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Abstract

In this paper, the definition of a new concept which is called GP-fuzzy soft subgroup is introduced and some
basic properties of the families of GP-fuzzy soft subgroups are examined.

Keywords: Groups, (Fuzzy) soft set, UP-fuzzy soft subset, GP-fuzzy soft subgroup

GP-Bulanik Esnek Gruplar

Oz

Bu makalede, GP-bulanik esnek altgrup olarak adlandirilan yeni bir kavram tanitilmis ve GP-bulanik esnek

altgruplarin ailelerinin bazi temel 6zellikleri incelenmistir.

Anahtar Kelimeler:
altgrup

Gruplar, (Bulanik) esnek kiimeler, UP-bulanik esnek alt kiime, GP-bulanik esnek

1. Introduction

The theory of soft sets originally is proposed
by Molodtsov (1999) as a mathematical
method to deal with uncertainties. In the
sequel Maji et al. (2003) present some certain
soft binary operations and some basic
definitions on soft sets. Ali et al. (2009)
discuss some results which are given by Maji
et al and they give some new notions. Some
potential of the soft sets such as the extension
to some certain areas attract the attention of
the researchers. Maji et al. (2001) combine
the theory of soft set with the theory fuzzy
set which was initiated by Zadeh in 1965.
Their unified concept is referred as a fuzzy
soft set. Yang et al. (2007) study on the

*Corresponding Author: cananekiz28@gmail.com

notion of fuzzy soft sets. As a subsequent
research, Ahmad and Kharal (2009) improve
the studies on the fuzzy soft sets and define
arbitrary fuzzy soft operations. The extension
of fuzzy soft sets to algebraic structures has
being interest since its introduction in 1999.
Initially, Aygiinoglu and Aygiin (2009)
define the notion of fuzzy soft groups.

Akin and Karakaya (2018) have proposed a
new concept which is called UP-fuzzy soft
set recently. In their study they introduce the
notion of SP-fuzzy soft subsemigroup. In this
paper, we investigate the notion of UP-fuzzy
soft set for groups.
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2. Preliminaries

A function f from a nonempty set A to the
unit interval [0,1] is called a fuzzy subset of
A (Zadeh, 1965). F(A) denotes the set of all
of the fuzzy subsets of A. Let f, g be fuzzy
subsets of A, then f < g means that f(a) <
g(a) forall a € A. For any a € [0,1], the set
fo ={a € A|f(a) = a} is called the a-level
set of f. Let {f;|i € A} be a family of the
fuzzy subsets of A and x € A. Then A and v
operations are defined by:

(A @ =2 fi@),
(V@ =Y fi@),

Let B be a subset of A, then yz denote the
characteristic function of B and it is defined

by

1 , x€B
() ={ 0 . xéB.

Let A,B be nonempty sets, u € F(A), v €
F(B) and f:A — B be a function. Then
f(u) e F(B) is defined by f(u)(b)=
Vi=pu(a) for all beB and f~'(v) €
F(A) is defined by f~1(v) = v(f) (Klir and
Yuan, 1995).

2.1. Fuzzy Subgroups

Let G be group and f,g € F(G). Then the
product operation of f and g is denoted by
f-g and defined by (f-g9)x) =
x_vabf(a) Ag(b) forall x € G. f~1 € F(G)
is defined by f~1(x) = f(x~1) forall x € G.
If, forall x,y € G, f(x) A f(y) < f(xy) and
f(x) < f(x™Y), then f is called a fuzzy
subgroup of G.If a fuzzy subgroup f of G
satisfies the condition f(xy) = f(yx) for all
X,y € G, then it is called a normal fuzzy
subgroup of G. f is a normal fuzzy subgroup

of G if and only if f(xy) = f(yx) for all
x,y € G. (Das,1981; Mordeson and Nair,
2001; Rosenfeld, 1971)

2.2. Soft Sets

Some known and useful definitions and
notations on soft sets are given in the
following.

Definition 2.1. Let U be an initial universal
set and P be a set of parameters. Then the
power set of U is denoted by P(U). Let A be
a subset of P. Then a pair (F,A) is called a
soft set over U where F is a mapping given
by F: A - P(U) (Molodtsov, 1999). The pair
(U, P) denotes the collection of all soft sets
on U with the attributes from P and (U, P) is
called a soft class (Kharal and Ahmad, 2011).
In this paper, we consider a soft class (G, P)
with a group G as the initial universal set.

