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Abstract

We prove the Lipschitz dependence on the initial data of the solution set of a Cauchy problem associated
to a second-order integro-differential inclusion by using the contraction principle in the space of selections
of the multifunction instead of the space of solutions. A Filippov type existence theorem for this problem is
also provided.
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1. Introduction

This paper is concerned with the problem of Lipschitz dependence on the initial data of the solution set
for the following second order integro-differential inclusion

2" (t) € A(t)z(t) +/0 K(t,s)F(s,z(s))ds, x(0)= g,z (0) = yo, (1.1)

where F': [0,7] x X — P(X) is a Lipschitz-continuous set-valued map with respect to the second variable, X
is a separable Banach space, {A(t)}+>0 is a family of linear closed operators from X into X that genearates
an evolution system of operators {G(t,s)}s e, & = {(t,5) € [0,T] x [0,T];t > s}, K(.,.) : A = Ris
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continuous and zg,yo € X. The general framework of evolution operators {A(t)}+>o that define problem
(1.1) has been developed by Kozak (|14]) and improved by Henriquez ([11]).

We study the properties of the map that associates to given initial conditions the set of mild solutions of
problem (1.1) and the main purpose is to prove that this solution map depends Lipschitz-continuously on the
initial conditions. Our approach is based on an idea of Tallos (|13,16]) applying the set-valued contraction
principle in the space of selections of the multifunction instead of the space of solutions as usual. This
approach allows us to obtain also a Filippov type existence result for mild solutions of problem (1.1). Recall
that for a differential inclusion defined by a Lipschitz-continuous set-valued map with nonconvex values,
Filippov’s theorem consists in proving the existence of a solution starting from a given "quasi" solution.
Moreover, the result provides an estimate between the "quasi" solution and the solution obtained.

In several recent papers ([1-3], 7], [11-12]) existence results and qualitative properties of mild solutions
have been obtained for the following problem

2"(t) € A{t)z(t) + F(t,z(t)), z(0) = zo,2'(0) = o, (1.2)

with A(.) and F(.,.) as above. All the results quoted above are proved by using fixed point techniques.

On one hand, the result in the present paper extends to the integro-differential framework (1.1) the results
in [7] obtained for problem (1.2) and, on the other hand, this paper extends to second-order integro-differential
inclusions similar results in [5] and [6] obtained for a class of first-order integro-differential inclusions.

The paper is organized as follows: in Section 2 we recall some preliminary results that we use in the
sequel and in Section 3 we prove our main results.

2. Preliminaries

Let denote by I the interval [0,7], T > 0 and let X be a real separable Banach space with the norm |[.|
and with the corresponding metric d(.,.). As usual, we denote by C(I, X) the Banach space of all continuous
functions z(.) : I — X endowed with the norm |z(.)|c = sup;c;|2(t)| and by LI(I X)) the Banach space of

all (Bochner) integrable functions z(.) : I — X endowed with the norm |z(.)[; = fo |z(t)|dt. With B(X) w
denote the Banach space of linear bounded operators on X and with B we denote the closed unit ball in X .

In what follows {A(t)}+>0 is a family of linear closed operators from X into X that genearates an
evolution system of operators {G(t,s)}+ scr. By hypothesis the domain of A(t), D(A(t)) is dense in X and
is independent of t.

Definition 2.1. ([11,14]) A family of bounded linear operators G(t,s) : X — X, (t,s) € A = {(t,s) €
I x I;s <t} is called an evolution operator of the equation

2"(t) = A(t)z(t) (2.1)

if
i) For any x € X, the map (t,s) — G(t,s)x is continuously differentiable and
a) G(t,t) =0,te 1.
b) Ift eI,z € X then BtG(t 8§)x|i=s = = and 2 5:.G(t, 8)z)i=s = —2.
i) If (t,s) € A, then gsG(t, s)x € D(A(t)), the map (t,s) = G(t,s)z is of class C? and
a) &Gt s)r = A(t)G(t, 5)z.
b) LGt ) = G(t, 5)A(t).
c) 8‘2;(?(75 $)x|t=s = 0.
3
iit) If (¢, s) € A, then there exist t28 G(t,s)z, 8828tG(t s)x and
a) 8t26sG(t78) x = A(t) ~G(t,s)x and the map (t,s) — A(t ) ~G(t, 5)r is continuous.

b) 8828t G(t,s)x = th(t s)A(s)z.
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As an example for equation (2.1) one may consider the problem (e.g., [11])

