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The Properties of the Altered Pell and Pell Lucas Sequences
Fikri KOKEN™*

ABSTRACT: The altered Pell and Pell Lucas sequences are defined by altering the Pell and Pell
Lucas numbers, it is seen that they have similar properties to usual the Pell and Pell Lucas sequences.
Thus, we study some recursive properties of the altered sequences. Further, the greatest common
divisors (i.e. GCD) sequences of the altered sequences are investigated, and it is seen that the GCD
sequences are subsequences of the Pell and Pell Lucas sequences. Therefore, we obtain Binet formula,
the Cassini, Catalan and D’ocagne’s identities Of the GCD sequences.
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Degistirilmis Pell ve Pell Lucas Dizilerinin Ozellikleri

OZET: Degistirilmis Pell ve Pell Lucas dizileri, Pell ve Pell Lucas sayilar1 degistirilerek tanimlanir, bu
dizilerin, Pell ve Pell Lucas dizileriyle benzer 6zelliklere sahip olduklari goriilmektedir. Bu nedenle,
degistirilmis dizilerin baz1 indirgeme 6zelliklerini incelenir. Ayrica, degistirilmis dizilerin en biiyiik
ortak bolenleri (yani, EBOB) dizileri arastirilir ve EBOB dizilerinin, Pell ve Pell Lucas dizilerinin alt
dizileri oldugu goriilir. Bu nedenle, GCD dizilerinin Binet formiiliinii, Cassini, Catalan ve
Docagne’nin esitlikleri elde edilir.
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INTRODUCTION

The Pell {R,} _, and Pell Lucas {Q,} .,
formulas for the numbers P, and Q, such that P,=2P,_,+P,_,, and Q,=2Q,,+Q,_,, n=2 with
initial conditions P, =0, P, =1, Q,=2 and Q =2. The Pell and Pell Lucas numbers are defined by the
Binet formulas

sequences are established by using same recurrence

Pn=¢ —9 and Qn=¢n+§0ni for ¢=1+\/§a¢)=1_\/§’ neN. (1)

The terms with negative subscripts are given by P, =(-1)""P,andQ,=(-1)"Q,, n=21
(Horadam,1971). Also, it is known that there is a sequence {q,}  , holding identities Q,=2q, and

d, = P, + P,_;, the numbers g, can be defined by using same recurrence formulas with the Pell and Pell
Lucas numbers for q, =g, =1 (Horadam,1994; Koshy,2014). In the literature we can reach, the studies
of a lot of researchers give the applications of the Pell and Pell Lucas sequences to polynomials and
sequences such as the Pell and Pell Lucas polynomials (Horadam and Mahon,1985,1986), their related
sequences (Bicknell, 1975), the modified Pell numbers (Horadam,1994), some Gaussian Pell and Pell
Lucas Numbers (Halic1 and Oz,2016), the Gaussian Pell polynomials (Halic1 and 0z,2018), the k Pell
Quaternions and the k Pell Lucas Quaternions (Giil,2018).

Fibonacci F, and Lucas L, sequences, ones of the most important members of integer
sequences, are also associated with a lot of polynomials (Koshy,2001) and some
sequences.(McDaniel,1991; Chen,2011, Tasyurdu et al.,2016; Karakas,2017; Giil,2018).

In (Dudley and Tucker,1971), the authors mention from the altered Fibonacci numbers defined

as G,=F,+(-1)" and H,=F,—(-1)
successive terms, their GCD sequences give some subsequences of the Fibonacci and Lucas sequences
(Koshy,2001; Chen,2011). But, GCD sequences of the numbers L, +(—1)n and L, —(—1)n not create

important results in a similar way. Thus, different methods are needed for different integer sequences.
In (Koken and Arslan,2018), the authors define the altered Pell and Pell Lucas sequences, and also,
give gcd properties of these sequences.