Definition 2.2. Let (F,A) and (G, B) be two
soft sets over G, (F,A) is called a soft subset
of (G,B), denoted by (F,A) < (G,B), if
(A € B, (i)F(x) € G(x) for each x € A
(Molodtsov, 1999).

Definition 2.3. Let {(F;,A;)|i € A} be a
family of soft sets in a soft class (G, P). Then

a) The restricted intersection of the
family {(F;, A;)|i € A}, denoted by
(N;)iea(Fi, Ap), is the soft set (F, A)
defined as: A = Njeq 4;, F(x) =
Niea Fi(x) (Vx € A),

b) The extended intersection of the
family {(F;, A;)|i € A}, denoted by
(Ne)iea(Fi, Ap), is the soft set (F, A)
defined as: A = Ujeq 4;, F(x) =
Niea) Fi(x) (Vx € A) where
A(x) = {i|x € A;},

c) The restricted union of the family
{(F;,A))|i € A}, denoted by
(N;)iea(Fi, Ap), is the soft set (F, A)
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defined as: A = N;e4 A;,
Uiea Fi(x) (Vx € A).
d) The extended union of the family

F(x) =

{(F;,A)|i € A}, denoted by
(Ne)iea(F;, Ay, is the soft set (F, A)
defined as: A = Ujeq 4;y F(x) =

Uieaw) Fi(x) (Vx € 4)
e) The A-intersection of the family

{(F;,A)|i € A}, denoted by
Niea (F;, A;), 1s the soft set (F,A)
defined as: A = Tlies A;,

F((x)iea) = Niea Fi(x)
(V(xi)iea € A),

f) The v-union of the family
{(F;,A)]i € A}, denoted by
Viea (Fi, 4;), is the soft set (F,A)
defined as: A = [liea A,
F((x0)iea) = Uiea Fi(x;)

(V(x1iea € 4),

g) The product of the family
{(F;,A)|i € A}, denoted by
[liea (Fi, A)), is the soft set (F,A)
defined as: A = Tlies 4;,

F((x)ien) = iea Fi(x;)
(V(x)iea € A).

(Ali et al., 2009; Celik et al., 2011; Feng et
al., 2008; Kazanci et al., 2010; Maji et al.,
2003; Pei and Miao, 2005).

2.3. Fuzzy Soft Sets

In the following definitions we give some
useful and known concepts of fuzzy soft sets.

Definition 2.4. Let U be an initial universal
set and P be a set of parameters. A pair
(f, E) is called a fuzzy soft set over U, where
f is a mapping given by f: E = F(U) (Maji
et al., 2001). The pair (U,P) denotes the
collection of all fuzzy soft sets on U with the
attributes from P and it is called a fuzzy soft
class (Kharal and Ahmad, 2011). In this

paper, we consider a fuzzy soft class (G, P)
with a group G as the initial universal set.

Definition 2.5. Let (f, E) be a fuzzy soft set
over U. For each a € [0,1], the set (f,E), =
(fo E) is called an a-level set of (f,E),
where f,(a) ={x € G|f(a)(x) = a} for
each a € E. Obviously, (f,E), is a soft set
over G (Aygiinoglu and Aygiin, 2009).

Definition 2.6. Let (f,E) and (g, H) be two
fuzzy soft sets over G, (f,E) is called a
fuzzy soft subset of (g,H), denoted by
(f,E) € (g,H), if (i) E < H, (ii) for each
a €E, f(a) < g(a) (Maji et al., 2001).

Definition 2.7. Let {(f;,E))|i € A} be a
family of fuzzy soft sets in a fuzzy soft class
(G, P). Then

a) The restricted intersection of the
family {(fi, E)|i € A}, denoted by
Nl (fi, Eo), is a fuzzy soft set (f, E),
E=Nip E; and for all x€E,
f(x) =Nien fi(x).
b) The extended intersection of the
family {(fi, E)|i € A}, denoted by
NéA(fi, Ey), is a fuzzy soft set (f, E),

