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Abstract

There are some mappings, which are not contraction mappings in the usual senses, such that they hold
some contractive type conditions in the settings of some new abstract metric and modular spaces. In
this paper, taking into account this fact, we introduce such a new type modular space by using the
setting of cones in Banach algebras. In the first section, some basic notions and definitions are given. In
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theorem; A ,-
condition; F-norm; C*- the second part, it is shown that some result of Banach Contraction Principle in modular space with C*-
algebra algebrais equal to the result of Banach Contraction Principle of the usual modular space. Then that new

modular space mentioned above is introduced and some results are given. Finally the work is concluded
with an example.

Banach Cebirli Koni Modiiler Uzaylarda Banach Biiziilme Prensibi

Oz

Bilinen anlamda buziilme doniisimi olmayan dyle donustmler vardir ki bu dontsimler bazi yeni metrik
ve modiler uzay yapilarinda bazi bizilme tipinde kosullari saglarlar. Biz bu makalede bu durumu goz
onlinde bulundurarak Banach cebirlerdeki konilerin yardimiyla yeni bir moddiler uzay kavrami sunduk.
ilk kisimda temel tanim ve notasyonlar verildi. ikinci kisimda Banach Biiziilme Prensibinin C*-cebir
degerli modiiler uzaylardaki sonucuyla klasik moduler uzaylardaki sonucunun denkligi gosterildi. Sonra
yukarida bahsedilen o modiiler uzaya giris yapildi ve bazi sonuglar verildi. Son olarak ¢alisma bir 6rnekle
desteklendi.

Anahtar kelimeler
Modiiler uzay; Banach
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1. Introduction obtained in C*-algebra-valued metric space is

equivalent to the result of BCP in the classical metric

Banach (1922) presented a fixed point theorem
known as Banach Contraction Principle (BCP) that is
one of the important mathematical tools in
nonlinear analysis. Then many authors dealth with
this theorem in different spaces. For example, Ma et
al. (2014) presented this theorem in C*-algebra-
valued metric space and claimed that this is a
generalization of BCP in the standart metric space.
But later, Alsulami et al. (2016), Kadelburg and
Radenovic’ (2016) separately showed that BCP

space.

Nakano (1950) introduced the notion of modular
space. Then Musielak and Orlicz (1959) generalized
this space. By using the results of these works
Khamsi and Kozlowski (1990) extended BCP to the
frame of modular function space, an example of
modular space, introduced by Kozlowski (1988).
Inspired by the notion of C*-algebra-valued metric
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space Ma et al. (2014), Shateri (2017) presented a
generalization for modular space.

Now in this work, motivated by Alsulami et al. (2016)
and Kadelburg and Radenovic’ (2016) it is firstly
shown that BCP in the setting of C*-algebra-valued
modaular space does not provide a real extension for
the usual one in the modular space. Secondly,
introduced a new setting, namely, a cone modular
space over Banach algebras, which enables one to
obtain a proper generalization for BCP in the usual
modular spaces. Finally, the work is concluded with
an example.

2. Preliminaries
Modular functional is defined as follows:

Let V be a vector space and p: V = [0,] be a
functional for x,y €V. 6y represents the zero
vector of V. p is called modular if the followings
hold:

ml.) p(x) = Oifandonlyifx = 6y.
m2.) p(ux) = p(x) for each scalar with |u| = 1.

m3.)p(ux + ay) < p(x) + pifp =1-a
fora,u = 0.

Itis clear that the set
V,={x€V:p(Ax) > 0as 1 - 0}
is a vector subspace of V. V, is called modular space.

In addition to the conditions above, if

p(ux + ay) < pup(x) +ap(y) for
O,u = 1—a, then the functional p is called

a,u=

convex.

Definition 2.1. The modular p satisfies the A,-

condition if lim p(2x,) = 6y whenever
n—-oo

lim p(x,) = 6.
n—oo

That is seen from Khamsi and Kozlowski (1990) that
the BCP is valid for a mapping T: M — M where M is
a closed , bounded non-empty subset of the
modular function space:

Theorem 2.1. Let p be a modular functional that
satisfies the A,-condition and M be a non-empty p -
closed subset of the modular function space V. If

T:M — M is Lipschitzian and M is p-bounded, then
T has a unique fixed point.

Now it is recalled some basic definitions and results
from Murphy (1990) and Ma et al. (2014).