0%z 0%z 0z
ﬁ(tﬂ—)_ﬁ(t?T)_'_a(t)E(th)a te [O7T]a7_€ [07277]7
0z 0z
Z(t,O) :Z<t,7r) =0, E(tao) = aj(tagﬂ)? te [07T]a

where a(.) : I — R is a continuous function. This problem is modeled in the space X = L?(R,C) of
2m-periodic 2-integrable functions from R to C, A1z = % with domain H?(R,C) the Sobolev space of
2m-periodic functions whose derivatives belong to L?(R,C). It is well known thatA; is the infinitesimal
generator of strongly continuous cosine functions C'(t) on X. Moreover, A; has discrete spectrum; namely

the spectrum of A; consists of eigenvalues —n?, n € Z with associated eigenvectors z,(7) = ﬁeim, n € N.

The set z,, n € N is an orthonormal basis of X. In particular, A1z =) ., —n? < 2,2, > 2p, 2 € D(A1).
The cosine function is given by C(t)z = ) .y cos(nt) < 2,2, > 2z, with the associated sine function
St)z=t<z,20> 20+ > ez Smr(Lim) < 2,2p > Zn.

For t € I define the operator As(t)z = a(t)dz(:) with domain D(Ay(t)) = HY(R,C). Set A(t) =
Ay + As(t). It has been proved in [11] that this family generates an evolution operator as in Definition 2.1.

Definition 2.2. A continuous mapping z(.) € C(I,X) is called a mild solution of problem (1.1) if there
exists a (Bochner) integrable function f(.) € L*(I, X) such that

F(t) € F(t,z(t)) ae. (1), (2.2)

o) = = -Gt 0m0 + G(t.0 + [ Glt.s) [ K(sm)f(ryar e (2.3)

We shall call (z(.), f(.)) a trajectory-selection pair of (1.1) if f(.) verifies (2.2) and x(.) is defined by (2.3).
We shall use the following notations for the solution sets of (1.1).

S(xo,y0) = {(z(.), f(.); (x(.), f(.)) is a trajectory-selection pair of (1.1)}, (2.4)
Si(zo,yo) = {=(.); =(.)is a mild solution of (1.1)}. (2.5)
In what follows we assume the following hypothesis.
Hypothesis. i) There exists an evolution operator {G(t, s)}+ scr associated to the family {A(¢)}+>0.
ii) There exist M, Mo > 0 such that |G(t,s)|px) < M, |%G(t, s)| < My, for all (¢,s) € A.
iii) F(.,.): I x X — P(X) has nonempty closed values and for every x € X, F(.,z) is measurable.
iv) There exists L(.) € L*(I,Ry) such that for almost all ¢ € I, F(t,.) is L(t)-Lipschitz in the sense that
du(F(t,2), F(t,y)) < L(t)[z —y| ¥V 2,y € X,
here d (A, B) is the Hausdorff distance between A, B C X
dy(A, B) = max{d*(A, B),d"(B,A)}, d*(A,B)=sup{d(a,B); a € A},

d(a, B) = inf{d(a,b); b € B}.
v) d(0,F(t,0)) < L(t) a.e. ()

Let m(t) = f(f L(u)du and for given o € R we consider on L!(I, X) the following norm

T
= /0 e f(1)|dt,  f € LM(I,X),

which is equivalent with the usual norm on L(I, X).
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Consider the following norm on C(I, X) x LY(I, X)

(@, Nlexe = lzle +1fl ¥ (2, f) € O, X) x LY, X).

Finally we recall some basic results concerning set valued contractions that we shall use in the sequel.
Let (Z,d) be a metric space and consider a set valued map N on Z with nonempty closed values in Z.
N is said to be a y-contraction if there exists 0 < v < 1 such that:

dug(N(x), N(y)) < ~d(z,y) Vo,yeZ

If Z is complete, then every set valued contraction has a fixed point, i.e. a point z € Z such that z € N(z)

(18])-
We denote by Fixz(N) the set of all fixed point of the multifunction N. Obviously, Fiz(N) is closed.

Proposition 2.3. ([15]) Let Z be a complete metric space and suppose that N1, Ny are A-contractions with
closed values in Z. Then

dH(Fiac(Nl), FZ.%'(NQ)) <

— supdg(N1(z), Na(2)).
YV 27

Finally, we note that condition (2.3) can be rewritten as

x(t) = —%G(t, 0)xzo + G(t,0)yo + /Ot Ul(t,s)f(s)ds Vtel, (2.6)

where U(t, s) = [L G(t,7)K(r,s)dr.
Denote Ko := sup( s)ea |K (1, s)| and remark that [U(t,s)| < MKo(t —s) < MKoT.