E=U;ep E; and for all x€E,

f(x) =Nieaq) filx) where A(x) =
{ilx € E;},

c) The restricted union of the family

{(fl,E )i € A}, denoted by

Ulen (fi, Eo), s a fuzzy soft set (f, E),

E=Niep E; and for all x€E,

f(x) =Vien fi(x).
d) The extended union of the family
(i Eli € A, denoted by
Ue.(fi, E)), is a fuzzy soft set (f, E),
E=Uer E; and for all x€E,
f(X) =Vieaw) fi(x).
e) The fuzzy A-intersection of the family
{(f ED]i € A}, denoted by
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Nea(fi, Ep), is the soft set (f,E)
defined as: E = [lienr Ei,
f((x)ien) =Niea fi(x) (V(x)ien €
E),

f) The fuzzy v-union of the family
{(fi, ED|i € A}, denoted by
Vien(f ED, is the soft set (f,E)
defined as E = [lier Ei,
f((x)ier) =Viea fi(x) (V(xien €
E).

g) The product of the family
{(fi, ED|i € A}, denoted by
[liea (fi, E), is a fuzzy soft set
(f,E), E = Ilien E and
f((xiea) =V jen (Nigy fi(x7)).

] is finite
(Ahmad and Kharal, 2009; Celik et al.,
2013; Maji et al., 2001)

Definition 2.8. Let (f, E;), (g,E;) be fuzzy
soft sets in a fuzzy soft class (G, P). Then the
fuzzy product of them, denoted by
(f,E;) X (g,E;), is the soft set (h,C)
defined as C =E, X E;, h(a,b) = f(a) -
g(b) for all a€E;,b€E, (Celik et al,
2013).

2.4. Soft Groups and Fuzzy Soft Groups

Some known and useful definitions on soft
and fuzzy soft groups are shown forth as
follows.

Definition 2.9. Let (F,E) be a soft set over
G, (F,E) is called a soft group over G if and
only if F(a) is a subgroup of G for each a €
E (Aktas and Cagman, 2007; Aslam and
Qurashi, 2012; Yin and Liao, 2013).

Definition 2.10. Let (F,E) be a soft group
over G, (F,E) is called a normal soft group
over G if and only if F(a) is a normal
subgroup of G for each a € E (Aktas and
Cagman, 2007; Aslam and Qurashi, 2012).

Definition 2.11. Let (f, E) be a fuzzy soft set
over G, (f,E) is called a fuzzy soft group if
and only if f(a) is a fuzzy subgroup over G
for each a € E (Ayginoglu and Aygiin,
2009).

Definition 2.12. Let (f, E) be a fuzzy soft set
over G, (f,E) is called a normal fuzzy soft
group if and only if f(a) is a normal fuzzy
subgroup over G for each a € E (Aygiinoglu
and Aygiin, 2009).

Definition 2.13. Let (f,E) be a fuzzy soft
group over G and a, € [0,1]. Then (f,E) is
said to be a a-identity fuzzy soft group over

G if, for all a€eE,xeG, f(a)(x)=
a,ifx=e . .
{0 Z therwise (Ayglinoglu and Aygiin,

2009).

Definition 2.14. Let (U4, P,), (U,, P,) be soft
classes and ¢@:U; - Uy, y:P; > P, be
functions. Then the pair (¢,y) is called a
fuzzy soft function from U; to Us,.
(Aygiinoglu and Aygiin, 2009).

Definition 2.15. Let (f,A) and (g, B) fuzzy
soft sets on the classes (Uy, P;) and (U,, P,),
respectively and let (¢, ) be called a fuzzy
soft function from U, to U,.Then

a) The image of (f,A) under the soft
function  (¢,y), denoted by
(o, Y)(f,A), is the fuzzy soft set on
the class (U, P,) defined by
(0. ), A) = (o(f),P(4)), where
e(HD)Y) =

{V(p(x)zy V¢(a)=b f(a)(x), lf dx € (p_l(}/)

0 )

, (Vb € Y(A) and Vy € U,).

b) The pre-image of (g,B) under the
fuzzy soft function (¢,1), denoted
by (¢,¢¥)"1(g,B), is defined by
(e, ) (9,B) = (97 (), ¥~ (B)),

otherwise
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¢~ (@ ()(x) =
(Va €

where

g(Y(@)(e()),
Y~ 1(B),Vx € Uy)

(Aygtinoglu and Aygiin, 2009).