An algebra is unital if it has the multiplicative unit.
An involution on a unital algebra C is a conjugate-
linear map a » a* on C such that aa® = a and
(ab)* = b*a*forall a,b € C. (C,*) is said to be a
*-algebra. A Banach *-algebra is a *-algebra with a
complete submultiplicative norm such that ||a*||; =
llallc for each element a of it. A C*-algebra is a
Banach =-algebra such that |la*allc = llall? for
every element a of it. In the rest of the the paper it
is supposed that C is a unital C*-algebra. o(x)
stands for the spectrum of x. 8. represents the zero
element of C. The set C* ={x€eC:x* =x}
denotes the hermitian or self-adjoint elements of C.
If x € C* and o (x) S [0,), then x € C is said to
be a positive element of C. C* denotes the positive

1
elements of C and |x| = (x*x)z. Thus a partial
ordering < on C* is definedasx < yiffy —x € C*.
Theorem 2.2. The following conditions are hold for

C:

i) There is a unique element b € C* such that b? =
aforaeCt.

ii) The set C* is equal to {aa*:a € C}.
iii)Ifa,b € C* and O, < a < b, then |lallc < |Ibllc.
iv)Ifa,b € C*,c € Cand a < b, then c*ac < c*bc.

Ma et al. (2014) introduced the notion of C*-
algebra-valued metric space and proved BCP in such
spaces. Then motivated by the results obtained in
Ma et al. (2014), Shateri (2017) presented the
notion of C*-algebra-valued modular space as
follows:

Definition 2.2. Let V be a vector space over the field
K. The functional p: V — C called C*-algebra-valued
modular if the followings hold:

cml) p(x) = 6, and p(x) = 6. if and only if x =
oy .

cm2) p(ax) = p(x) for each a € K with |a| = 1.

cm3) p(ax + By) < p(x) + p(y) if o, =0 and
a =1-—p, forarbitrary x,y € V.
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Note that the subset
V, = {x € V:}li_r)r(l) p(Ax) = BC}

is a subspace of V and V/, is called C*-algebra-valued
modular space.

Definition 2.3. Let V, be a ("-algebra-valued
modular space. Then a mapping T: V,, = 1, is called
a (C"-algebra-valued contractive mapping on V, if
there is k € C with [|k]| <1 and a,p € R with
a > [ such that

p(a(Tx = Ty)) < k*p(Bx — )k
forallx,y e V.

Shateri (2017) gives definitions of p-convergence,
A,-condition, p-Cauchy and p-completeness in
accordance with the literature and introduces the
following theorem:

Theorem 2.3. Suppose that V, is a p-complete
modular space with the A,-conditionand T isa C*-
algebra-valued contractive mapping on V,,. Then T

has a unique fixed pointin V,.

In the following some necessary definitions and
properties are recalled. (Rudin 1991; Liu and Xu
2013).

Definition 2.4. Let A be a Banach space over K €
{R,C}and ||. || 4 be a norm on A. A is said to be a
if there
multiplication satisfying the following conditions:

Banach algebra is an operation of

u+v)w=uw+vwandu(v + w) = uv + uw.
i) (uv)w = u(vw).

i) f(uv) = (Bw)v = u(Bv).

v) luvll g < llullgllvll.g.

forallu,v,w € A and € K. If there is an element
e € Asuchthatea = ae =aforalla € A, thene
is called the multiplicative unit of the Banach
algebra A. An element a € A is called invertible if
there is a™! € A such that aa™! =a la=e. In
the rest of the paper A is supposed to be a Banach
algebra with the multiplicative unit e and zero
vector 6 4.

Definition 2.5. Let P € A, then P is called a cone if
the followings hold:

i){e,0,4} c P.

ii)uP + P < P whereall u, § are non-negative real
numbers.

iii) PP = P2 c P.
iv) P N (=P) = {6,4}.

A partial ordering < on A is definedasu < viffv —
u€P. u<v stands for u < v and u # v. intP
denotes the interior of P. u < vrepresentsv —u €
intP. P is said to be a solid cone if intP # @. The
cone P is said to be normal if there exists L > 0 such
that for all x,y € A, 64 < x <y implies [|x]| 4 <
Lllyll4. From now on P denotes a normal solid cone
of A unless otherwise stated.

Definition 2.6. Let X be a non-empty set and
d:X X X - A be amapping holding the following
conditions:

i)0, <d(u,v)forallu,v € X and d(u,v) = 64 if
andonly ifu = v.

i)d(u,v) = d(v,u) forallu,v € X.
i) d(u,w) < d(u,v) + d(v,w) forallu,v,w € X.