The aim of this study is to prove recursive formulas and some identities satisfied by the altered
Pell and Pell Lucas sequences. In addition, some GCD sequences of these sequences are established,
and obtained basic properties of these GCD sequences such as the Binet formula, Cassini, Catalan and
D’ocagne’ identities.

MATERIALS AND METHODS

n

, these numbers, are not relatively prime for the theirs

In this study, we use not only the definitions of the altered Pell sequences {E,} and {K,}, which

are obtained by altering the Pell sequence, are defined by
P, +2,if niseven

P, —2,if niseven
o= ., and K, = .
P, —1 otherwise P, +1, otherwise
but also, the altered Pell Lucas sequences {E} and {K;}, which are obtained by altering the Pell
Lucas sequence, are defined by
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E; =

+6,if niseven
{Q” d K/ =

Q, —6,if niseven
Q, —2, otherwise '

Q, + 2, otherwise -
In addition, the following Lemma 1 and Lemma 2 are used.

Lemma 1. For the altered Pell numbers, the following identities are valid;

Eak = Pok1Qoksa Eakar = Pk Qoka1r Bakr2 = Poks2Qak v Bakes = Poks2Qakaa s

Kak = Poks1Qok-1v Kaker = PoraQak v Kasz = PoQarizr Karis = PoxaQoxsz -
Proof From the identities of the Theorem 2 given in (Koken and Arslan, 2018), they are produced. m

Lemma 2. For the altered Pell Lucas numbers, the following identities exist;

’ — ’ — ’ — ’ —
Eak =8P 1Poks1r Eaksr =8P Poyiay Eako = QosoQok » Eakas = Qoks2Qokaas

Kk = Qu1Qak-1+ Kiar = QoiaQoi s Kikwz =8PokPoksz s Kinas =8PoiaPasz -
Proof From the identities of the Lemma 6 given in (Koken and Arslan, 2018), they are produced. m
RESULTS AND DISCUSSION

As alike it mentioned by authors in (Dudley and Tucker,1971), the Lucas numbers can been not
altered with {+1} such as L, +(-1)" and L,—(~1)", then different methods are needed for different
integer sequences. Thus, altered Pell and Pell Lucas sequences are dependent on two integer
parameters, and also, their GCD sequences are studied with k consecutive terms. This section is
occurred two subsections for the altered Pell and altered Pell Lucas numbers.

Some Identities Of The Altered Pell E, And K, Numbers

In this section, some identities involving the recursive sums of the numbers E, and K, are
obtained by the properties of the Pell and Pell numbers. Also, some results concerning the numbers
P =gcd(E, E,, ) and P, =gcd(K,,K,,,) defined from greatest common divisors (GCD) for the
altered Pell numbers, E, and K, are established. The numbers P, and P;, are called k consecutive

GCD numbers of the altered Pell numbers.
Now, several sum relations of consecutive terms of the altered Pell sequences {E,} and {K,}

are given;

Theorem 1 Let E, and K, be the n™ altered Pell numbers, then

4RP.,, if kis odd
20,0y, Otherwise

20¢,,,if kis odd

Eoks1 + Eokya = ,
* | 4R, otherwise

Eox + Exxn ={

4PZ2,,if k is odd

292,,, otherwise

20, .1, if k is odd

H 1 K +K —
4P R, ,,, otherwise 2k+1 T PN2k+2 {

Kok + Kok ={

Proof From definition of the number E, by using the property P,, =P,Q, and substituting m=k +1,
n=k or m=k, n=k+1 in P,,, =P,Q, —(~1)" P,_, for case even or odd n, we have

1648



Fikri KOKEN 9(3): 1646-1656, 2019

The Properties of the Altered Pell and Pell Lucas Sequences

P (Qx +Qeua). if kis odd

Eok + Epy1 = ise
2k 2k+1 { Q (|:>k + Pk+1)’ otherwise

By using identities Q, +Q,,; =4P.,; and B, + P, =0,,,, desired result is obtained. The other results
can be produced by using similar identities. m

Theorem 2 Let E, and K, be the n™ altered Pell numbers, then

2B+ Eox = Poxyo s 2Kgi + Ko = Poyyas

2Ep40 + Eppir = Poys +3, 2Kyp + Koy = Poyys — 3.

