum i¢in bu 6zdeger ve Ozvekdrlerin hesaplanmasi ile geometrik yorumlar
kuaterniyon katsayilari ile analiz edilmistir.
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INTRODUCTION

In main problems of physical sciences, the
transformations which leave all the distances
fixed have an important role. These kind of
transformations are called rigid motions and can
be descriptive of motion of rigid bodies. It is
clear that the identity transformation is a rigid
motion and composition of rigid motions is also
a rigid motion. Furthermore, any rigid motion
has a inverse which is a rigid motion as well.
That is, the set of all rigid motions of a space
forms a group. Particularly, the group of rigid
motions of Euclidean space is designated as
Euclidean group. Any rigid motion in Euclidean
group is the composite of a linear transformation
and a translation. And the linear transformation
component of the rigid body is the main
discussion  which is an  orthogonal
transformation. An orthogonal transformation T
is a linear transformation which has the property
[|T (w)|| = |lul|| for all u in the space. Since the
orthogonal transformations preserves the length,
they preserves the distance as well.

To understand the geometry of rigid
motions in Euclidean group, it is obligatory to
discuss the structure of orthogonal matrices. A
square matrix T of order n with real entries and
satisfying the condition, T!T =TT'=1, is
called an orthogonal matrix in E™ where I is the
identity matrix of order n. This implies that any
matrix T is orthogonal if its inverse is equal to
its transpose. Since orthogonal matrices are
closed under matrix multiplication and taking
inverse, the set of orthogonal matrices forms a
group which is called orthogonal group and
denoted by O(n). On the other hand, O(n) is a
((n(n—1))/2) dimensional C* manifold on
the space of n x n real matrices, GL(n, R), and
has a submanifold tangent space at the identity
which means that lie algebra of antisymmetric
matrices o(n). Therefore the orthogonal group is
a compact lie group (Ozdemir and Erdogdu,

2014; Erdogdu and Ozdemir, 2018; Jadczyk and
Szulga, 2016).

The orthogonal group comprises two
components. Because the determinant of any
orthogonal matrix is either +1 or —1. The
component containing the orthogonal matrices
with determinant 1 and also containing the
identity matrix is a subgroup of O(n) which is
called special orthogonal group and denoted by
S0(n). Each elements of SO(n) is called a
rotation matrix. The other component containing
the orthogonal matrices with determinant —1 is
the set of reflections. The main object of this
paper is to discuss second kind of orthogonal
transformations i.e. reflections with the use of
quaternions.

There are several ways to construct
orthogonal transformations such as Cayley
formula, Rodrigues Rotation's  formula,
Householder transformations, Clifford algebras
and quaternions. Each method works specially
for different spaces. For example, some of these
methods can be defined for n dimensional spaces
but some of them are useful for only three and
four dimensional spaces. But, most interesting
way to examine orthogonal transformations is to
use Clifford algebras and quaternions (Jadczyk
and Szulga, 2014; Zhang, 1997; Friedberg et al.,
2003; Roman, 2008).

In the study (Ozkaldi and Giindogan,
2010), the simple reflections, rotations and
Cartan Theorem are investigated by using
Clifford algebras. Rotations about nonnull axis
in Minkowski 3-space are investigated with unit
split quaternions in (Ozdemir and Ergin, 2006).
Then the eigenvalues and eigenvectors of
Lorentzian rotation matrices are expressed in
terms of corresponding split quaternion and the
type of a given Lorentzian rotation (Euclidean or
hyperbolic) is determined by the scalar part of
the split quaternion in (Ozdemir et al., 2014).
The Lorentzian rotations, which have null
rotation axis, are obtained by using Rodrigues
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and Cayley's formula with pseudo orthonormal
frame that include two linearly independent
normalized null vectors and a unit spacelike
vector and it is proved that every unit timelike
split quaternion with null vector part corresponds
to a rotation about null axis in (Nesovic, 2016)
and rotations on a given null-cone is obtained by
using Rodrigues, Cayley and hyperbolic
quaternions in (Unal et al., 2016). At the same
time, rotations for a given hyperboloid are
investigated in (Simsek and Ozdemir, 2017).
Furthermore, elliptical rotations are obtained by
Rodrigues Rotation's formula, Cayley formula ,
union of even number of Hausholder
transformations and elliptic quaternions in
(Gracia and Thomas, 2017). On the other hand,
the rotations in Minkowski space time are
studied in (Simsek and Ozdemir, 2016; Erdogdu
and Ozdemir, 2015). In a different way,
Lorentzian rotations are investigated with
Lorentzian matrix multiplications in (Ozdemir,
2016; Kegelioglu et al., 2012). Then, homothetic
Cayley formula and transformation are defined
Rodrigues and Euler parameters for homothetic

motion are obtained in (Gonzalez et al., 2009).
Morever, there are also different studies (Senyurt
and Caligskan, 2018; Senyurt et al., 2017; Senyurt
and Grill, 2015) on quaternionic curves and
surfaces.