Then (X, d) is said to be a cone metric space over
A.

BCP in such spaces is introduced by Liu and Xu
(2013) as follows:

Theorem 2.4. Let (X, d) be a cone metric space over
A and P be a normal solid cone of A where a €
P with r(a) < 1. If the mapping T: X - X holds
following condition for all x,y € X, then it has a
unique fixed pointin X:

d(Tx,Ty) < ad(x,y).

After the announcement of this theorem, Xu and
Radenovic’ (2014) showed that there is no need to
normality condition to prove BCP mentioned above.
However, it must be noted that as a generalization
of the usual modular space, a cone modular space in
this paper can be defined if P holds the normality
condition.

Lemma 2.1. The spectral radius r(a) of a € A holds

1
r(a) = lim [|a™],.
n—oo
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If r(a) <1, then invertible in A.

Furthermore

e—a is

oo

(e—a)t= Z at.

i=0
3. Main Results

In the sequel it is first shown that BCP in C*-algebra-
valued modular spaces is equivalent to BCP in the
usual modular spaces:

Theorem 3.1. BCP in the sense of Theorem 2.3. is
equivalent to one in the usual modular space.

Proof. From the Definition 2.3. it is known that there
isa € C with |lallc <1and a, B € RT with a >
such that p(a(Tx — Ty)) < a*p(B(x — y))aforall
x,y € V. Moreover, by ii) in Theorem 2.2. it is seen
that there exists uy € C such that p(Blx—y)) =

lo(BCe =, = Nl usll, =
||uf||i On the other hand, since p(a(Tx — Ty)) <

uf*uf. Hence

a*p(B(x —y))a = a*us"ura = (ufa)*ufa, then
by using iii) in Theorem 2.2. the following is
obtained:
* 2
lo(ax =), < || (wa) wsal| = Jusall}
< lali Juyl;

=llalElo(BGc—= Il B

Now consider a mapping F:V, - [0, ] such as
F(x) = ||lp(x)|l.. Then F is a usual modular. Indeed,

i) Let F(x) =0. Then |lp(x)|l; = 0. Thus by the
property of norm p(x) = 0. Since p is a modular,
then x = 6.

ii) Let u be a scalar with |u| = 1. Then F(ux) =
lo(uo)lle = oGl = F(x).

iii) Let u =1 — A for u,A = 0. Then by using iii) in
Theorem 2.2. and triangle inequality of the norm,

F(ux + 2y) = llp(ux + 29)|lc < llp(x) + p)llc
<llp@)llc + lpMl¢
=F(x) + F(y).

By letting ||all%, k < 1. Thus by (3.1)

F(a(Tx = Ty)) < kF(B(x = ).

Hence, BCP in C*-algebra valued modular spaces is
equivalent to one in the usual modular spaces.

Now introduced a proper space where a proper
generalization for BCP in classical modular space
could be obtained.

Definition 3.1. Let VV be a vector space over K. A
mapping p:V —> A
functional if it satisfies the followings:

is called a cone modular

cmfl p(u) = 64 and p(u) = 04 iff u = 6y,.

cmf2) p(au) = p(u) for each a € K with |a| = 1.

cmf3) plau + Bv) < p(w) + p(v) if a,f =0 and
a =1—f, forarbitraryu,v € V.

In addition to the conditions above, if p satisfies )
p(au + Bv) < ap(u) + Bp(v) whenever a,B =0
and a = 1 — (3, then p is called convex.
It is clear that

v, = {x € V:}li_r)rtl)p(lx) = Bﬂ}
is a subspace of V. Indeed,
i) Let x,y €V, Then llirrtl)p(lx) =60, and
%irré p(Ay) = 64. By using cmf3, p(A(x +y)) =

p (% (2Ax + Z/Iy)) < pAx) + p(2Ay). Taking t =

2, it is seen that t >0 as 1> 0. So 64 <
%irré p(Ax + Ay) < 64. Thus by the normaity of the

cone, the Sandwich Theorem can be used.

Therefore %irré p(Ax +y)) = 6, implyingx +y €
v,
ii) Take an arbitrary ¢ € K and x €V},. Then
%irré p(Ax) = 64. Letting adl=t, t > 0 as 1 - 0.

Hence Airr& p(lax) = 6,4.S0 ax € V,.
In the following V, denotes a cone modular space
over Banach algebra A.

Note that the cone modular space over A is a
generalization of the usual modular space.

