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Abstract

Using James’ Distortion Theorems, researchers have inquired relations between spaces
containing nice copies of cq or #! and the failure of the fixed point property for nonexpansive
mappings especially after the fact that every classical nonreflexive Banach space contains
an isometric copy of either ¢! or cg. For instance, finding asymptotically isometric (ai)
copies of ¢! or ¢y inside a Banach space reveals the space’s failure of the fixed point
property for nonexpansive mappings. There has been many researches done using these
tools developed by James and followed by Dowling, Lennard, and Turett mainly to see
if a Banach space can be renormed to have the fixed point property for nonexpansive
mappings when there is failure.

In this paper, we introduce the concept of Banach spaces containing ai copies of /¥ and
give alternative methods of detecting them. We show the relations between spaces con-
taining these copies and the failure of the fixed point property for nonexpansive mappings.
Finally, we give some remarks and examples pointing our vital result: if a Banach space
contains an ai copy of £!¥0 then it contains an ai copy of ¢! but the converse does not
hold.
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1. Introduction

A Banach space (X,].||) is said to have the fixed point property for nonexpansive
mappings if every self-map T of any closed, bounded, and convex domain C in that space
satisfying the condition || T2 — Ty|| < ||x — y|| for every z,y € C has a fixed point.

It is a fact that either ¢y or ¢! is almost isometrically embedded in any nonreflexive
Banach spaces with an unconditional basis (see e.g. [7]). Thus, all of the classical nonre-
flexive spaces fail the fixed point property for nonexpansive mappings; that is, there exists
a closed, bounded, and convex subset, and a nonexpansive self-map T' defined on that set
such that T is fixed point free. This result depends on well-known facts (Theorems 1.c.12
in [10] and 1.c.5 in [11] ) stated by the following: a Banach lattice or a Banach space with
an unconditional basis is reflexive if and only if it contains no isomorphic copies of ¢y or
¢'. Hence, if it can be shown that neither ¢y nor ¢! can be renormed to have the fixed
point property, it would follow that the fixed point property in either a Banach lattice or
in a Banach space with an unconditional basis would imply reflexivity.
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On this matter, for many years, researchers have asked the question whether or not
either ¢! or ¢y can be renormed so that the resulting space has the fixed point property
for nonexpansive mappings. In the case of ¢!, there is a fact suggesting the contrary by
Lin [9]. In [7], James showed that if a Banach space contains an isomorphic copy of ¢!
(respectively, c), then it contains almost isometric copies of ¢! (respectively, cg) and then
he provided a tool that helped researches investigate the question of whether ¢! or ¢
can be renormed to have the fixed point property for nonexpansive mappings. Using and
strengthening this tool, Dowling, Lennard, and Turett, in several articles, have inquired
relations between spaces containing nice copies of ¢ or £! and the failure of the fixed point
property for nonexpansive mappings.

Ai copies of the classical Banach spaces ¢! and ¢y have applications in metric fixed
point theory because they arise naturally in many places. For example, every non-reflexive
subspace of L'[0, 1], every closed infinite dimensional subspace of ¢!, and every equivalent
renorming of /> contains an ai copy of ¢! and so all of these spaces fail the fixed point
property for nonexpansive mappings [3-5]. The concept of containing an ai copy of £! also
arises in the isometric theory of Banach spaces in an intriguing way: a Banach space X
contains an asymptotically isometric copy ¢! if and only if X* contains an isometric copy
of L1[0,1] [2].

In this paper, we aim to obtain an alternative property for a Banach space to contain
an ai copy of £'. In our recent study [14], we investigated a renorming of £! and noticed
that an equivalent renorming of ¢! turns out to produce a degenerate ¢!-analog Lorentz-
Marcinkiewicz space /51, where the weight sequence § = (6,),cy = (2,1,1,1,---) is a
decreasing positive sequence in £*°\cp, rather than in co\¢!' (the usual Lorentz case). Our
aforementioned work inspired us to construct the notion of ai copy of £!¥9 which involves
the combination of the usual norms of ¢' and ¢y. Therefore, we prefer to use ¢! notation.

Then, following the researches by Dowling, Lennard, and Turett, first, we introduce
the concept of Banach spaces containing ai copies of /'®0. Next, we provide alternative
methods of recognizing this property. Finally, we give some remarks and examples that
point our vital result: if a Banach space contains an ai copy of £!0, then it contains an
ai copy of ¢! but the converse does not hold.

2. Preliminaries

In this section, we recall James’ Distortion Theorems and some of the results given by
Dowling, Lennard, and Turett including their findings for the concept of Banach spaces
containing ai copy of ¢! and those containing ai copy of c¢g. Next, we give the definition
of our property. Then, in the following subsection, we show examples of Banach spaces
where this new property naturally arises.