Proof From the definitions of the numbers E, and K,, by using the recurrence relation of the Pell

numbers, all of the desired results are achieved.m
The consecutive terms of the altered Pell sequences {E,} and {K,} provide several recurrence

relations which are similar to the Fibonacci and Pell sequences, in the following forms, respectively:

E,..+4 if nisodd Kne2 —4, if nisodd
) ne1 T Ky =

2E ., +E, = . .,
L {Emz — 2, otherwise K,.,+2, otherwise

Kne2 —6, if nisodd Enso+6, if nisodd
1 ne1 T Ky =

E,+2K, 1= .
" "7\ K., +6, otherwise E,.,—6, otherwise

E,+Ei =0+l K+ Ky =0, -1,
and also, any sequences represented as a difference combination of the E, and K, are;

q, +0,, if nisodd {qn—qz, if nisodd

E —E = , K _K — ] )
e {qn—% otherwise LT g, +q,, otherwise

Generally, different sum and difference cases of the numbers E, and K, are as follows:

+0,,if nisodd —q,,if nisodd
En " Kn _ 2Pn ' En 4 Kn+1 - {qn+1 q2 {Qn+l qZ

: K, = .
On41 — Oy, Otherwise n1 ¥ B Onsy + O, Otherwise
In (Koken and Arslan, 2018), the authors defined two sequences { n’fk}={gcd(En,En+k)} and
{Pnfk}={gcd(Kn,Kn+k)}, n>1, and establish a number of identities according to some subsequences

of them. Some terms of the sequences {Pn’fl}n>1 and {P”_!l}m are given in table 1.

Table 1: Terms of the sequences { n’fl} and P‘l} , 1<n<12

n,

Phi|4]2P [2]| Q (4]2P |2 Qs 2B | 2 | @

n |1 2 (3| 4 |5 6 |7 8 9] 10 |11]| 12
4
2

P12 Q |2]2R 2| Q |2] 2R Q | 2 | 2P
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It is firstly seen that the numbers Py ; are the number 2P, for k=1,35,..., and are the numbers Q,,;

for k=2,4,6,..., i.e., the sequence {PZ-;,l}k is {2P,,Q;,2P,,..} . Also, the numbers Py ,,, are 2 for

21

k=135,..,and are 4 for k=2,4,6,.... The sequence {PZT(H’l}k IS constant-periodic integer sequence

>1

alike {2,4,2,4,...}. Secondly, notice that the sequence {P”_!l}m = {gcd(Kn, Kn+1)} is constant for the odd

integer number n, i.e. the B,; =2. And also, P;,;=Q,,; for the odd integer number n and P, =2R,;

for the even integer numbers n.

Lemma 3 Let P;; and P;;, n>1 be the n" 1-consecutive GCD numbers of the altered Pell numbers,
then

. 2B, forodd k 2, foroddk _ 2B, forevenk __
Pki= 1 F2k+11 = v P2kl = y Pk =2.
Q.. forevenk 4, for even k Qqs1, forodd k

Proof From the identities of the Theorem 1 and Theorem 4 given in (Koken and Arslan, 2018), they
are achieved. m

Theorem 3 There are two difference identities P;; and P, as follows

P2JT<+2,1 - P2T<,1 = 2P2|'%+1'|_1’ P2_|<+2,1 - Pz_k,l = ZFT%'H_l)k J
where [ x] is ceiling integer function, gives the least integer less than or equal to x.
Proof By using the definition of the B, and the identity q, =P, + P,_;, we write