Definition 2.16. Let (¢,3) be a fuzzy soft
function from G to H. If ¢ is a
homomorphism from G to H then (@,) is
said to be fuzzy soft homomorphism
(Aygiinoglu and Aygiin, 2009).

2.5. UP-Fuzzy Soft Sets

Akin and Karakaya (2018) propose a
fuzzy soft set of a crisp soft set as new
concept of a member of the class
(U,P). They give the following
definitions.

Definition 2.17. Let (F, A) be a soft set in a
soft class (U,P) and (f,E) be a fuzzy soft
set in the fuzzy soft class (U, P). Then (f,E)
is said to be a UP-fuzzy soft subset of (F, A),
denoted by (f,E) Syp (F,A), if EC A and
f(x) is afuzzy subset of F(x) forall x € E.

Definition 2.18. Let (f,E) be a UP-fuzzy
soft subset of (F,A). (F,, E) called a-level
soft subset of (f,E), where F,: E = P(U) is
defined by F,(x) =
fae FOO)If(x)(a) = a} = f(x), for all

x EE.

Definition 2.19. Let (f,E) be a UP-fuzzy
soft subset of (F, A). Then the UP-fuzzy soft
subset (f,E)¢:= (f€ E) of (F,A) is called
the complement of (f, E), where for any x €
E, f°(x):F(x)—1[0,1] is defined by
fe(x)(a) =1—-f(x)(a) forall a € F(x).

Definition 2.20. Let S be a semigroup and let
(F, A) be a soft subsemigroup in a soft class
(S,P) and (f,E) be a fuzzy soft set in the
fuzzy soft class (S, P). (f,E) is called a SP-

fuzzy soft subsemigroup of (F,A) if EC A
and f(x) is a fuzzy subsemigroup of F(x)
forall x € E.

3. GP-Fuzzy Soft Groups

In this section we give a definition of a new
concept which is called GP-fuzzy soft group,
where G is a group. Then we investigate
some properties of GP-fuzzy soft group.
Throughout this section G,H,N will be
considered as groups.

Definition 3.1. Let (F, A) be a soft group in a
soft class (G,P) and (f,E) be a fuzzy soft
set in the fuzzy soft class (G,P). (f,E) is
called a GP-fuzzy soft group of (F,A) if E <
A and f(x) is a fuzzy subgroup of F(x) for
all x € E.

Example 3.2.

a) Let G be the group (Z¢, +) and P =
{x1,%5,x3}. Let A={x{,x,} and
F(x;) ={0} and F(x,) ={0,2,4}.
Let E = {x,} and (f,E) be defined

_ 1, ifa=0,
by fe@ ={y /1

0, otherwise
all @ € F(x,). Then (f,E) is a GP-
fuzzy soft group of (F, A).

b) Let G be the general linear group of
matrices in R of type 2 x 2 and P =
{x1,%5,x3}. Let A={x{,x,} and
F(x;) = {[6;;]} and F(x,) be the
special linear group of matrices in R
of type 2 x 2, where [&;;] is unit
matrix. Let E = {x,} and (f,E) be
defined by

1, if a;; = &;j,

fGe2)(lay]) = {0, otherwise

(V[a;;] € F(xy)). Then (f,E) is a
G P-fuzzy soft group of (F, A).

for
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Remark. Let (f,E) be a fuzzy soft set in the
fuzzy soft class (G,P). If (f,E) is a fuzzy
soft group of G then it is a GP-fuzzy soft
group of (F,A). Therefore the class of GP-
fuzzy soft groups of a soft group covers the
class of fuzzy soft groups and the inverse of
this is not true in general. For instance, in
Example 3.2 (b), the function f(x,) is not
defined for the matrices which have the
determinant different from 1.

Theorem 3.3. Let (F, A) be a soft group over
G and (f,E) be a GP-fuzzy soft subset of
(F,A). Then (F,, E), if f(x), # @ forall x €
E and for any a € (0,1], is a soft group over
G for all « € [0,1] if and only if (f,E) is
G P-fuzzy soft subgroup of (F, A).

