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The Kadomtsev-Petviashvili (KP) Equation as

an example of Invariant Equations

Invariant denklemlerine bir 6rnek: Kadomtsev-Petviashvili (KP) denklemi

Halis YILMAZ

Abstract

We will consider two scalar differential operators L and M. We call them scalar
because their coefficients are functions rather than matrices. Our aim is to ob-
tain some gauge invariant equations. In order to achieve this goal we firstly find
the gauge invariants of L and M by using the gauge transformation on L and M.
And then by using the Laz equation, [L, M| = 0, we have some differential equa-
tions in the invariant forms. After that we derive The Kadomtsev-Petviashvili
(KP) equation as an example.

Key words: KP equation

Ozet

L ve M’yi iki skaler diferansiyel operator olarak gézénine alalim. Burada L
ve M skaler operatorlerdir, ¢iinki bu operatorlerin katsaylars matrisler degil
fonksiyonlardwr. Bizim amacimiz ’gauge invariant’ denklemlerini elde etmek-
tir. Bu amaca ulasmak i¢in ilk once L ve M tuzerinde ’gauge transformasyon’
kullanarak L ve M nin ’gauge invariant’ larine bulacagrz. Daha sonra Laz den-
klemini, [L, M] = 0, kullanarak invariant form’da baz diferansiyel denklemler
elde edecegiz. Burada Kadomtsev-Petviashvili (KP) denklemi bir ornek olarak

karsimaza ¢ikacaktur.
Anahtar Kelimeler: KP denklemi

!Dr. Halis Yilmaz, Department of Mathematics, University of Glasgow, Glas-
gow /UK, e-mail: halis@halisyilmaz.com
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1 Introduction

Let L and M be two operator functions such that

L = O+ 0> +ud, +v (1)
= Oy + 02+ ad? +b0,+c (2)

where u, v, a, b and c are functions of x, y and ¢.
Consider the commutativity representation [ L, M] = 0, i.e. L and

M are a Lax pair [2].

2 Invariants for L. and M

We will use the gauge transformation [1] on L and M in order to get

invariants for L and M.
2.1 Invariants for L = 0; + 92 + ud, + v
g 'Lg=1L
Therefore,
g O+ 02+ udy +v)g =0+ 0>+ b, + 0 =

G HOy.9) + g HO29) + ug  (Dp.g) + v =0y + O + WDy + T =
9 (94900 +9 (goet+2900:+ 902 +ug ™ (g +902)+v = Oy+0> 410y +0 =
A2+ (u+29"9:)0: +v+g gt ug  ge+ g Gur = O+ 02+ 0Dy +0

Therefore, we obtain

@ = u+29 'g, (3)

[S4
Il

v+ 9 g+ ug T g + 9 gus (4)

So,

i=u+29"'g, =
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g g = i) o)

In the equation (5), by taking derivative both sides with respect to =z,

we obtain

_ 1 _
g 1gxx = 5(“ - U)z + (g 193[:)2

If we substitute the equation (5) in the above equation, we have
1 1 _ -
g gxng(u_u)z'f‘*(u_u)

Therefore, by substituting ¢ 'g, and g~ 'g., in the equation (4), we

have
_ . 1 . 1 _
g lgt:v—v—g(u—u)x+1(u2—u2)
Since (gilgz)t = (gilgt):u
1 . N 1 .
—(U—u)y =0y — vy — i(u W)z + = (Uuy — Uly)

By multiplying both sides by 2, we obtain
Ut + Upy + Uy — 20 = Up + Ugy + Uz — 20,
Let
J = U + Ugy + uty — 20, (6)

This is an invariant for the operator function L [3]|, where L is defined
in (1).

2.2 Invariants for M =9, + 02 + ad? + b0, + ¢
g Mg = M
Therefore,

g0y + 02+ ad2 + b0, +c)g =0y + 0+ ad + b0, + &=
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g 10y.9)+g 1 (02.9)+ag 1 (92.9)+bg 1 (Dr.g)+c = %—I—@ﬁ—i—&@ﬁ—i—g&—i—é =
gil(gy+gay)+gil(gxzx+3g:m:am+3.gzai+ga§)+a971(gxx+29xax+ga§)
+bg N (ge + 90y) + ¢ = Oy + 03 + 402 + b0, + ¢ =

Oy —1—({39?; + (a+397lgx)8§ + (b+2agflgx +3gilgm)8x +c+gilgy +bg g,

+ag_lgwx + g_lgccaza: = 8@/ + 35’ + dﬁ% + 5890 +c

So, we obtain

a = a+ 3g_1gx (7)
i) = b+ 2ag_lgx + 39_1.9361 (8)
¢ = c+ g_lgy + bg_lgx + ag_lgm: + g_lgxmc (9)

Now, from the equation (7), we have

9 s = %(& —a) (10)

In the equation (10), by taking derivative both sides with respect to z,
we obtain

1

gilgxac = g(& - a)x + (gilg;r)Q

If we substitute g~'g, (10) in the above equation, we get

9 Yoe = =(@—a)s + ~(@ — a)? (11)

We know that b = b+ 2ag gz + 39" gua (8)
By substituting g~ 'g, (10) and g~ !¢, (11) in the equation (8 ), we have

- 2 1
b:b+§a(d—a)+(&—a)x+§(&—a)2j
175
Got2a? — b= ap + a2 —b (12)
T3 ©3



Let
Ly
I:az—|—§a —b (13)

I is an invariant for the operator function M, where M is defined in (2).