This paper consists of three main parts. The
first part includes the pricipal properties of
quaternions. Then the reflection with respect to
plane passing through origin are stated with the
use of unit pure quaternions in two different
way. Moreover, some examples are given to
clarify the discussion. The last part comprises
the reflections with respect to the hyperplane
passing through the origin and the line in E*
with the use of unit quaternions.

MATERIAL AND METHODS

In this section, we will some
preliminaries of quaternions.

The set of quaternions is first described by Sir
William Rowan Hamilton in 1843 (Wilkins,

1844-1850). Real quaternion algebra

give

H={q=qo+qii +q2j +q3k: q0,91,92,95 € R}

is the foremost member of noncommutative algebras. Here i, j, k are imaginary units which satisfy the

product rules in the following table:

x| 1| i ||k
1 (1@ j |k
i i |-1 k|—j
JLJj | —kl—-1]i
k| k|j|—-i]—-1

The quaternions can be considered as a generalization of complex numbers (Hacisalihoglu,
1983). Also, the quaternion algebra is the even subalgebra of the Clifford algebra of the 3-dimensional

Euclidean space (Ozkald1 and Giindogan, 2010).

For any quaternion q = q¢ + q1i + q,j + q3k , we may rewrite q = S(q) + V(q) where S(q) =
qo and V(q) = q1i + q,j + q3k denote the scalar and vector parts of q, respectively. If S(q) = 0 then
q is called pure quaternion. We denote the set of pure quaternions by H,. The conjugate of the
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quaternion q is defined as q = S(q) —V(q). The norm of a quaternion q is defined by ||q|| =
Ja*q=+q*q=1+q2+ q?+ q% + q2. Therefore, the set of unit quaternions is denoted by

H; = {q = (90,91, 92, 93): 90, 91,92, 43 € R, q§ + qf + q5 + g5 = 1}.

Thus, any unit quaternion can be written in the form q, = cosf + usinf where u is a unit vector
satisfying the equality u * u = —1 and is called the axis of the quaternion. This representation of a
unit quaternion brings out the nost important geometric applications of quaternions, that is any four
real numbers are enough to represent a rotation. Only on one condition, the quaternion should be unit
(Gracia and Thomas, 2017; Gonzalez et al., 2009; Zhang, 1997).

RESULTS AND DISCUSSION
Lemma 1 Let q be a unit pure quaternion. The transformation Ty: H, — H, defined by
Tq(x) =q*X*q~"

is a linear transformation which preserving the norm. Here the inverse of unit pure quaternion q is
defined as follows:

-1 - i =q=-
T =477
Also, T, (x) is a pure quaternion satisfying the property T, (Tq(x)) = X.
Proof. Using properties of the quaternions and ||g|| = 1, we see that
[T = llg *x* g~ = llqlllIxIllIg*I = lIxII.
To see that Tq(x) is linear map, leta € R let x and y be any pure quaternions, then,
To@x+y) =q* (@ Fy)*qt =q* @& +y) *q7?!
=a(q*x*xq )+ (q*y*q ") = aTy(x) + Tq(y).

Lastly, using the fact that q> = (q)? = —1, we find

Ty (Tq®) = Ty(a*Xxq ) =q*(q+X=q ) q!