3. The main results

We show first that the set of all trajectory-selection pairs of (1.1) depends Lipschitz-continuously on the
initial condition.

Theorem 3.1. Let Hypothesis be satisfied and let oo > M KT .
Then the map (xo,y0) — S(xo,y0) is Lipschitz-continuous on X x X with nonempty closed values in
C(I,X) x LI, X).

Proof. Let us consider zg,y0 € X, f(.) € L'(I, X) and define the following set valued maps

&MM@:F@—iG@®m+G@®%+A%WJV@®LteL (3.1)
Naowo(f) = {8() € L'(I, X);  ¢(t) € Buyyos(t) ace. (I)}. (3.2)

At the begining we prove that Ny, ,,(f) is nonempty and closed for every f € L*(I, X). The fact that
that the set valued map By, 4, ¢(.) is measurable is well known. For example, the map ¢t — —%G(t, 0)xo +

G(t,0)yo + fot U(t,s)f(s)ds can be approximated by step functions and we can apply Theorem III. 40 in [4].
Since the values of F' are closed and X is separable with the measurable selection theorem (Theorem III1.6
in [4]) we infer that By ,, ¢(.) admits a measurable selection ¢. According to Hypothesis one has

[p()] < d(0, F(t,0)) + du (F(2,0), F(t,2(1))) < L(#)(1 + [(t)])

t
< L(#)(1 + Molao + Mly| + /0 MEQT|f(s)|ds).
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Thus integrating by parts we obtain

T T
/ —om(®)| (¢ )\dtg/ e~ MO L) (1 4+ Molzo| + M|yo|+
0 0

1+Mo|$o\+M’y0\+MK0T’f\1
o o «a '

/t MEKT|f(s)|ds)dt <
0

Hence, if ¢(.) is a measurable selection of By, 4. £(.), then ¢(.) € LY(I, X) and thus Ny, 4, (f) # 0.

The set Ny 40 (f) is closed. Indeed, if ¢y, € Ny 4, (f) and |, —¢|1 — 0 then we can pass to a subsequence
¢n,, such that ¢, (t) = ¢(t) for a.e. t € I, and we find that ¢ € Ny . (f)-

We prove now that Ny, ,,(.) is a contraction on L!(I, X).

Let f,g € LY(I, X) be given, ¢ € Ny, (f) and let € > 0. Consider the following set valued map

G(t) = Buy yogt) N {z € X5 [6(t) — 7] < L(1) / (t,5)(F(5) — g(s))ds| + ).
Since
A0(0). Bry (1) < d(P(1~5GL1 o>xo+G<t o yo+f0 <s>ds>
i |G<t 0)o + G(t,0)y0 + LUt 5)g(s)ds rfo 9(f(s)—
g(s))ds

we find that G(.) has nonempty closed values. Moreover, according to Proposition II1.4 in [4], G(.) is
measurable. Let ¢(.) be a measurable selection of G(.). It follows that ¢ € Ny ., (g) and

T T t
16— s = /O e=mO)4(t) — (1) dt < /0 om0 L(1)( /O MEGT|f(s)~

T MK T r
g(s)|ds)dt + / ge Mgt < O 1F—gh + 8/ e~ omb gt
0 0

€ is arbitrary, hence
M KOT

d(¢, Nxo,yo(g)) > |f — gl

If we replace f by g we obtain

MKyT
d(Nag,yo (f)s Nagygo(9)) < =

’f g|1a

thus Ny, 4 (.) is a contraction on L*(I, X).
Therefore Naoyo(-) admits a fixed point f(.) € LY(I, X). We define z(t) = — 2 G(t,0)zo + G(t,0)yo +

hU 5)ds.
We show that S(zg,y0) € C(I,X) x LY(I, X) is a closed subset. Let (2, fn) € S(zo,%0), |(Zn, fn) —

(x, f)lexr — 0. In particular,
fn € Fix(Ngyy,), which is a closed set, and thus f(.) € Fix(Ngy,y,). We put y(t) = —%G(t, 0)zo +
G(t,0)yo + fg U(t,s)f(s)ds and we prove that y(.) = z(.). One may write

|y — znlc = supser [Y(t) — 2n(t)| < super M KoT fot | fn(uw) — f(u)]du <
MEKoTe*™ | f, — flx

and finally we get that y(.) = z(.).
At the next step of the proof we obtain the following inequality

A (Ney g (), Naa o () < —(Molz1 — x| + Mlyr — y2l) (3-3)

Q\H
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Vf e LYI,X),x1,22,y1,y2 € X. Define