Proof. Suppose that (F,, E) is a soft group
for all a€[0,1]. Let x€E and a:=
f(x)(a) A f(x)(b) for any a,b € F(x). So
f(x)(a) = a and f(x)(b) = a. Thus a,b €

FE,(x). ab™! € F,(x) since F,(x) is a
subgroup of G for al x€E. So
f)(ab™) = a, ie, f(x)(ab™) =

f)(@) Af(x)(b). Hence f(x):F(x)—
[0,1] is fuzzy subgroup for all x €E.
Therefore (f,E) is a GP-fuzzy soft group of
(F,A). On the contrary, let a,b € F,(x) for
any «a €[0,1]. Hence f(x)(a)=a and
f(x)(b) = a. Thus f(x)(a) A f(x)(b) = «a.
Thus f(x)(ab™1) = a since f(x) is a fuzzy
subgroup of F(x) for all x € E. So ab™! €
F,(x). Therefore (F,, E) is a soft group for
all « € [0,1].

Theorem 3.4. Let (f;, E;) be GP-fuzzy soft
group of (F;, A;) forall i € A. Then

a) NiA(fi, E) is GP-fuzzy soft group
of (N )iea(Fi, 4y).

b) NéA(fi, E;) is GP-fuzzy soft group
of (Ne)iea(Fi, A7)

c)

N7\ (fi, E}) is GP-fuzzy soft group
of (Ne)ien(Fiy Ay)-

d) [Tiea(fi, E) is a GP-fuzzy soft group

Proof.

a)

b) Let

of [Tien (Fi, A).

and
Clearly,

Let  Nien(fuED) = (fE)
(N:)iea(Fi, 4y) = (F, A).

E =Nijer E; € Niep 4; = A Let
a,b € F(x) for any x EE.
fG)(@ab™) = (Niea fi(x))(ab™h) =
Niea (fi(x)(ab™)) =

Niea (fi(x) (@) A fi(x) (D)) =

Nien (fi(x) (@) AMen (fi(x) (D)) =
f) (@) Af(x)(b) for all a,be
F(x) since F(x) = Niep Fi(x). We
obtain that f(x) is fuzzy subgroup of
F(x) for all x € E. Thus Nl (fir Ep)
is a GP-fuzzy soft group of

(N )ien(Fi, Ay)-

Ner (i ED) = (fLE) and
(Ne)iea(Fi 4y) = (F,A).  Clearly,

E =Ujep Ei S Ujepr A; = A. Let i €
A be arbitrary and constant, and | =
{yEAIx€EE;,i#j} and x€E. If
X € E;, then there are two cases: x €
E\NUis; Ej or J#0. If xe
E;\U;x; Ej;, then F(x) = F;(x) and
f(x) = f;(x), and since f(x) is a
fuzzy subgroup of F(x), then (f,E)
IS GP-fuzzy soft group of (F,A). If
J#®, then F(x) € (Nje F(x))N
Fi(x) and  f(x) = (Ajes fi(x)) A
fi(x). Hence (f,E) is GP-fuzzy soft
group of (F, A) by similar way in (i).
Let x & E;. Then F(x) € Nj¢; Fj(x)
and f(x) = Aje;fj(x). Hence (f,E)
IS GP-fuzzy soft group of (F,A) by
similar way in (i).
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d) Let Nlea(fiE) =(f.E) and
(Ne)iea(Fi, Ay)) = (F,A). Then E =
Niea Ei S Niea A; © Ujen 4; = A.
Let x € E. Thus x € N;ep 4;. Hence
f(X) =Ai€A fl(X) and F(X) =
Niea Fi(x). Since Ajep fi(x) 1s a

f((xD)ien)(@ A f((x)iea)(B) = (Y

JEA
] is finite

= Y, (AfGI@)A Y

JEA
J is finite

(A fEM@AC Y

fuzzy subgroup of N;ep Fi(x), (f, E)
is a GP-fuzzy soft subgruop of (F, A).
e) Let [lea(fiu E) =(f,E) and
[Tiea (Fi, A)) = (F,A). Clearly, E =
[lien Ei S [licn A; = A. Let a,b €
F((x)iep) forany (x;);ea € E. Then

(A )

JEA
] is finite

(A (b))

JEA
] is finite

= ¥ (A GG (@ A fi(x) (b))

JEA
J is finite

= Y, Q0 (x))(ab™™))) =

JSA
] is finite

(A fi(x))(ab™)

\
JEA
] is finite

= f((x)ien)(@b™).