2(Oyy2 = Peyr). if niis odd

2(Pey2 —Uys1), Otherwise
2B,, if nisodd

:{ZPk+1, otherwise -

+ +
P2k+2,1 - I:)Zk,l _{

The desired results are obtained. m

Theorem 4 For the n™ number P;',, the Pell type recursive relations are valid:

2R3, if nisodd
20y, otherwise '

Q42 1f nisodd
2P,,3, otherwise’

20,1, If nisodd
oo~ 2=

2P 01— Poi =
2k+2,1 7 T2k,1 { —2R, otherwise
2P, if nisodd

Porio1— 2P 1= '
2k+2,1 2,1 {Qk+l' otherwise

2P2_k+2,1 - P2_k,1 ={

Proof By using the definition of the P;';, and identities q, =P, + P,; and P,_; + 2P, = B,,;, we write
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2(20,, = Pyp). if nisodd

2Pjv21 = Pok1 = !
2k+2,1 7 F2k,1 {2(2pk+2_qk+1)' otherwise

2(Oy42 —2Pyy). if nisodd

. m
2(Pesz —20),1), Otherwise

P21+2,1 - 2P2T<,1 = {

Corollary 1 The numbers Py, ; and Py, ; are either the Pell and Pell Lucas numbers or constant in

the following equations:
P4T<,1 = Q2k+1 ) I:)4J|r<+1,1 =4, P4T<+2,1 = 2P2k+2 ) P4T<+3,1 =2,
I:>4_|<,1 = 2P2k+1 ) P4_k+1,1 =2, P4_k+2,1 = Q2k+2 ) P4_k+3,1 =2.

Proof From the Lemma 3, when the values of k vary according to odd and even, subscripts of these
numbers takes the desired values. m

When the values of indices vary according to these numbers in the Corollary 1, we obtain in the
following results:

Corollary 2 There exist some relations between the numbers B;"; and P, ;
+ + - - + +
P4k+2,1 - P4k,1 = 2P2k+1’ P4k+2,1 - P4k,1 = 2P2k+2 ) P4k,1 - P4k—2,1 = 2P2k+1v
P4|<,1 - P4k—2,1 = 2sz ) P4k+2,1 - P4k-2,1 = 4Py, P4k+2,1 - P4k-2,1 = 2Q2k+1'

2P4T(+2,1 - P4-'l-<,1 = Q2k+2 ’ 2|:)4_I<+2,1 - I:)4_k,1 = 2|:)2k+3’

2P4T<,1 - P4T<-2,1 = 2Py, 2P4_k,1 —Pp21= Qapat-
Theorem 5 Some recurrence relation of the number B;"; and P, are

P4T<+4,1 = 4P4J|r<+2,1 - P4T<,1’ P4_k+4,1 = 2P4_k+2,1 - P4_k,11

P4T<+2,1 = 2P4J|r<,1 - P4T<—2,1a P4_k+2,1 = 4P4_k,1 - P4_k—2,1'
Proof By using the definition of the B,";, and identities 2P, —q,_; =q, and 2P, +q, =q,,, We write

4Pjio1—Pik 1= 2(4sz+2 - Q2k+1) = 2(2P2k+2 + q2k+2) =20 43-
And also, we rewrite
2P4T<,1 - P4T<—2,1 = 2( Posz + Pox ) =2Qp41-

The other results are done in a similar way. =

Corollary 3 There exist some relations between the numbers B,"; and P,7;

+ + _ op-— - - _ _ op+
I:)4k+4,1 - I:)4k,1 - 2Q2k+2 - 2|:)4k+2,11 I:,4k+4,1 - P4k,1 - 4P2k+2 - 2I:)4k+2,1 '

P4T<+2,1 - P4T<-2,1 =4Py = 2P4_|<,1 ) P4_k+2,1 - P4_k—2,1 = 2Q2k+1 = 2P4T<,1 .
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Theorem 6 The Binet formulas for the numbers P, and P, are