Now, consider the equation (9), which is

c=c+ gilgy + bgflgm + agilgacx =+ gilgx:cm

In the equation (11), if we take derivative both sides w.r.t. x, we have

$0 = a2 (6= @)@~ @)+ (57 02) (97 g0e)

g_lgzmx = 3

By substituting g~'g, (10) and g 'g.. (11) in the above equation, we

obtain

[ %(&—a)m—i-%(&—a)(&—a)x—i— 21—7(&—a)3 (14)

If we substitute g~ 'g, (10), g7 g2z (11) and g~ gzzs (14) in the equation

(9),

we get the following expression

1 1 1 1 1 1
~ 1 7 T - ~ 2 S(x (= 3
¢=c+g gy+3ab 3ab+3a(a a)x+9a(a a) +3(a a)m—l—27(a a)

From the equation (12), we can easily obtain

1 . 1. ~
b:am+§a2—az—§a2—|—b

By substituting b in the %&b term, the equation above becomes

~ _ 1, 1 1 - 2 2
c=c+yg lgy—l—g(a—a)m—gab—{—gab—f— ﬁa3—2—7a3

By multiplying 3 and then taking the derivative with respect to z,

the equation above becomes

2 ~ 2
3¢y = 3¢z + 3(971911)90 + (G — §a3 +ab)y — (azz — §a3 +ab), (15)
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Applying equation (10), which is

1 1.

g gz=§(a—a)

By taking the derivative both sides w.r.t y, we have
_ 1.
(97" g2)y = 3(a—a)y
Since (gilgx)y = (gilgy)ra

(9_193/):1: = %(& —a)y

So,

if we substitute this last expression above in the equation (15), we obtain

- 5 2. = . 2
Ay + (Gzz — §a3 +ab)y — 3¢ = ay + (azy — §a3 + ab); — 3¢y

Let
2 5
K =ay+ (ags — g% +ab); — 3¢, (16)

where K is an invariant for the operator function M.

Summarise all invariants for the operator functions L and M:

J = up+ uge +uug — 20,
1
I = Ay + §a2 —-b
2 5
K = ay+ (aze — -a” +ab), — 3¢,

9

3 The Commutativity Equations
[L,M]=0=

[0 + 02 + udy + v, 0y + 2+ ad2 + b0y + ] =0 =

(04 +024+udy+v) (0y+02+ad2+b0y+c)— (0 +02+ad2 400y +) (O4+02+udy+v) = 0
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By doing some calculations, we have

Ct + Caz + UCy — Vy — Uz — QUzz — DUz + (by + bz + 2¢5 + uby — uy —
Upgr — gy — AUgy — 200y — bug)O0y + (ap + Ggy + 2by + ua, — 3ug, —
3v, — 2au,)0% + (2a; — 3uz )02 =0

Therefore, we obtain the following equations:

2a,; — 3u, =0 (17)
at + Gzyp + 2by + uay — 3z, — 30, — 2au, =0 (18)
by + bex + 2¢4 + uby — Uy — Ugpy — 3Vaz — AUy — 200, — buy, =0 (19)
Ct + Caz + UCE — Vy — Vpgw — AUz — by =0 (20)
So,
(17) = 2a, — 3u, =0 =
3
a; = —u; = a = —u+a(t,y), where « is an arbitrary function of ¢ and y.

2 2

Let us choose @ = 0. Then, we have

(18) = at + agzy + 2by + uay — 3Uzy — 3V — 2au; =0

Since I = ay + 1a? — b (13),

1
b:ax+§a2—1 (22)

Therefore,

2
by = azz + gaax -1,

If we substitute b, in the equation (18), then the equation (18) becomes

4
ar + 3az. + gaaw — 21, +uay — 3ugy — 3V — 2au, =0
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In the above equation if we put @ = 3u (21), then we obtain

3 3 3
§Ut + iuxx + 5““1‘ — 2_[5,; — 3Ux =0

Multiplying both sides by 2, we get
41, = 3(ut + Uy + vty — 2vy)

Therefore, we obtain

I,=-J
4

where J = uy + Upy + Uty — 20,.

