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Highlights
« We define hyperbolic Horadam functions.
« We present their hyperbolic and recursive properties.
« Our findings generalize the previous studies.
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1. INTRODUCTION

In [1], the authors appreciated the importance of hyperbolic functions and their analogs in the following
words:

"Discovering that the world around us is hyperbolic is probably one of the major achievements of science.
In 1827, Lobachevsky offered a new geometric system based on hyperbolic functions. In 1993, Stakhov
and Tkachenko developed a new approach to the hyperbolic geometry. Using Binet formulas, they
developed a new class of hyperbolic functions called the Hyperbolic Fibonacci and Lucas functions. In
2005, Stakhov and Rozin, developed a new surface of the second degree, called the golden shofar. The
hyperbolic Fibonacci and Lucas functions and the surface of the golden shofar are the representatives of
the golden mathematical models used for modeling hyperbolic space.”

The Fibonacci and Lucas numbers are generated by the rules: F,,, =F, +F,_; (n>1) with F,=0, F =1
and L, =L,+L,, (n>1) with Ly=2 and L =1 respectively. The Fibonacci numbers have many
continuous forms and generalizations [1-11]. Horadam number sequence W, (a,b: p,q), or briefly W, , is
generated by the rule:

Wn+l = an + an—l' (1)
where n>1, W, =a, W, =b, p and g are nonzero real numbers [3]. The characteristic equation of W, is

t? — pt—q=0. )
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The roots of Eq. (2) are:

' 2 2
a:w and ﬂzw (3)

Also, the Binet formula for W,, is

A" -Bf" _ Ad"-Bf"

W, = : (4)
a-p Jp?+4q

where

A=b-ap and B=b-aa. (5)

Since a—ﬂ:J p>+4q and B =—q, the Eq.(4) is rewritten as

M n isodd
W - A" _(_1)n Bqna—n _ \’ p2 +4q (6)
n VP’ +4q A" —Bg'e™" .
_— n Iseven.
VP +4q

The Horadam number W, is reduced to some famous number sequences as:

@ j/_ga , N isodd
the Fibonacci number F, =W (0,1:1,1) = (7
o —a” n iseven
\/g 1 1
a"—-a", nisodd
the Lucas number L, =W, (2,1:1,1) = (8)
a"+a™, niseven,
M, n isodd
Jp?+4q
U,=W,(0,1:p,q)= €))
an _qn -n .
, N iseven
p? +4q

and
a"—-q"a™", n isodd

Vo =W, (2,p:p,0) = _ (10)
a"+q"a™", niseven.

Let us consider the positive root of Eq.(2)
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2
g=P P +4q. (11)

2

The proportion (11) is called as the generalized golden (P, ) -proportion (or metallic means) [4,5]. For

1+/5
2

(p=2, g=1), bronze ratio ( p=3, q=1) and generalized golden m- proportions (p=m, q=1).

In this paper, we introduce hyperbolic functions connected to Horadam sequence. We first define

hyperbolic Horadam functions and present their hyperbolic and recursive properties. Then, we give some

geometrical properties of hyperbolic Horadam functions.

the case p=q=1, we have the golden ratio, ¢= . Also, the formula (11) is reduced to silver ratio

2. HYPERBOLIC HORADAM FUNCTIONS

The famous classical hyperbolic functions are defined as

g —e” e
and cosh(x) =

+e7*

sinh(x) = (12)

The hyperbolic functions have many generalizations, analogs and inequalities [1,2,4,6-10,12-18]. Pandir
and Ulusoy [16] defined generalized hyperbolic functions as follows:

k& _ yg—ké ke -k
sinh, (£) :% and cosh, (&) :w 1
where & is a variable; p,q and k are constants. Stakhov and Tkachenko [7] defined the hyperbolic
Fibonacci and Lucas functions replacing the discrete variable n in formulas (7) and (8) with the real
variable X. Stakhov and Rozin [8] defined symmetrical forms of hyperbolic Fibonacci and Lucas functions.
Koger and et al. [4] first defined two hyperbolic functions by using the formulas (9), (10) as follows:

(13)

2X 2X ., —2X 2x+1 2x+1 ., —2x-1

@ 9%  and cU=4—*+9 <

VP +4q JP* +4q

Then, they introduced symmetrical representations of sU(x) and cU(x) using Stakhov and Rozin's
approach as follows:

sU(X) =

(14)

o _qxa—x o +qxa—x
2

Jp?+4q Jp?+4q

If we compare Binet formula (6) to the generalized hyperbolic functions (13), we notice a similarity.
Generalizing the hyperbolic functions (14), we have hyperbolic Horadam functions as in next definition.

sUs(x) = and cUs(x) = (15)

Definition 1. Let « be as in (11). Then, the functions

AaZx _ BqZXa—Zx

SW(x) = \/pz v

(16)

and
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Aa2x+l + Bq2x+1a—2x—l

JP* +4q

are called hyperbolic Horadam sine and cosine functions, respectively, where p and ( are nonzero real
numbers, such that p? +4q 0.

CW(x)= a7

The equations SW (k) =W,, and cW (k) =W, ,;, where k =0,F1,¥2,...denote the relationships between the
Horadam numbers and the hyperbolic Horadam functions.

The hyperbolic Horadam functions (16) and (17) are not symmetrical with respect to the origin. So, we use
Stakhov and Rozin's approach [8] to define symmetrical representations of hyperbolic Horadam functions.
That is, the symmetrical hyperbolic Horadam sine function is

SWS(X) — w (]_8)
p® +4q

and

cws(x) = A% £Ba' (19)
p®+4q

The relationship between the Horadam numbers and the symmetrical hyperbolic Horadam functions is:

(20)

n

cWs(n), n is odd
sWs(n), n is even.

The formulas (18) and (19) generalize the formulas (15) and symmetrical hyperbolic Fibonacci and Lucas
m- functions in [6].

The functions cWs(x) and sWs(x) have similar properties that of hyperbolic functions in (15), with second
order recurrence sequences introduced by Koger and et al. [4]. In the sequel we present some of them.

Proposition 1. (Recursive relation).

SWs(X+2) = pcWs(X+1) +gsWs(x) and cWs(x+2) = psWs(X +1) + gcWs(X). (21)

Proof.
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X+1 X+l —x-1 X X =X
pCWs(x+1)+qus(x)=p[Aa +Bg"a }rq{ﬁa -Bq*a }

Jp*+4q VP +4q
Ac*(pa+0) - Bg*a*(1-P)
_ a

P +4q
_ AO{X+2 _ qu+2a—x—2

JP* +4q

=SW5(x+2), (22)

where pa+Q=c?, 1-- =

R o

q

o’

Proposition 2. (Cassini's identity).

[sWs(x)]2 —CWs(x +1)cWs(x —1) =—ABqg** and [ch(x)]2 —SWs(x +1)sWs(x—1) = ABg*™. (23)
Proof.

(AOCX _ qua—x )2 _(Aa,x+l + qu+la—x—l)(Aax—l + qu—la—x+l)

(]

_—ABg** (Zq +a’+ qza’z)
) p* +4q

(LHS) =

=—ABg*, (24)

where (LHS) is the left hand side of the first identity.
This completes the proof.

The proofs of the next three propositions are similar to the proofs of the previous propositions. So, we give
them without proof.

Proposition 3. (Pythagorean Theorem).

[ch(x)]2 —[sWs(x)]2 =4ABq* (p? +4q) ™. (25)
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Proposition 4. (nth derivatives).

X

In
(In a)"sWs(x)+( Bg*a™, nisodd

[ews(x)]"” = (26)

(In
(Ina)"cWs(x) + Bg*a™, niseven

and

(Inqjn +(Ina)"

(Ina)"cWs(x) —~—<

JP* +4q

[sWs(x)]" = (27)
| ~(na)

(Ina)”sWs(x)—( “j

Vp*+4q

Proposition 5. (Moivre's equation).