2k+2 2k+2 2k+1 2k+1
[ A

—F=— Pha=———F— Pis21=
V2 J2

Proof By using identities given in (1), we obtain desired results. m
For the B, and P, some well-known identities such as the Cassini, Catalan and D’ocagne’s

2k+2

¢2k+2 + ¢

+  _ 2k+l 2k+1 + _
Piki=¢ +¢ v Pake21=

identities can be established;

Theorem 7 For the P, and Py, ,, Cassini, Catalan and D’ocagne’s like identities are

? 2 3p2
P41+4,1P4-L—4,1_(P4T(,1) =_251 4-‘(-k+r)’1 4-2k—r),1_(P4+k,1) =-2 PZF’
+ + + + 2 p- p- p- 2 _ 24
Pat+a1Pai, 1 = PaigaPaig 41 = 2Py, ) Pakran 4k—4,1_( 4k,1) =24,
Py Py P 2—22p2 - - - p- 3
4(k+r).1 4(k—r),1_( 4k,1) = 2r P4k1+4,1p4k2,1_ P4k1,1P4k2+4,1=2 P2(k1—k2)'
Theorem 8 Let B, and P;,, n>1 be the n™ 2-consecutive GCD numbers of the altered Pell
numbers, then

+ _ + _ - _ - _
I:)4k+1,2 - 2Q2k+1 ' P4k+3,2 - 2|:’2k+2 ’ I:’4k+1,2 - 6|:’2k+1 ’ I:>4k+3,2 - Q2k+2'

Proof By using the Lemma 1 and the GCD properties of the Pell and Pell Lucas numbers, we obtain
the desired results. m

Lemma 4 Let P;; and P;3, n>1 be the n™ 3-consecutive GCD numbers of the altered Pell numbers,
then

ot _ {5Q2k+1, k=2mod(3) __ {5Q2k+2, k=0mod(3) _,
4k,3 =

_ = : Pii2g = 2P Pics = 2Py.1 -
, otherwise 4k+2,3 ’ otherwise 1 T4k+2,3 2k+2 1+ "4k,3 2k+1
2k+1 2k+2

Proof From Theorem 6 given in (Koken and Arslan, 2018), they are achieved. m

The {P4Jlr<+k1,r} = {( E4k+k1 , E4k+k1+r )} and {P4_k+k1,r} = {( K4k+k11 K4k+k1+r)} r21, kl =0123 are
trivial constant for some integer r, for example {P4+ky2}=2 and {P4‘k+2,2}=2, and also a number of

different r-consecutive GCD numbers of the altered Pell sequences can be produced. In addition, for
sequences given in Theorem 8 and Lemma 4, a number of identities can be given similar to identities

of the R, and P, . For instance; Binet formulas of some number are

2k+1 2k+1
o _ 2(¢2k+1+ 2k+1) o ~ 3(¢ - ) - ~ ¢2k+2 _¢2k+2 o _ ¢2k+1_€02k+1
ak+1,2 = 4 y Pak+12 = —«/E y Fak423 = Ta k3 = —«/E
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Some Properties Of The Altered Pell Lucas Numbers E! And K|

In this section, by using the properties satisfied by the Pell and Pell numbers, we obtain some
identities involving recurrences sums of the numbers E; and K/ . Also, some results concerning the

numbers Qy, =gcd(Ef,E,, ) and Q;, =gcd(K;, K, ) defined from the greatest common divisors for
the altered Pell Lucas sequences, {E;} and {K}, are established. Now, some sum relations of

consecutive terms of the altered Pell Lucas sequences {E,} _ and {K;} _ are given;

Theorem 9 Let E! and K! be the n™ altered Pell Lucas numbers, then

4R Q. if kisodd 4(QPRy2 +0y). if k is odd
' E2k+l E2k+2 ( )
( ).