Let a functional on V, be defined as ||x||r =
. X .

inf {5 > 0: ||p (E)”ﬂ < 5}. Note that ||. || isan F-
norm, that is, it satisfies the following conditions:
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|) ”x”F = 0 |ff.x = ev.
i) llx + yllp < llxllz + llylle.
i) ll=xllp = llxllp-

iv)a, = aand ||lx, — x||p = 0imply
llax, — ax|lr - 0.

Definition 3.2. Let {x,,} bein V,.

i) {xn} is called p-convergent to x € V, if for each
€ > 0 thereis a natural number N and u > 0 such
that ||p(uCx, — x))||ﬂ < eforallm>N.

ii) {x,} is a p-Cauchy if for each € > 0 thereisa
natural number N and u > 0 such that
||p(u(xn — xm))“ﬂ < eforalln,m = N.

iii) V, is p-complete if each p-Cauchy sequence with

respect to A is p-convergent.

iv) p satisfies A,-condition if for each € > 0 there is
ng € N such that ||[p(2x,,)|| 4 < € whenever
lp(xn)lle < &forn =n,.

Remark 3.1. Since [|p(x)||4 < llx|| g, then the
norm convergence implies modular convergence to
the same limit.

Remark 3.2. If 0 < a < B, then from the Definition
3.1, plax) =p (%ﬁx) < p(Bx) for all x € V with
y = 0. Furthermore, if p is a convex cone modular

onV and |a| < 1, then p(ax) < ap(x) forall x €
V.

Definition 3.3. A mapping T: V, - V/, is called a
cone contractive mapping on 1, if there exists a
scalar vector k € P withr(k) < 1and a, 8 € R*
with @ > 8 such thatforall x,y € A

pla(Tx —Ty)) <kp(Blx—w).  (32)

Theorem 3.2. Let V, be a p-complete modular space
with A,-condition and T be a cone contractive
mapping on V,. Then T has a unique fixed point in

|/

Proof. If k =04, then the proof is clear. Thus,

assume that k # 64. Let @y € R be with g + ai =
0

1. For an arbitrary x €V, and n €N, set x,41 =

Tx, = T™*1x. Since a > B, then using Remark 3.2.
and Definition 3.2.

p(BGtns1 — %)) = p(B(Txy, — Txn_1))
< p(a(Tx, — Txp_1))
< kp(ﬁ(xn - xn—l))
= kp(ﬁ(Txn—l - Txn—z))
< kp(a(Txp_q — Txy_3))
< kzp(ﬁ(xn—l - xn—z))
< k"p([)’(xl - xo))-

2 ai = 1, then using cmf3

Since 2 -
P(B(xnﬂ - xn—l))
= p(ﬁ(xn+1 +Xp—Xp — xn—l))
= p(ﬁ(xn+1 - xn) + .B(xn
- xn—l))
= 0 (B2 Ctner = x0) + B2 (2
a ay

- xn—l))
< p(a(xn+1 - xn))
+ p(BatoCn = xn0)).

Since a > [, then by using 3.2 the following is
obtained,

p(,g(xn+1 - xn—l))
< kp(,g(xn - xn—l))
+ P(.Bao(xn - xn—l))-

By applying recursively the approach used above,
the following inequality is obtained

p(ﬁ(xn+1 - xn—l))
< k"p(ﬁao(xl - xo))
+ kn_lp(ﬁao(ﬁ - xo))-

Thusforn+1>m
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p(ﬁ(xn+1 - xm))
< p(a(xn+1 - xm+1))
+ p(ﬁao(xm+1 - xm))
< p(a(xn+1 - xm+1))
+ k™p(Bag(x1 — x0))
= p(a(Tn - Tm))
+ k™p(Bag(x1 — x0))
< kp(.B(xn - xm))
+ k™p(Bag(x1 — x0))
< k[P(a(xn - xm+1))
+ p(ﬁao(xm+1 - xm))]
+ k™p(Bag(x1 — x0))
< kP(a’(xn - xm+1))
+ kk™p(Bao(x1 — x0))
+ k™p(Bag(x1 — x0))
< kzp(ﬁ(xn—l - xm))
+ (k™ 4+ k™ p(Bag (x1 — x0))
< k3p(:8(xn—2 - xm))
+ (k™2 + k™ 4+ k™Y p(Bag(xy
— Xo))-

By induction,

p(.B(xn+1 - xm))
< K (B Gt — )
+ {km+n—m + vee + km‘l'l
+ k™}p(Bag(xg — x0))
=kM™(e+k+k?+--
+ kM ™M)p(Bag (x1 — Xo)).
Sincer(k) < 1, then by Lemma 2.1. it is known that
e —k is invertible and (e — k)™ = X2, k'. Thus

P(B(xXpt1 — xm)) < k™ [Z ki] p(Bag(x, — x0))
i=0

=k™(e — k) p(Bay(xs — xo)).