Bg*a™™, nisodd

Bg*a™, niseven.

i) [eWs(x)+sWs(x)]" = {ZA(\/ p? +4q )_Tl [cWs(nx) + sWs(nx)], (28)
i) [cWs(x) —sWs(x)]" = [ZB(x/ p? +4q )_Tl [cWs(nx) —sWs(nx)]. (29)

3. THE QUASI-SINE HORADAM FUNCTION

If we take into account that cos(nzz) =(—1)" for integer values of n, the formula (6) is rewritten as

Aa" —cos(nz)Bq"a ™"

W, = (30)
JP* +4q

Then we have next definition.

Definition 2. The function

WW(X) = A —cos(7X)Bq*« (31)

JP* +4q

is called the quasi-sine Horadam function, where x is any real number.
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Notice that WW (n) =W, for all integer n. The quasi-sine Horadam function generalizes some quasi-sine
functions such as quasi-sine Fibonacci and Lucas function. The graphs and more information of the special
cases of the quasi-sine Horadam function are given in [4,9].

Now we give two properties of quasi-sine Horadam function without proof.

Proposition 6. (Recursive relation).
WW (X +2) = pWW (X +1) + QWW(X). (32)
Proposition 7. (Cassini's identity).

[WW ()] —WW (X + DWW (x —1) = —ABg** cos(z). (33)

3.1. The Metallic Shofars

We introduce in this subsection some curves and surfaces connected to the Horadam number. Koger and et
al. [4] defined three-dimensional spiral for U, the sequence in (9) as:

a* —cos(zx)q ™ i sin(zx)q*a ™

CUU(x) =
v JP* +4q JP* +4q

(34)

As for us, we define three-dimensional Horadam spiral by generalizing formula (34).

Definition 3. The function

. l—x
¥ —cos(zX)Bq ™ +isin(7rx) Bq*'a™ Ax* +ie i )qua*x

\/p2+4q \/p2+4q Jp2+4q

cww (x) =22 (35)

is called the three-dimensional Horadam spiral, where i? =—1.

Note that the real part of CWAW(x) equals to W (X).

Proposition 8. (Recursive relation).

CWW (X +2) = pCWW (X +1) + gCWW/ (X). (36)

Proof.
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.1
. Ly . iz(5-x) _
Ao +ie Bq*la ™t 4 Ac* +ie 2 "Bg*a

\/p2+4q \/p2+4q

i;r(%—x—l)

pCWW (x+1) + qCWW (X) = p

= Ad’ (pa+q)+ie"Bq " a( peiiE + eifa)
TP +4q
_ Aax+2 + ie—izzx qu+la7x,1(a . p)
7 +aq
_ Aax+2 + ie—i;z(x+2) qu+2afx,2
N
=CWW(x+2), -

where pa+Q=c° and a— p:ﬂ. This completes the proof.
(94

LetY and Z axises be real and imaginary axises, respectively. Then, we have the system of equations depend
on three-dimensional Horadam spiral:

A :—cos(zzx)Bquz‘X 38
R RN “
Z(x)zw_ (39)

VPP +4q

By summing up the squares of equations of the above system we have

2 2
Aax ) qua—x
Yyo————mxn | +I°=| — | . (40)
L 1/p2+4qj [«/p2+4qJ
By considering the formulas (18) and (19), the formula (40) is of the form

22 =[cWs(X) — y][y —sWs(x)]. (41)

The Eq. (40) corresponds to Metallic Shofar [5]. Let us consider the definition of W, (a,b: p,q) given in
(1). Inthe case a=0, b=1, p=m and q=1 the Metallic Shofar is expressed with the equation

o 2 s 2
(y \/m2+4j e _(\/m2+4] ,
(42)

where « is the golden (m,1) proportion [4]. For the cases m=1,2,3, the Eq. (40) corresponds to Golden
Shofar [4,9], Silver Shofar [4,5] and Bronze Shofar [4,5], respectively. That is, we have the equations
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where ¢, y and 7 are golden, silver and bronze proportion, respectively.
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