Thus [Tiea(f., E;) is a GP-fuzzy soft group of
[Tiea (Fi, A;) since f((x)ien) is a fuzzy
subgroup of F((x;)ien)-

Definition 3.5.

a) Let (f,E) be a fuzzy soft group over
G and a,B€[0,1], B <a Then
(f,E) is said to be a (a, B)-identity
fuzzy soft group over G if, for all a €
Ex €6, fla)x) = {Z: i)];;erwei;e.

b) Let (f,E) be a GP-fuzzy soft group of
(F,A) and a,B € [0,1], B < a. Then
(f,E) is said to be a (a, B)-identity
fuzzy soft group of (F,A) if, for all
a € E,x € F(a), fla)(x) =
{a, if x=e;

B, otherwise.

Theorem 3.6. Let ¢ be a homomorphism
from F(G) to F(H) and (f, E) is a fuzzy soft
group over G defined by f(a)(x) =
{a, if x € Ker ¢;

B, otherwise. forall a € E and x € G.

Then (¢(f),E) is a (a, B)-identity fuzzy soft
group over H.

Proof. @(f)(a)(en) = Vy@)=e, f(@)(x) =
Vixekere fla)(x) = a.

If y # ey then o(f)(a)(y) = 5. Therefore
(p(f),E) is a (a,pB)-identity fuzzy soft
group over H.

Theorem 3.7. Let ¢ be a homomorphism
fromF(G) to F(H) and (f, E) be a GP-fuzzy
soft group of (F,A) defined by f(a)(x) =
a, if x € Ker @;

{ﬁ, otherwise.
a €E. Then(e(f),E) is a (a,pB)-identity
fuzzy soft group of (¢ (F), A).

, for all x € F(a) for any

Proof. It is straightforward.

Theorem 3.8. Let (f, E) be a G P;-fuzzy soft
group of (F,A). If (¢,¢) is a fuzzy soft
homomorphism then (@, yY)(f,E) is a HP,-
fuzzy soft group of (¢ (F), Y (4)).
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Proof. Let y;,y, € @(F)(b) for any b €
Y(E). Suppose that there exist xq,x, € G

such that ¢ (x;) = y; and @(x,) = y,. Then

eO0GH =z \[ [ r@ea \[ \/ roe

@(x1)=y1 Y(a)=b

@(x2)=y2 Y(a)=b

= @By Ao (f)(B)(y2)

since the inequality

Pp(HD)y:h) =

@)=y y;* Y(a)=b

> \/ f@@nrr@e) = \/

P(a)=b

is satisfied for each x;,x, € G such that
o(x1) =y, and p(xy) = y,. Thus
(o, W)(f,E) is a HP,-fuzzy soft group of
(p(F), ¥ (A)).

Theorem 3.9. Let (g, B) be a HP,-fuzzy soft
group of (T,K). If (p,y) is a fuzzy soft

\/ f@w=

\/ r@eaxh
Y(a)=b

f@enA \/ F@e)

P(a)=b Y(a)=b

homomorphism then (¢,y)"'(g,B) is a
G P, -fuzzy soft group of

(™ (T, ¥~ (K)).

Proof. Let x;,x, € ¢ 1(T)(a) for all a€
Y~ 1(B). Then

P 1@ @ 1 xz D) = g(W(@)(p(x1x3 D) = g(¥(@) (p(x) (x5 1))

> g(Y(@) () A g(¥(@)(9(x2) = 9 (@ (@) (x) A 9~ (9) (@) (x2).

Thus(p,¥)"1(g,B) is a GP;-fuzzy soft
group of (¢~ (T(¥)), ¥~ (K)).

Definition 3.10. Let (f, E) be GP-fuzzy soft
group of (F,A). (f,E) is called a GP-normal
fuzzy soft group of (F, A) if and only if f(a)
is a normal fuzzy subgroup over F(a) for
eacha € E.

Example 3.11. In Example 3.2 (a), (f,E) is
a GP-normal fuzzy soft group of (F,A). In
Example 3.2 (b), (f,E) is not a GP-normal
fuzzy soft group of (F, A).