=q+(q+%+q)*q=(a*Qrx* @+ D =x

Theorem 1 Let q = q,i + q2j + q3k be a unit pure quaternion. The linear transformation Tg: H, —
H, represents a reflection with respect to the plane

qi1Xx+ qzy + q3z = 0.
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Proof. For any unit pure quaternion q = q,i + q,j + g3k, we have
Tq() = q* (=) * (=) = (—ai + a3 + 43)i — 24192 — 29143k,
Tq() = q* (=) * (=q) = —2q:,i + (a7 — 43 + q3)j — 29293k,
Tq(k) = q* (=k) * (—q) = —2q1q3i — 29293) + (41 + 93 — gDk

The matrix representation of the linear transformation Ty: H, — H, defined by Tq(x) = q*Xx *
q~' = q* (—x) * (—q) = q * x * q is obtained as follows:

—qi+a5+95 —2q:q; —24193
Tq = |—29:192 qf — 93+ 43 —2q.93
—2q:43 —24,43 qi + 95 — 3

Then we find T, is orthogonal and det(Ty) = —(qi + q3 + q3)*® = —1. This means T, represents a
reflection. The characteristic polynomial of the matrix T, can be found as follows:

PA(TY =(aqf+a5+a5+ D)% +q3+a5 -2

Since qf + q5 + q5 = 1, then we obtain eigenvalues of Ty as A; = —1 and A,3 = 1 with the

corresponding eigenvectors
d1
e = q: ,ezzl dq1 ande3— ,
ds

respectively. Since T represents a reflection with respect to the plane ortogonal to the eigenvector
which corresponding to the eigenvalue A = —1, we get the proof.

Using a unit pure quaternion g, one can generate a reflection matrix as follows:

—qi+a5+d5 —2q:q; —24193
Tq = |—29:19> qf — 93+ 43 —2q293
—2q:43 —24,43 qi + 95 — 3

On the other hand, we can find a unit pure quaternion corresponding to a given reflection matrix in
[E3 using the following formulas:

1

Q% = 1(1 —Tyq + Tyy + Ts3), 1)

q: = _ETQ; 2
1

43 = o, T3, 3)

for q; # 0. When, q; = 0, we can find corresponding unit quaternion using the equations:
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qz = ;Tzs and g5 = 1 —g5.
—2qz

| Wl
Wl N W N

[SSRINEN |
wl N

wil N

(4)

Example 1 For the unit pure quaternion q = %(0,1,1,1), Tq is

OJINUJI[\I)

W] =

9(3): 1612-1621, 2019

This matrix is a reflection matrix in the Euclidean 3-space, since, T;* = T, and detTy = —1.

Example 2 Let’s find the reflection with respect to plane the x + 2y — 3z = 0. The normal vector
of the plane x+2y—3z =10 is n = (1,2,—3). So, we can take the unit pure quaternion as q =

\/% (0,1,2,—3). Then, we get

Example 3 Consider the reflection matrix

7 4 4
9 9 9
4 1
a=l2 L5
9 9 9
4 8 1
L9 9 9-
By using equation 2, we get
5 7 1
qi :—(1—§+—+§) 25.
We may take q; = % Then we have
14 2
Q2=—"25="3% (5)
3
14 2
43 =—z5=~7 (6)
3

Thus, we obtain q = gi — gj — gk which means that A corresponds to a reflection with respect to

the plane orthogonal to n = (%, - 2 - g).
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Lemma 2 Let q be a unit quaternion. The transformation Tq: H — H defined by
T = —q*X*q
Is a linear transformation which preserving the norm. Also, Tq (Tq(x)) = X.
Proof. Using properties of the quaternions, we see that the Tq preserves the norm.
[T = lI=a =X qll = llqlllixllllqll = IIx]I
To see that Tq is linear, let a € R and let x and y be quaternions, then,
Ty(ax+y) = —q* (ax+y) *q

=—(q*ax*q) —(q*y*q)
=-a(g*x*q) = (q*y*q) =aTe(x) + Ty(y).

Lastly, using the fact that ||q||> =q*q=q*q=1and X = x we find
Tq(Tq(X)) =Tq(—q*X*q) = —q* (—q*i*q)*q

=(q*q) *x*(q*q) =x.

Theorem 2 Let q = q¢ + q4i + q3j + g3k be a unit quaternion. The linear transformation Tq: H —
H defined by Tq (x) = —q * X * q represents a reflection with respect to the hyperplane

QoX1 T 41Xz + q2X3 + q3Xs = 0.
Proof. For any unit quaternion q = q, + q4i + q,j + g3k, we have
Tq() = —q* 1+ q=—q5 +q} + g5 + a5 — 290011 — 2q0q2j — 2q0qsk
Tq() = —q* (—0) * 9 = —=2q0q; + (4§ — af + a3 + 93)i — 24192) — 29193k,
Tq() = —q * (=) * q = —2q092 — 29,921 + (95 + a7 — a5 + a3)j — 29243k
Tq(K) = —q* (k) * q = —2q0qs — 24,931 — 2929q3) + (4§ + qi + 45 — gDk