Throughout the paper our scalar field is R, ¢y represents the Banach space of scalar
sequences converging to 0 and ¢! stands for the Banach space of absolutely summable

sequences.
That is,

co = {a: = (zp)nen : each z, € R and nli_ngoo Ty = 0}

such that its usual norm is given by ||z||c := sup |x,|, for all z = (x,)nen € co; and
neN

o0
0= {x = (Zn)nen : each x, € R and ||z[|; := Z |z | < oo}.

n=1

Furthermore, in the paper, we will be using canonical basis (e, )nen, given by 1 in its
nth coordinate, and 0 in all other coordinates for each n € N, which is an unconditional
basis for both (co, || - [leo) and (1, ]| - [|1).
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Theorem 2.1. [7] If a Banach space (X, || - ||) contains an isomorphic copy of ¢*, then
there exists a sequence (Tn)n in X such that for every e > 0 and for all (ay), € ¢,

(e 9] o0 o0
(1=e)> lan| <[> anzn| <D lan] -
n=1 n=1 n=1

Theorem 2.2. [7] If a Banach space (X,|| -||) contains an isomorphic copy of ¢y, then
there exists a sequence (), in X such that for every e > 0 and for all (ay)n € £*,

00
g anTn

n=1

(1 —¢)supan| < < suplap| .
n n

Definition 2.3. [3] We call a Banach space (X, || -||) contains an ai copy of ¢! if there
exist a sequence (x,), in X and a null sequence (&,,)y in (0,1) so that

o0 oo o0
Z(l - 5n)|an‘ < Z AnTn || < Z ‘an‘ y
n=1 n=1 n=1
for all (a,), € £*.
Definition 2.4. [4] We call a Banach space (X, || - ||) contains an ai copy of ¢ if there

exist a sequence (x,), in X and a null sequence (&,,)y in (0,1) so that

00
§ anTn

n=1

sup(l — ep)|an| < < sup |a,| ,
n n

for all (ay)n € co.
Then we can give the following theorem as the summary of the results in papers [3,4].

Theorem 2.5. If a Banach space (X, || -||) contains an ai copy of £* or an ai copy of co,
then X fails the fized point property for nonexpansive mappings.

The following is the definition of our construction.

Definition 2.6. We will say that a Banach space (X, | - ||) contains an ai copy of £1¥0 if
there is a null sequence (e,), in (0,1) and a sequence (x,), in X such that

oo
§ an Tn

n=1

sup (1 — &,) |an| + Z (1 —ep)lan| <
neN

n=1

< sup Ja| + ) Jan| |
eN

n n=1

for all (a,), € £*.

2.1. The space and its fixed point properties behind the notion of ai copy
of ngﬂO

In this section, we introduce some renormings of ' and we notice that the resulting
spaces are some degenerate Lorentz-Marinkiewicz spaces.

As we stated in the introduction section, we have recently constructed an equivalent
renorming of £* which turns out to produce a degenerate ¢!-analog Lorentz-Marcinkiewicz
space {51. In the same work [14], we obtained its isometrically isomorphic predual Kgyoo
and dual {5, corresponding degenerate cp-analog and ¢°°-analog Lorentz-Marcinkiewicz
spaces, respectively. Then, we investigated some types of fixed point properties such as
weak and regular fixed point properties.

Furthermore, very recently in [15], generalizing our work [14] by constructing an-
other equivalent norm on ¢! and obtaining our generalized degenerate ¢!-analog Lorentz-
Marcinkiewicz space 5, where the weight sequence 6 = (6y),cy = (@ + 3,3,8,---) for
B > a > 0, we have showed that £s; has the weak fixed point property but fails to have
the fixed point property for nonexpansive mappings.
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Now, we will consider these two new spaces after reminding definitions of Lorentz-
Marcinkiewicz spaces because our results derive from these renormings of ¢! space.

We should note that in the author’s Ph.D. thesis [13], written under supervisor of Chris
Lennard, the usual Lorentz-Marcienkiewicz spaces and their fixed point properties were
studied; hence, we can give definitions of the usual Lorentz-Marcienkiewicz spaces below
to understand how different the degenerate ones are.

Let w € (co\#!)™, wy = 1, and (wy)nen be decreasing; that is, consider a scalar sequence
given by w = (wy)nen, Wy > 0,Vn € N such that 1 = w; > we > w3 > -+ > wy > wpyy >

., Vn € N with w, — 0 as n — oo and i wy, = 00. This sequence is called a weight

n=1
sequence. For example, w, = %,Vn e N.

>
Definition 2.7. Iy o = { Z = (Tn)nen € 0 ||7]lw.c0 := sup 5 < 00
neN Z wij
=1
Here, x* represents the decreasing rearrangement of the sequence x, which is the se-
quence of |z| = (]x}]) en, arranged in a non-increasing order, followed by infinitely many
zeros when |z| has only finitely many non-zero terms. This space is non-separable and an

analogue of /., space.