Gl(t) = B:Jcl,:rz,f(t) N {Z € X; ‘(ﬁ(t) - Z’ <
L) (14 G(t,0)]|x1 — z2| +|G(£,0)[|yr — 2| + €},

t € I, where ¢(.) is a measurable selection of By, 4, r(.) and € > 0.
Repeating the arguments used for the set valued map G(.), we obtain that Gi(.) is measurable with
nonempty closed values. Let 1(.) be a measurable selection of G1(.). It follows that ¢(.) € Ny, 4, (f) and

T
6=l = [ e Olote) —uiplir <

T

0

/ efam(t)L(t)ﬂ%G(t?O)Hxl — 22| +[G(t,0)[|y1 — ol )dt+
0

T T
M, M
5/ e—am(t) gy < —0|x1 — o] + —|y1 — yo| + 6/ e~ gt
0 o o 0

Since € was arbitrary, we deduce that

d(¢, Ny o (f)) < = (Mol — x| + M|y1 — y2]).

R+

If we replace (z1,y1) by (z2,y2) we obtain (3.3).
From (3.3) and Proposition 2.3 we obtain

. . 1
dH(FZ‘T(le’yl),FZ$(Nx27y2)) <

— (M, — My, — .
_a—MKOT( olz1 — 2| + Mly1 — y2l)

Let x1,22,91,92 € X and (z(.), f(.)) € S(z1,y1). In particular, f(.) € Fix(Ny,,,) and thus, for every
€ > 0 there exists g(.) € Fix(Ng,.,y,) such that

If =gl < (Mo|z1 — 22| + M|yy — yo|) + <. (3.4)

1
a— MK,T
Put z(t) = —2G(t,0)z0 + G(t,0)yo + fg Ul(t,s)g(s)ds. One has

|x — z|c = sulla |x(t) — 2(t)| < Mo|lx1 — x2| + M|y1 — yo|+
te

t
sup/ MEoT|f(s) = g(s)lds < Molwy — x2| + Mlyy — yo| + METe*™ V| f — gy
tel Jo

M KyTem(®) M KTem(®)

<1 M, — M|y — ———¢.
<(1+ o MEKJT )(Molz1 — 22| + My — yol) + o MET©

It remains to denote k — maX{MO + MKoTMoeam(T) ’ M + MQK()TeDtm(T)} to get ﬁI‘St that

a—MKoT a—MKyT

d((x, f), S(w2,y2)) < kller — z2| + |y1 — v2l].

By interchanging (x1,y1) and (z2,y2) we obtain

di (S(z1,y1),8(22,92)) < kllz1 — z2| + [y1 — 2]
and the proof is complete. O

An easy consequence of Theorem 3.1 is
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Corollary 3.2. Let Hypothesis be satisfied and let o« > MKoT. Then the map (xo,y0) — Si(xo,yo) is
Lipschitz continuous on X x X with nonempty values in C(I,X).

If the assumptions of Theorem 3.1 are satisfied the solution set S;(xo,yo) is not closed in C (I, X). In the
following result one see that if X is reflexive and the set-valued map F(.,.) is convex valued and integrably

bounded then S;(zo,yo) C C(I, X) is closed.

Proposition 3.3. Assume that X is reflexive, « > M KT and let F(.,.): [ x X — P(X) be a convex valued
set-valued map that satisfies Hypothesis. Assume that there exists k(.) € L'(I, X) such that for almost all
tel and for allz € X, F(t,z) C k(t)B

Then for every xo,yo € X, the set Si(xo,y0) C C(I,X) is closed.

Proof. Take x,(.) € S1(x0,%0) such that |z, —z|c — 0. There exists f,(.) € L'(I, X) such that (x,(.), fu(.))
is a trajectory-selection pair of (1.1) Vn € N. We put hy,(t) = e *™® £, (1), t € 1.

Since F'(.,.) is integrably bounded we deduce that f,,(.) is bounded in L'(I, X) and Ve > 0,35 > 0
such that VE C I, u(E) < 4, ’fE (s)ds| < e uniformly with respect to n. X is reflexive and so by the
Dunford-Pettis criterion (]9]), taking a subsequence and keeping the same notations, we may assume that
hy,(.) converges weakly in L'(I, X) to some h(.) € L'(I, X).