(19) = by + byy + 2¢4 + uby — Uy — Ugpy — BVpg — AUy —

We already know that b = a, + $a® — I (22)
Since a = 3u (21),

b= %um + Zlﬂ -1
Therefore,
by = %(uxt + uug) — Iy
and

(23)

2av, —buy, =0

3 3

From equation (16), we have

1 2
Cr = g[ay + (apy — §a3 +ab), — K]

Since a = %u and b = %uer%uQ—I,

1 1 3, 3, 1 3

Cr = Uy + SUgze + SU UL + Uy — UL + Ul —

2 2 8 4% 2 4

(25)

1 1

Hence, if we substitute a(u), b(u,I), bi(u,I), by(u,I), byz(u,I) and
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¢z (u, I, K) in the equation (19), we obtain

3 3 3 3 3 2
iuxt—l—iuut—It—l—iuzm—i—iui—l—Suum—Im—i—§u2u$—2uI¢C—§K—3vm—3uU$ =0

=

3 3 2
5(ut—l—um+uuz—2vz)x+§u(ut+um+uum—2vz)—It—Im—2qu—§K =0

Since J = uy + Uy + uuy — 2v, (6), the equation above becomes
3 3 2

So,
if we substitute I, = 3.J (23) in the equation (27), we obtain

9 3
K =cJo— 3l (28)

(20) = ¢t + Caz + UCE — Vy — Vg — QUzz — U =0

In the equation (25), if we integrate both sides w.r.t. x, then we have

1 2
c= 3(/aydac + gy — §a3 +ab— /Kdac) + B(t,y)
where 3 is an arbitrary function of ¢ and y. Choose 3 = 0. Therefore,

1 2
c = 3(/ Ayt dT + gz — §a2at + atb + aby — /thx)

3

Since a = u and b = %uac + %uQ — I (24), the equation above becomes

1 1 3 3 1 3 1 1
cr = 2/uytdx+2um+8u2ut+4utux—2utI+4uu$t—2uIt—3/thx

In the equation (26), if we take derivative of both sides w.r.t. z, then
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we can easily get

C. Uu Uu uu u

2
4 2 4 2

Also from invariant J = uy + ugy + uu, — 20, (6), we can have

1
Vp = §(ut + Ugy + vty — J) (29)

By integrating the equation above w.r.t. =, we get

1 1

where v is an arbitrary function of ¢t and y. Choose v = 0, so that

1
vy = 2(/ Uty dT + Ugy + Uty — /Jyd:v)

In the equation (29), if we take derivative both sides w.r.t. = twice,

then we obtain v,, and v,,, respectively:

1
Ve = §(umt + Ugga + Ug + UlUgy — Jx)a

1
Vpzxr = §(uxxt + Ugpze + FUzUgy + Ulgyr — Jx:c)

Hence, if we substitute a, b, ¢4, ¢z, Czz, Uy, Uiy Vzp and vgz, in the equa-
tion (20), where a = a(u),b = b(u,I),c = c(u, I, K) and v = v(u, J) then
we obtain

AK,+ 30 — 3 [Kydr + L [ Jydo+ 3upd + 30T — $17 + 3ud, —
%uQIx — %uK — %u[t — ugly — %u[m =0

If we substitute I, = 2.J (23) in the above equation, then we obtain

1 1 1 1 3 1 1

1
3
Similarly by substituting K = %Jx — %It (28) in the last equation,

then the equation above becomes -

1
Ko

1
Ugz+— UpUpg— = Uga L —Ug Lo+~ Ulpgr — — UL g7 — g



1 1 1 1 1

In the above equation, if we take derivative of both sides with respect to

z and multiply by -1’, then we obtain the following invariant equation

1 1 1 1 1

Summarise all invariant equations:

3
9 3
K =—J,— 1
SJJJ 2 t
1 1 1 1
s Ky t5Kew = 5y = Gawa + 5(1])2 =0

4 Conclusion

If we put I = —%q in the equation (23),1, = %J, then we obtain

J = —2q,

(30)

(31)

Also, by substituting I = —%q and J = —2¢, in the equation (28), which

is 9 5
K==>J,— I
8Jx 2t

Then we can rewrite K in the term of ¢

9 9
K = _zq:ca: + ZQt

Now, let us consider the invariant equation (30):

1 1
K+ K. —
gttt ghae =g

1 1 1
Sy = = awe + ~(1])y =0

(32)
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Since I = —%q, J=-2q, (31) and K = —%qm + %qt (32),

the equation above becomes

3, 3 1 3
—qzy — §qx - §Qsz - EQﬁtzx - XQtt =0

If we multiply both sides by ’-4’, then we easily get
4Qxy + 6(]2 +699sz + Qraze + 3G =0

= (4Qy + 6(]% + qgexz)x + 3Qtt =0

By swapping y and t in the above equation, we finally obtain the follow-

ing equation
(4Qt + GQQm + q;r:cx)a: + 3ny =0

which is KP equation.
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