Theorem 3.12. Let (F,A) be a soft group
over G and (f,E) be a GP-fuzzy soft subset
of (F,A).

a) If (F,, E) is a normal soft group for
all « €[0,1] then (f,E) is a GP-
normal fuzzy soft group of (F, A).

b) Let (F,A) be a normal soft
subgroup over G. If (f,E) is a GP-
normal fuzzy soft group of (F,A)
then (F,, E) , if f(x), #= @ for all
x € E and for any a € (0,1], is a
normal soft group of (F,A) for all
a € [0,1].

Proof.

a) Let a,b € F(x) for all x € E and
a:=f(x)(b). Then b€ F,(x).
Hence aba™! € F,(x) since (F,, E) is
a soft normal subgroup for all a €
[0,1]. So f(x)(aba™') = a. Thus
f(x)(aba™) = f(x)(b). Therefore
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(f,E) is a GP-normal fuzzy soft
subgroup of (F, A).

b) Let a€[0,1]; a€F,(x) and b€
F(x). Thus fx)(bab™1) =
f(x)(a) = a since (f,E) is a GP-
normal fuzzy soft group of (F,A).
Hence bab~! € F,(x). Therefore
(F,, E) is a normal soft group of
(F,A) forall @ € [0,1] from Theorem
3.3.

Theorem 3.13. Let (f;,E;) be GP-normal
fuzzy soft group of (F;, A;) for all i € A.
Then

a) NicA(fi, E)) is GP-normal fuzzy soft
group of (N7 )ea (Fi, Ap).

b) N&A(fi, E) is GP-normal fuzzy
group of (N¢)iea (Fi, Ap).

¢) NicA(fi, E)) is GP-normal fuzzy
group of (Ne )iea (Fi, Ap)-

d) [Tiea(f, Ep) is a GP-normal fuzzy soft

group of [Tiea (Fi, 4;).

soft

soft

Proof.

a) Let NiA(fLE) = (f,E) and
(nr)ieA(FuAL) = (F;A)- Clearly
E = Niep Ei € Niep 4; = A. Let
a,beF(x) for any «x€E.
f(x)(ab) = (Aiea fi(x))(ab) =
Aien (fi (x)(ab)) =
Aiea (fi(x)(ba)) =
Niea (fi() (b)) =
(Aiea f;(¥))(ba) = f(x)(ba) for all
a,b € F(x) since F(x) =

Niea F;(x). We obtain that f(x) is
fuzzy normal subgroup of F(x) for
all x € E with Theorem 3.4. Thus

NcA(fi, E) is a GP-normal fuzzy
soft group of (nT')lEA(Fl'Al)'

b) Itis straightforward.

c) Itis straightforward.

d) Let [lea(fuE) =(f,E) and
[liea (F;,A) = (F,A). Clearly E =
[lien Ei S Ilien Ai = A. Let a, b€
F((xi)ien) forany (x;)iea € E. Then

f(@en@b) = v (A fiGD@b) = v (A fiGx)(ab))
J is finite ] is finite

= Vv (i/e\]fi(xi)(ba):

JEA
] is finite

Thus [T;ea(fi, E) is a GP-normal fuzzy soft

group of [1;en (Fi, A;) with Theorem 3.5.

Definition 3.14. Let (f, E;), (g, E,) be fuzzy
soft sets in a fuzzy soft class (G, P). Then the
fuzzy intersection product of them, denoted
by (f,E;)-(g,E;), is the soft set (h,C)
defined as C = E; NE,, h(x) = f(x) - g(x)
forallx e E; NE,.

(f() 0 g(0))(s) = {S_pq
0

Yy, (A fiG))ba) = f((x)ier) (b).

JEA
] is finite

Definition 3.15. Let (f, E;) be GP-fuzzy soft
group of (F,A;) and (g,E,) be GP-fuzzy
soft group of (G,A;). Then the fuzzy
intersection product of them, denoted by
(f,E,) 8 (g,E,), is the soft set (h, C) defined
as C =E;NE,, h(x) =f(x) o g(x) for all
x € E; N E,, where

\/ F0) A g0@),3p € FG),q € 600z = pa

, otherwise.
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Theorem 3.16. Let (G, A,) be a normal soft
group over G and let (f, E;) be GP-fuzzy soft
group of (F,A,) and (g,E,) be GP-normal
fuzzy soft group of (G,A4;). Then
(f,E1) 5 (g,E,) is a GP-fuzzy soft group of
(F,A1) N (G, Ay).