E +Ejir = :
2T TRk { otherwise

4P, ,,Q,, otherwise QP2 —

4P 1Qy if k is odd QP +G;), if kis odd

Ko + Kopoq = o, K+ K .
2k T T2kt {4Pka+1, otherwise 2t k2 = {(QkPk+2 ,), otherwise

Proof From the definitions of the numbers E; and K], by using the properties B, + P =041,

Py =PQy, Q+Qu1=4P,; and Q,,, =Q,Q, —(-1)" Q,_, for case even or odd n, we have all desired
results. m

Theorem 10 Let E, and K/ be the n" altered Pell Lucas numbers, then
3Egks1+ Egk = 4Py 3Kgyuy + Ko = 4Py,

2Bz + Egiar = Qoaz 10, 2K, p + Koyug = Qpyez —10.

Proof From the definitions of the numbers E; and K/, by using the recurrence relation of the Pell
Lucas numbers and the property Q, +Q,,; = 4PR,,,, We achieve all results. m

The terms of the altered Pell Lucas sequences {E;} and {K,} satisfy several recurrence
relations which are similar to equations given for the Lucas and Pell Lucas numbers. The Pell Lucas
type recurrence relations are valid:
E;,,+12, if nisodd
E/., +4, otherwise

ne2 —16, if nisodd , , .2 +16, if nisodd
E,+2Ka=1 ., ., 2B+ Ki=9 .
Knio +16, otherwise En+2 —16, otherwise

, 2K!

26! +E’—{ K’—{ re2 =12, if nis odd
+1 nt1t -

K,’1+2 4, otherwise '’

The Lucas type relations are E; +E;,, =4(R,,;+1) and K/ +K/,;=4(P,,—-1). And also, the linear
differences of these numbers are

. 4(P,+2), if nisodd ,_|4(P,-2), if nisodd
e~ 4(P,—2), otherwise’ ™' """ |4(P,+2), otherwise

The following relationships are valid between the numbers E! and K/ :
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4(P,,—2),if nisodd _, +Ka={4(Pn+1+2)2,ifnisodd

E'+K'=2 ,E'+K’ = . ’ )
ntKn=2Qn, By +Kpy {4(pn+1+2), otherwise " 4(P,,,—2), otherwise

In (Koken and Arslan, 2018), the authors give the Qy, =gcd(E;,E,, ) and Qyy =ged(K},K,\)

numbers defined from greatest common divisors for the altered Pell Lucas numbers, a few terms of
these sequences are given in table 2.

Table 2: The terms of the sequences {E;} and {K;}, 1<n<12

n |12 |3 4 5| 6 (7,8 [ 9]10 |11 12

Qi [12]2Q, |4 8P | 4| 2Q, |4 B8R |12|2Q | 4 | 8P,

Qui | 4 | 8P |4|2Q; 12| 8R |4|2Q; | 4 | 8F | 4 | 2Q

Lemma5 If Qi;, n>1 is the n™ term of the 1-consecutive GCD sequences of the altered Pell Lucas
sequences, then

o = 2Q,.,, for odd k . _J12)if k=1(mod4)
217 8P, forevenk’ T4 otherwise
12,if k=0,2(mod4)

' i =2 ' ) 11= 4,
4,  otherwise Quir21 =22 Qa

+ +
Q4k,1 = 8P2k+1 ) Q4k+l,1 ={

Proof All results are seen from identities of the Theorem 7 and Theorem 8 given in (Koken and
Arslan, 2018). m

Lemma 6 If Q,;, n>1 is the n"terms of the 1-consecutive GCD sequences the altered Pell Lucas

sequences, then

_ 8P, foroddk 12,if k=3(mod4)
Q1= 1 N2k-11 T :
2Qy,1, for evenk 4,  otherwise

12,if k=1,3(mod4

4, otherwise Qukr2a k2 Qak_11

QZk,l = 2Q2k+1 ) QZk+1,1 ={

Proof All results are seen by using the identities of Theorem 9 and Theorem 10 given in (Koken and
Arslan, 2018). m

Theorem 11 For the Q;; and Q;;, the Pell Lucas type recursive relations are valid:

40,5, if nisodd
8P,,, otherwise’

8P,,, if nisodd
2Q,,3, Otherwise ’

8P, if nisodd
-2Q,, otherwise '

2Q5k 21— Q1 ={ Qoxi2.1—2Q5 1 ={

—4q,, if nisodd
8P4, Otherwise -

2Q0k121— Qa1 = { Qaks2,1—2Q0 1 = {

Proof By using the definitions of the Q;; and Q;,, the identities q,,; +q,,=4P, and P,_; +P, =q,,
we obtain all results. m
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Corollary 4 When the values of indices vary according to numbers in Lemma 5 and Lemma 6, we can
rewrite

+ + - - + + - -
Quke21— Qa1 =2Q041y  Quke21— Qa1 =2Q0k12+ Qakr — Quk—21 = 2Q0k41+ Quk1 — Qak—21 =2Q%,

QZk+2,l - QZk—Z,l = 4'Q2k+1’ QZk+2,1 - QZk—Z,l = 16P2k+1 :

And also, we have

2QI|<+2,1 - QIk,l = 8P2k+2 ) 2QZ|<+2,1 - QZk,l = 2Q2k+3 )
ZQIk,l - QIk—Z,l = 2Q2k+2 ) ZQZk,l - QZk—z,l = 8P2k+1 .

Theorem 12 Some recurrence relation of the Q;; and Q,, are

+ + + — — —
Q4k+4,1 = 4Q4k+2,1 - Q4k,1 1 Q4k+4,1 = 2Q4k+2,1 - Q4k,1 1

+ + + — - -
Q4k+2,1 = 2Q4k,1 - Q4k—2,11 Q4k+2,1 = 4Q4k,1 - Q4k—2,1 .

Proof By using values of these numbers in Lemma 5, Lemma 6, and the identities q,,; +d,_; = 4P,,
P,_1 + P..; = 2q,, the recurrence relations are obtained. m

Corollary 5 There exist some relations between the Q;, and Q;, numbers;

Qiksar— Q1 =16Py» =2Q,01,  Qikear = Qa1 =4Qus2 = 2Q0k421 5
Qiks21— k21 =4Qus1 =2Qpk 1, Qlsz1 = Qikn1 =16Py 1 =2Q5 5.

Theorem 13 The Binet formulas for the Q;, and Q;; are

Q1= 2\/§(¢2k+1 - (02k+1) v Qg1 = 2(¢2k+2 + (02k+2) ,

Paa = 2(¢2k+1 + (P2k+1) v Pacion = 2\/§(¢2k+2 - (/?2k+2) .
Proof All results are obtained by using the identities given in (1). -

Theorem 14 For Cassini, Catalan and D’ocagne’s like identities of the Q} ; and Qy, ,, identities in the
following are valid;

2 2 3.2
QIk+4,1QIk—4,1 - (Qj{k,l) =4 ) QZ(k+r),1QI(k—r),l - (sz,l) =4"Py,
2
- - - 7
QIk1+4,1QIk2,1 - QIkl,lQIk2+4,1 = 2P2(k1_k2) ) Q4k+4,1Q4k—4,1 - (Q4k,1) =-2',
- - -\ 552 A - - A 6
Q4(k+r),1Q4(k-r),1 - (Q4k,1) =-2 Pr, Q4k1+4,1Q4k2,1 - Q4k1,1Q4k2+4,1 =-2 Pz(kz—kl) :

Corollary 6 The {Q,{z}, {Q;Z}, {Pnf3} and {Pnfg} are constant sequences.
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CONCLUSION

We examined the altered Pell and Pell
Lucas numbers, which are by altering according
to two integer parameters of the Pell and Pell
Lucas numbers, and obtained the Binet formula,
the Cassini, Catalan and D’ocagne’s like
identities of them. Our results enable us to get
outcome in a short time with many interesting
problems involving these sequences.
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