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Makalede,Bessel ve Airy denklemlerinin yeni metodun uygulanmasindan gelen ¢éziimleri ile Bessel

fonksyonlar ¢ézlimlerinin yakinsakliklari incelenmektedir.
Anahtar Kelimeler: Riccati, Bessel ve Airy denklemleri

Abstract

In this article, Bessel and Airy equations are analyzed with the solution of the new method and the
convergence of Bessel functions.
Keywords: Riccati, Bessel and Airy equations

1. Giris

. 2 2_1

Onceden yapilmus Klasik dénisimi ve [1-3] ddiﬁt)+<1—%)-z(t) =0 )
calismalarina dayanarak Bessel denklemin daha

genisletilmis bir sekile getirerek, 6zel hali Yeni metodun (Almaz Beyin metodu)

olarak Airy denklemi ¢ikartilacaktir.Coziimiiniin

yakinsakligt Mathcad 14 arac ile kurulmus uygulanmast ile [1-3]

1

grafiklerde gosterilecektir. Z(t) = eln|r:05(9)+mn(9)|
2. Materyal ve Metot 1
2.1. Normal Bessel diferansiyel denklemi W) =In |m + tan(9)| ;0 =0(t)
azx(t) dx(t) 2 2
=t ==+ (t2 —v?)- s
at? at s@  x® _ 1 - [

X(t) =0 dt dt ~ cos(8) + tan(@) = tan (2 + 4) -

eW(B)

Burada v- parametredir [3]

Hatirlandiginda t # 0 sW _x® _ 1 — W) = 1 .
a 12r andiginda —>z (1) o el tan(@) = e 70’
LX) | dx(©) _Y). -

U e ta +(t t) X = —W() =1 1 sin()

0 =mn cos(8) cos(8)

Yerine koyarak X (t) = % - 1 eW () 4 o~W(O)

— = cosh(W(G)) =
cos(0) 2
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eW® _ e~W® AW, () w1
tan(0) = smh(W(G)) = sin(B(t))* — _f 2. 0 1= 4\ gt
dt t?
sinh(W (6
sin(0) = tanh(W(9)) = % +Co
cos W) = arctan[sin(e(t))*] veya
W) _ o-w(®) (o)™
2 _ e2W® 1 w(e)" = 291’:0% +Cw
MO 4 eTWO WO 41 Awe(t) | aw(®)")? vi-z
2 = I ANY .1 4
b®) (2 ac T ar ) +4-1 <r2>
S@) +x(b) = f eW® gt + Cs,, W12 —
1
_(2.4Wo®  aw(e® ij 5. AWo(@®)  dW(®® 2+4_1_(vzj)
S(t) —x(t) — fe‘W(e) dt+CS_x ( dt dt ) ( dt dt ) t2
2
Z(t) = ef = M O+5O+x(6) [1,3] goz oniine alarak.
2 sin(e(t))*z.0+1
2 _ * _ |0
26 . [dstgf) + (d‘;_(:)) ] + o6 . N=0->W@®)" =Xnoo—5 7 —+
vo (3) Cw =sin(8(1))
1- 2 | = 0 £5inb(0)1,2
——
, (SO +x®),, =[e"W Bz dt + Cgyy
a2Wo(t) (dwo(t)) 414 EE@®) | o ’
at? i dt dr? Z(t) = Cy, - cos(C, — ) L(SO+x(©),,
AW,y () d(S@)+x()) (d(S(t)+x(t)))2 v 0 V2ol
dt dt dt tz eSinf(t): = < _ = . esSinf(®), — 1
a(t) -1’
AWe(t) | (dWo®\* | 4 _ a(*Z?) _
ez T (T) +1=0- m =—dt 2.1.1. Bulgular
dt
vzl
arctan (229) = ¢, ¢ » 20O _ (S@® +x(®), =~ [—* dt + Copx 4)
tan(C, —t) = j;’:izi:g (S@®) +x(®), = [ 1-dt + Cgyy
Cy-cos(Ce—t
Wo(t) = In|Cy, - cos(Ce = B)]; €% = Gy Xy(1) = HED ([S04O), (5)
C,—t
cos(C, — t) X, () = oG | (s@+x(0),
b V2 2 VE
Ct = Z H CWo = 7

) Xp(6) = €y Jo(m, 1) + G5 - Yy (m, ©)
a(sW+x(®) _ W 4 (s()+x(1)) 2. aw,(t) |
2

dt dt dt Burada C;, C, —sabitler ve -
d(s®)+x(®) (d(s(t)+x(t)))2 _ L—% -0 Ja(m, t), Y, (m,t) —Besselin 6zel fonksiyonlaridir
dt dt 2 [6].
de® WD) W) 4 pzw (o) _ v -0 Bessel denkleminin genel ¢ziimleri.
dt dt 2

Riccati denklemine gotiirmektedir.