Proof. Let (f,E;)3(g,E;) = (h,C) and
(F,A;)) n(G,A,) = (H,D). Then C € D. Let
a,b € H(x) for any x € E; N E,. Thus h(x)
is a fuzzy subgroup of H(x) since

h(x)(@) AR () = (f(x) o g(x))(@) A (f(x) 0 g(x))(B) = (Vazpe f () (D) A g(x)(D)) A
(Vp=un ()W) A () ()) = Va=pe(f () (@) A fF() W) A g() () A g()(¥)) <

b=uv

V  a=pt
p-l=p—1y-1

(FEO@uHAg) (v ™)) =V

FOPu™HAg)utvu™)) <

a=pt

p-l=p—1y-1

Vab‘1=ptv‘1u—1(f(x) (pu_l) A g(x) (utv_lu_l))-

Definition 3.17. Let (f, E;) be GP-fuzzy soft
group of (F,A,) and (g,E,) be GP-fuzzy
soft group of (G, A,). Then the fuzzy product

(f(@) * g(B))(s) = {S=pq
0

Theorem 3.18. Let (G, A;) be a normal soft
group over G and let (f, E;) be GP-fuzzy soft
group of (F,A,) and (g,E,) be GP-normal
fuzzy soft group of (G,A4;). Then
(f,E1) ¥ (g, E,) is a GP-fuzzy soft group of
(F,A1) A (G, Ay).

of them, denoted by (f,E;) ¥ (g,E,), is the
soft set (h,C) defined as C =E, X Ej,
h(a,b) = f(a) = g(b) forall a € E{,b € E,,
where

\/ F@® ng)(@,3p € F(@,q € 6B):s = pa

, otherwise.

Proof. Let (f,E;)*(g,E;) = (h,C) and
(F,A4,) A (G, A,) = (H,D). Then C € D. Let
a,b € H(x,y) for any (x,y) € E; X E,.
Thus h(x,y) is a fuzzy subgroup of H(x,y)
since

h(x,y)(@) Ah(x,y)(B) = (f(x) * g())(@) A (f(x) x g(3)) () = (Vacpe f () (D) A
IE)) A Vpmwo FO)@) A g (@) = Va=pt (F ) () A F) (W) A g(y)(£) A

b=uv

g®) <V

a=pt
p—l=p—1y-1

(FO@uHAgyEv ™) =V

FCPu™HA

a=pt
p-l=p—1y-1

g()’) (utv_lu_l)) = Vab—1=ptv—1u—1(f(x) (pu_l) A g(y) (utv_lu_l))-

Theorem 3.19. Let (f,E) be a GP;-normal
fuzzy soft group of (F,A). If (p,y¥) is a
fuzzy soft homomorphism then (@, y¥)(f,E)
is a HP,-normal fuzzy soft group of

(0(F),1(4)).

(D) (y1y2) =

Proof. Let y;,y, € @(F)(b) for any b €
Y(E). Suppose that there exist xq,x, € G
such that ¢ (x;) = y; and @(x,) = y,. Then

\/ F@@ = o(N®) )

@ (x)=y,y1 Y(a)=b
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since the inequality

p(f)b)(y1y2) =

@ (x)=y1y, Y(a)=b

is satisfied for each x;,x, € G such that
o(x) =y, and @(x,) =y,. Thus
(o, )(f,E) is a HP,-normal fuzzy soft
group of (¢ (F), ¥ (4)).

Theorem 3.20. Let (g, B) be a HP,-normal
fuzzy soft group of (T,K). If (p,¥) is a

\V r@@=\/ r@ex =

\/ f@ex
Y(a)=b Y(a)=b
fuzzy soft homomorphism then

(p,¥)"Y(g,B) is a GP;-normal fuzzy soft
group of (@~ (T(¥)), ¥~ (K)).

Proof. Let x;,x, € @ 1(T)(a) for all a €
Y~ 1(B). Then

P (9 (@) (x1x2) = g(Y(@) (9 (x1x)) = g(¥ (@) (@ (x)p(xy)) =
I(W(@) (e e(x1)) = g(W(@)(@(xzx1)) = ¢~ (g) (@) (x2x1).

Thus(p,¥) " 1(g,B) is a GP;-normal fuzzy
soft group of (¢~ (T(¥)), ¥y~ (K)).
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