We recall that for convex subsets of a Banach space the strong closure coincides with the weak closure.
Since hy(.) converges weakly in L'(I,X) to h(.) € L'(I,X) then for all p > 0, h(.) belongs to the weak
closure of the convex hull co{hy(.)}n>p of the subset {hy(.)}n>p. It coincides with the strong closure of
co{hn(.)}n>p. So, there exist A > 0,7 = n,...k(n) such that

doAr=1, Z APhi(.) € cof{hn () }nsh
=1

and such that g,(.) converges strongly to f(.) in L'(I, X). Define r,(.) = ngl) AP fi(.) Therefore, there
exists a subsequence g,;(.) that converges to h(.) almost everywhere. In particular, r,;(.) converges almost
everywhere to 7(.) = e®™h(.) € L*(I,X). With Lebesgue’s dominated convergence theorem, for every

t € I we obtain .

t
lim U(t,s)rnj(s)ds:/ U(t,s)r(s)ds
J—00 0 0

Define

t
y(t) = _%G(ta 0)$0 + G(tv O)yO + / U(tv S)T(S)dsa tel
0

and note that
2(t) — y(0)] < [2() — 2n, Olc + | /0 U(t, 5)rm, (5)ds — /0 U(t, 5)r(s)ds),

which yields z(t) = y(t) Vt € I.
Moreover, for almost every ¢t € T

k(nj)
T, (t E:)\TLJFISQ:z ) C F(t,x(t) Z)\nﬂx ) —xi(t)|B
1= TLJ 1= TLJ

Since lim; o |2(t) — x;(t)| = 0, we deduce that f(t) € F(t,z(t)) a.e.(I) and the proof is complete. [

Following similar ideas as in the proof of Theorem 3.1 we obtain an existence result for problem (1.1).
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Theorem 3.4. Let Hypothesis be satisfied and let o > M KT and let y(.) be a mild solution of the problem

t
o= A+ [ Kty 2(0) =1 20) =,
0
where g(.) € L'(I, X) and there exists p(.) € L'(I,R) such that

d(g(t), F(t,y(t))) < p(t), ae. (I).
Then for every € > 0 there exists x(.) a mild solution of (1.1) satisfying for all t € T

[2(t) — ()] < (1+ F2EE L e0m®) (Moo — yo| + Mlar — y1])+

aMKoTe*™® T _am(s)
ot Jo € p(s)ds + €.

Proof. We keep the same notations as in the proof of Theorem 3.1.
Consider the following set-valued maps

H(t,x) = F(t,z) +pt)B, (t,z)elxX,

t
BI1,y17f(t) = H(t7 _%G(tv 0)%’0 + G(ta O)yo + / U(ta S)f(S)dS), te I:
0

Noyg (f) ={o(.) € LI, X);  6(t) € By g (1) ae ()}, f € LI, X).
Obviously, H(.,.) satisfies Hypothesis.
As in the proof of Theorem 3.1 we deduce that Ny, ,, (.) is a W—contraction on L*(I, X) with closed
nonempty values.
Next we show the following estimate

My M T —am(t)
Ny ) N (1) < 2204z = s+ Sy =+ [ ety 3.9)

v f(.) € LY(I, X).
Take ¢ € Ny yo(f), d > 0 and, for ¢t € I, define

Gi(t) = Bl‘hyl:f(t) N {z e X; |o(t) — 2] <
L(t)(| 55 G(t, 0)[Jz1 — o] + |G(t,0)[[y1 — yo|) + p(t) + 6}
With the same arguments used for the set-valued map G(.) in the proof of Theorem 3.1, we deduce that

G1(.) is measurable with nonempty closed values. Let (.) be a measurable selection of G1(.). It follows
that 9(.) € Ny, (f) and one has

6 — vl = [ e D|(t) — (t)|dt <

Jo € OIL)(| LG, 0)||lz1 — o] + |G, 0)|lyr — yal) + p(t) + 8dt <
Moy — a1| + Miyo — y1| + [i e ™ Op(t)dt + 6 [ e~ Op(t)dt.

Since 0 > 0 was arbitrary, as above, we obtain (3.6). Applying Proposition 2.3 we find

. , u
A (Fix(Nggyo), Fiz(Ny, 40)) < %—Mi%(oﬂxo — 5ol
+oier = vl + sty Jo e Wp(t)dt.

Since g(.) € Fix(Ny, y,) we find that there exists f(.) € Fix(Ny,,) such that for any € > 0

lg—flh < 7%1]\‘442(@\1‘0 —z1| + 7%]\%(@@0 —yi|+
T —amf(t
Oc—]\(JlKoT fO € am( )p(t)dt + MKOTgeO‘m(T) .

It remains to define z(t) = —%G(t,());ro + G(t,0)yo + fot U(t,s)f(s)ds, t € I. One has
(1) — y(t)] < Molzo — 21| + Mlyo — wn| + MKTe*™ V| f — g|y.
From the last inequality and (3.7) we obtain (3.5). O
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