1

a0 L p2w® _p . W®  w() +L;1 =0
dt D at L

N = Q AN NN NN AN A
b(t) c(t)

1
2W(t) LaWe(®) | aw® | we) _ Y i
e +(2 dt + dt ) e t2 0

Sekill. v=3n=3,n=m
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2.2. Bessel denkleminin genisletilmis sekle
doniistiirilmesi ve 6zel hali olarak Airy
denklemi

2, d*x(®)
dat?

dX(t)

+t- + ({2 =v?)-X() =0

Klasik d()ni’lsﬁmleri kullandigimizda.

X(t)=§“-U(§)'t=V'f§‘3 (6)
dt 1 -

i Y R R
dX(t)zﬁ,d_é:L,fl—ﬂ.mzL.
dt dé dt yB (55 VB
— - au
flﬁ'[a'ﬁal'U(f)+§a'd—§
dX(f)_L. -B. 1, a1, dU)
ac & U(é)-l_y-ﬁ & as
ﬁzd%.“:i-f‘ﬁ-
dt daé dt vB

B. B+1,4U)
d P U@y P
as
PO _ @ A-B [ & . py. @1,
w =75 ¢ (5 @=p-&
au
U+ é‘” d(j’ a=p+1):

g dU(§) B+1 dZU(i)
éa ag Yﬁ éa
Xt _ a

_2.
dt? _yz.ﬂz'(a_ﬁ)'é:a B'U(g)'l_
@ a-2-B+1 _dU(éf) (a B+1) 2:f+1
v2p? & as &
awy 1 | omrBe2 _dZU(é)

g y2p? ag
denkleme koydugumuzda:
v &[S @ g e U9+
(2:a-p+1) dU(f) 1 _o.

e éa 2:f+1 i yz e . é:a 2:p+2
dZU(é) B . B+1
i y &[S e
au

§]+[z ZF_ 2]-5“-U(<§)=0
a(a B) ey U(§)+(2a B+1) gL, dl;(;)+ﬁ-

+2 daz U(é) a +1 dU(é)
¢ +5 U@ g T
[v? g’”—v] “u@=0
1 z_dzu(g) 2:a-f+1+p] dU(f)
e d¢2+[ Bz]édi
[yz_é;z-ﬁ_ a(a a@p) ] U =0
1 2 _dzu(g) 2:a+1 dU({) 2:8
B? g as ] ¢ [

2_ o

V2 _|_“aﬂ#] : U(f;) =0

d?u au
2. 5@+(2 a+1)- & (‘f) +|y?-p?-
3 ez
(1]

52'/3_'_“2_[32.1,2 U© =0

k2

d? d
£t 4 b e 2w [wf M+ kP U =

ag
0
2:a+1=b; a?—-p?-v2=k? B?-y2=
wt; 2:B=m (7

Genisletilmis seklindeki Bessel diferansiyel

denklemi

egerb=0;k?=0; wi=-1; m=3

d?u(
déf)—é-U(5)=0 (8)
Airy diferansiyel denklemi
1 1 3
3 V=3 B—;; Y=

X = £5 U@ t=3ifF 5 U@ =¢
*© 9

Bessel dekleminin ¢6ziimiin degistirerek [3]

Burada a = — i

[SSERN)

X () = CWO.C:)/SI(CFQ : e(vz—%)-%cs” - X9 =
2_1)._1_
CWO'CUS(Ct_g'i'CE%) (" 4) E"l5+(:s+x
2. 2 e 31’ (10)
5"'52
1 1 cos( ——152)
Ui( =& X () =& —3
&
3
(Vz—i) 3+Cs+x
e 3he

Cwy cos(Ce—t)

X = 7
CWO-cos(Ct—g-i-:f%)

. et+CS+x - X2(§) =

2. 2
. eg'l'§2+CS+x

iz

wN
1w

2 3
1 CWo-cos(Ct—g-i-gz)

V(=& X, =& :
N
3
or i@+ Coux

Un(&) = Cy- Ai(Q) + C; - Bi(&) + (Im(4i(9) + Im(Bi(9) ) -1 [6]
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2.2.1. Bulgular

Airy denkleminin ¢éziimiinii bulmak i¢in asagidaki
ifade kullanilmaktadir.

2 . 3 . 2 . 3
t=3-i-&2 yerine t=—2-i-&2 burada

i=v—-1 ve

R ——
1 Cy,'COS 152 2 4) 2_.?
u(g - &Sl 1), Lo - ).
_;l'é:i
_ﬂ 3
0,08 = é Cwy cos( 3 Lsr) e_é'i'éHCSH
_g.i.g

Uip(§ = C1 - Ai() + C;
Im(Bi(9)) -

UZB(@ =CiJn G,

Bi(&) + (Im(4i(9) +

beg)ran (i

Airy denklemi

. 1 1
$ek112.v=§,m=§,n=m

2.3. Modifiye Bessel denkleminin
genisletilmis sekline doniistiiriilmesi ve
onun 6zel hali olarak Airy denklemi

dX(t)

d2X(t)
tz‘? +(t2 2)'X(t)=0
yerinet = —i-t,buradat=+v-1-1% = -1
(_i)z 2. dX(t) + (=)t dX(t) +
l)z -dt (=i)-dt
(=D 2 =Vv¥)-X() =0
2 X0 BO_ 2 1) x@m =0 (11)