The matrix representation of the linear transformation Tq is obtained as follows

[—a5 +ai +a5+ad5 —2q0q: ~24,9> ~24,Q3 1
~2q0q1 95— qi + a5 +3d3 —2q1q; —2q19;3
—24,9; —2q19; 95 +ai —d5+a3 —2q.q;
~2q093 —2q193 —2q,q3 q5 +qi + a5 — g3

1618



Melek ERDOGDU 9(3): 1612-1621, 2019

Reflections with Respect to Line and Hyperplane from Quaternionic Point of View

Then we find det(Ty) =—(q3+qi+q5+3q3)*=-1 and (T)'(TY) =1,. This means
Tq represents a reflection. Moreover, we obtain eigenvalues of Tq asA; = —1and 2,3, = 1 with the
corresponding eigenvectors

do —q1 —q2 —4s
_ d1 _ 190 . 0 . 0
€, = q, , € = 0 ,€3 = do €4 = 0 )
qs 0 0 Jo

respectively. Since Tq represents a reflection with respect to the plane ortogonal to the eigenvector
which corresponding to the eigenvalue A = —1, we get the proof.

Lemma 3 Let q be a unit quaternion. Then, the transformation Tq: H — H defined by
Tqx) =q*X*q
is a linear transformation which preserving the norm. Also, Tq (Tq(x)) = X.
Proof. Using properties of the quaternions, we see that the Tq ise preserves the norm.
ITa GOl = lla * %+ qll = llalll=llqll = lIx]I
To see that Tq is linear, let a € R and let x and y be any quaternions, then,
Tyax+y) =q=(ax+y) *q
= (g *ax*q) + (qyq)

= aTq(x) + Ty(y).

Lastly, using the fact that ||q||? = q*q=q*q=1and X = x we find

q
Q(Tq(X))=Tq(CI*§*q)=q*(q*§*q)*q

=(@*@) *x*(q*q) =x

Theorem 3 Let q = qo + g1 + q,j + q3k be a unit quaternion. The linear transformation Tq: H -
H defined by Tq(x) = q=*X*q represents a reflection with respect to the line in the direction
(d0, 91,92, q3)-

Proof. For any unit quaternion q = qo + q4i + q,j + g3k, we have
Tq(D) =q*1%q=q3—qi —q5 — a5 + 29001 + 2q0q2j + 2qoqsk
Tq() = q* (—0) * q = 2q0q; + (—q3 + i — 93 — q3)i + 2q:192j + 29143k
Tq() = q* (=) * q = 29092 + 2q:92i + (—q5 — a3 + g5 — q3)j + 29243k
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Tq(K) = q * (—K) * q = 29093 + 2q193i + 292q3j + (—95 — a5 — g3 + q3)j

The matrix representation of the linear transformation Tq is obtained as follows:

[95—ai —a5— a3 2q0q, 24092 2093 1
2900, —q5+3df—a3—a3 2qiq; 29143
2909; 29:9; —q5—af +95— a5 2q:q3
29093 24143 29293 —q5 — a5 — a3 + a3

Then we find det(Ty) = —(q3 +q2+q3+q%)*=-1 and (T)"(Ty) =1,. This means T
represents a reflection. Moreover, we obtain eigenvalues of Tq as Ay =1 and 2,3, = —1 with the
corresponding eigenvectors

do —q1 —q2 —qs
_ 191 _ 190 _ 0 _ 0
€ = qz y €2 = 0 , €3 = do €4 = 0 ’
g3 0 0 do

respectively. Thus Tq represents a reflection with respect to the line with the direction e; =
(40,91, 92, 93)-

CONCLUSION

In this paper, the reflections in E3 and E* are studied by unit quaternions. The matrix
representations of these reflections are given and the eigenvalues, eigenvectors of them are
investigated to analyse the geometric meaning in terms of the components of the quaternion for each
case. The following table summarizes the results:

Definition Transformation Geometric Meaning
q is a unit Tq: Hp — Hy Tyx) =q*xX*q~! Reflection with respect to the plane
pure =q*X*(q qi1X + qzy +q3z = 0.
quaternion
q is a unit Tq: H — H Tq(x) =—q*X*q Reflection with respect to the
quaternion hyperplane
dQoX1 + q1Xz + q2X3 + q3xy = 0.
q is a unit Ty H - H T,(X) =q*X*q Reflection with respect to the line in
quaternion the direction (qo,q1,92,93)-
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