Since P is a normal solid cone with a normal
constant L and [|[k™||4 = 0 (m — o). Thus for
(m — )

”p(ﬁ(xn+1 - xm))”cﬂ

< L|lk™| 4llCe

— k) Hlallp(Bao (1 — x0)) .4
- 0.

Thus {x,} is a p-Cauchy sequence. Since V, is a p-
complete cone modular space over the Banach
algebra A, there exists x* € Vp and a > 0 such that

llp(aCxn —x")lla
= lp(a(Txp_1 = x"Nlla <c.

Now it remains to show that x* is a fixed point of T.
Indeed,

a
P(E(Tx —x))
@ +1
=p(§(Tx — T 1x)

+ % (T"+1x — x*))

< p(a(Tx* - T"“x))
+ p(a(Tmtix — x*))
<kp(B(x* —T"x))
+ p(a(Tmtix — x*))
< kp(a(x* — T”x))
+ p(a(T™*ix — x")).

Hence,

a
pl=(Tx*— x*))
€ .

< L(Ikllallp(aGe = T,
+ [lo(a@mix x|,

For (- ), L(lkllallo(ale =m0, +

lo(a(T+1x — x*))”ﬂ) — 0. Thus ”p (% (Tx* —

x*))” = 0. Therefore Tx* = x*. Now assume
A

that y* # (x*) be another fixed point of T. Then

p(BGx* —y) = p(B(Tx* —Ty"))
p(a(Tx* —Ty")

A

< kp(BGx* —y")
<k?p(B(x*—y")) ..
<k"p(Blx —y").

Since

lo(BGe™ =y, < Lk Lallo(BGe —y))I,

-0

while n - oo, then p(ﬂ(x* —y*)) =6, and so
x* = y*. Hence the fixed point is unique.

Now an example is presented to show that the main
result of this work provides a real generalization for
the fixed point theory in the modular spaces:

340



Banach Contraction Principle in Cone Modular Spaces, Ozavsar and Cay

Example 3.1. Let A = R2. For each (by,b,) € A,
|(by, b))l = |b1| + |by]. The multiplication is
defined as ba = (by,b,)(ay,a;) = (byaq,bia, +
b,a,). Then it is obvious that A is a Banach algebra
with  unit e=1(1,0). Let P ={(b,b,)E
R?: by, b, > 0}. Thus P is a normal solid cone with a
constant L = 1. Let V = R? and the cone modular
p be defined by p(b) = p((by, b)) = (Iby, b ).
S0, p(b) € P.Then V), = {b € V:lim p(Ab) = 0.4}is
a p-complete cone modular space over A. The
mapping  T:V, -V, is  defined by
T(b) = T((bpbz))
= (log(4 + |b.|), arctan(3
+ |b2|) + Aby),

where A can be any large positive real number. By
Lagrange mean value theorem

p(a(T(by,by) - T(ay,0)))

a a
<|=Iby—ail,=—=1b; —a;

4 10
+ A(b; — a1)>
1
<(5.2)p (% ((bs, by)

- (alraz))>-

Since r ((%,A)) = lim ”(%,A)Tl”% = % < 1, then

n—o
by Theorem 3.2., T has a unique fixed point theorem
in A. Now it is shown that T is not a contraction in
the setting of usual modular spaces. Indeed, let
p* =&.0p where c € intP and &.: A = R is the
nonlinear scalarization function defined by é.(b) =
inf{t e Rib €tc—P}=inf{t e R:b < tc}
(Gerstewitz, 1983) Therefore, intP =
{(cy,c2) ER%: ¢y, cp > 0}, then
Ec(b) = fc((blvbz))

= inf{t € R: (by,by) < t(cy,c2)}

&
=maxi—,—
1 &

since

forc = (¢q,¢,) € intPand b = (by,b,) € A. Thus,

laq| |a2|}
7

1 C2

p*(a) = (& © p)(ay, az) = max |

fora,b €V.lLeta > Z—Zand considera = (1,0),b =
1
(0,0). Thus

log5 —log4 « a 1
p*(Ta—Tb)=max{u,_}>_>_
C1 Cy

=p*(a—b)

implying that T is not a contraction in the setting of

G O

modular space V)-.
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