Tae

Modifiye Bessel denklemi benzeri bir sekilde
doniistiirmelerini yaparsak

X =% UE); t=y-&

1 .2 d*UE) | [2a-B+1+B] . dU(g)
B2 dg? +[(BZ) ]E’ dg
R RVGE

1 g2 d?UE® 2-a+1] dU(g) 2. 2B
R B R s
(12
~Fu@=0
£oE@at) Oy g
— =
0

m
§2~B +.32 cv2 — g2
k2

U =0

d? d
&t 4 b e 2 [wf M+ kP U =

ag
0
yine b=0; k?=0; wi=1; m=3
a2 U(

R RUGEL

1 1 3 2

ama @ =-=>;v=3;B=2; y=7 (12)
Kontrol edildiginde:

XO =50 t=28-6=(
U@ =&-x@) = (3o) X
Sy e ()G

1
1

t)g'@‘l) ;3_2 _ (; t);
2t)%x(0)

al( 1
au(g _ du(g dt _ [2 28 = (3).
d; T odat de dt 2 t) (2)

ORER R R SEEOR

14 (3)5 2 dx(t)
37 - X(t) + 5) Tt

av( 1 alx ( ) 73 X(t)+( )§ £5.9X®
dTg_E_(E)EIt%I 3 ac |

dt  dé \2 dt -

1 2

R RGN R O

2

2

-1 oax() 3\3 (2 2_1 dx(t) 3\ 2
Rt N O R O I
d2?x(t)
dt?
U _ 1, 14X® | ax@ 3
as P X(t)+2 dt dt tayt
d2?x(t)
dt?

3E z 3l 1
$U@ =)o () exo
3.,..92%® 3.w_1. -1 _3
2 dt? +2 dt - X® t
Xt)=0
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2. dd)igt)_i_t_d);(tt)_ £2 + % X)) =0
v
degistirmeleri ile
t=—i-tot=to>tloig
L
d(dx(t))

2, _\d@t/ . _dX(t) N2 1
07 85+ (0 g = (@07 +3)
Xt)=0

d(w) dx(t) 1

2,12, dt . i2 .42 =).
et g 1 idt (L tot 9)
Xt)=0

a(E©
t2 -%+t-d’;—iﬂ+ 22 |-x(@®) =

v

0; i?=-1

Normal Bessel denklemine gelinmektedir.

esinB ®)1,2

(s + x(t))L2 = [ WO - dt + Cou
Z(t) = Cy, - cos(C, — t) .e(S(t)+x(t))L2
11
lcars
eSind(t): — CON—— eSind(0)2 — 1
a(t) 1

2.3.1. Bulgular

(SO +x(®), = -T2 dt + Cope = (3-3)-
%+ Cs+x (13)

(@ +x(®), = [1-dt + Csyx = t + s

X,(0) = CWo -cos(C, — t) . e(s(t)+x(t))1 ;
Ve

X,(t) = CWO'CI.:/SE(Ct_t) . e(s(t)+x(t))z

XB(t) = Cl ']n(m, t) + CZ ' Yn(mi t)

Burada C;, C, —sabitler

Jn(m, t),Y,(m,t) —Besselin 6zel fonksiyonlari

[6].
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Bessel denkleminin genel ¢éziimleri.

. 1 1
Sekll3.v=§,m=§,n=m

t)
3, Cw,cos(Ce—t) .

1
't) Vi

3
yerine koyarak t = 2 - i+ & Airy denkleminin

1
3, Cw,cos(Cy—t) .

VE

ejewl(f>dt+cs+x

u© =

of eW2Odtcs,,

v, = (3

¢6ziimii bulunmaktadir.

: . _g_\/_—_i
”(@[(ﬂ@]%
3

5

ot
36 2 3
o VTR

neo=[1-C

+Cs4x

VT 5)] : CWo'C"S(Cf‘?V;—lf%) :
\/__152

2
3

3
2 3
e VT2 H+Csix

Up(& = Gy - 4i(9) + Bi(9) + (Im(4i(9) +
Im(Bi(&))-i

AlRY DENKLEMI

nnnnn

i *'r,iL

Illl

l‘ ‘“ "| |

ve:

_s0
degisken

. 1 1
Sekll4.v=§,m=§,n=m
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3. Tartisma ve Sonug. Riccati denklemlerinin
¢Oziimiiniin integrali [1-3] olduguna ragmen
Bessel ve Airy denklemlerinin ¢6ziimleri ile
Bessel ve Airy fonksiyonlar1 yardimi ile
kurulmus ¢6ziimlerinin yakinsakligi Mathcad 14
[6] grafiklerinde gosterilmektedir. Onlarin
analizi de iyi bir sonu¢ alindigindan s6z
etmektedir. Bundan sonraki ¢alismalarda
yontemin uygulanmasinin ¢esitli varyasyonlari
incelenecektir.
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