>
Definition 2.8. I _ :={ 2 = (z,)nen € co [limsup 5 =0
? n—>o00 E:l%
j=1
This is a separable subspace of £, o, and an analogue of cq space.

o0
oot 1= 5 w2t < o0
]:
This is a separable subspace of ¢,, o and an analogue of ¢; space with following facts:
(€9, 00)* = ly1 and (£y1)* = lyoo where the star denotes the dual of a space while =

denotes isometrically isomorphic.

Definition 2.9. l,1 := & = (Zp)neN € o

More information about these spaces can be seen in [10,12].

Now, we will introduce our construction given in [14]. For all z = (z,),cy € 0t we

OO
define [|z]| == |lz||; + ||z] o |:cn| + sup |zp| . Clearly || - || is an equivalent norm on

¢t with Hle <|lzll < 2|z, Vm 6 /. Note that Vo € 01, ||z|| = 22} + o3 + x5 + 2} + -
where z* is the decreasing rearrangement of |z| = (\zn\)neN, Vz € ¢o. Let 61 := 2, (52 =
1,03 :=1,-++,8, := 1, Vn > 4. We see that (¢1,]| -||) is a (degenerate) Lorentz space £s 1,
where the weight sequence 6 = (0,,),,cy is a decreasing positive sequence in £°°\co, rather
than in co\¢' (the usual Lorentz case).

Generalizing this construction, in [15], we constructed another equivalent norm as the
following: let 8 > o > 0. For all z = (z,),,cy € ¢}, we define [|z]| := B|z|, + al|z|, =

o0
B Y |n| + asup|zy,| . Clearly || - || is an equivalent norm on ¢! with B||z|, < ||z|| <
n=1 neN
(a+ B)||z|ly, Vz € £'. Note that Vx € £}, ||z|| = 8 (O‘Eﬁ T+as+ai+a)+- ) where
z* is the decreasing rearrangement of |z| = (|zn|),cn, V2 € co. Let 01 := (a + B3),02 :=
B,63 := B,-++,0, := B, ¥n > 4. Then, we see that (¢1,| - [|) is a (degenerate) Lorentz
space {5 1.
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This suggests that Eg’oo = (co, || - ||) is an isometric predual of (¢!, || - ||) where for all
zZ € Cp,
n
E_:l % 1 n
z|| = sup = = sup 2¥.
” H neN i 5], nENO‘_’_nﬂjz:l g
j=1

But there is a way to re-write ||z|| without using decreasing rearrangements of |z|. This
may help with calculations involving this norm.
n
Fix 2 € cp, arbitrary. Note that Vn € N, 3 27 = sup 3 |z, where #(K) is the
j=1 KCN €K
#(K)=n
number of elements in K for all finite subsets K C N.

Thus, ||Z”:SUII\)Iﬁn/g sup > |z =sup sup WI(K)[; >zl
ne

KCN €K neN  KCN 134
#(K)=n #(K)=n
Hence, for all z € ¢,
[zl = sup Z |- (2.1)
P#£KCN a+ # 16[(
#(K)<oo

Also, note that the formula (2.1) can be extended to £*°: Vw = (w;);cy € £°°, we define

|w] = sup —————— Z |w;. (2.2)
P#AKCN + #( )ﬂ icK
#(K)<oo
It is easy to see that dual space of (¢!, || -[|) is isometrically isomorphic to (£>°,]| - ||);

e (17 = e 1)

In the following sections, we will see that our new notion is related with these spaces.

3. Main results

In this section, we will give our main results. Recall that we introduced our property in
the Definition 2.6. We will show that our property is an alternative property for a Banach
space to contain an ai copy of ¢! and to do that, we will be working on its generalized

version introduced below.
Definition 3.1. We will say that a Banach space (X, ||-||) contains an ai copy of ¢*(?)#0(«)
if there exist 5 > a > 0, a null sequence (g,), in (0,1) and a sequence (z,,), in X so that

E an Tn

n=1

asup(l - En) ‘an‘ + 6 Z 1 - En) ‘an‘ <
neN

< asup [an| + 4 Z |anl,

n=1 n=1

for all (a,), € £*.

Note that indeed the Definition 2.6 implies Definition 3.1. Now using the Definition
2.6, the next theorem conclude that If a Banach Space (X, || - ||) contains an ai copy of
¢80 then it fails to have the fixed point property for || - |[-nonexpansive mappings, but we
will also prove the same conclusion by a direct way.

Theorem 3.2. If a Banach Space (X, || - |) contains an ai copy of XV for some
B> a >0 then it contains an ai copy of £* and it fails to have the fized point property for
|| - [[-nonexpansive mappings.
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Proof. Indeed, suppose there exist 8 > « > 0 and a null sequence (g,), in (0,1), and a
sequence (z,,), in X such that for all (ay), € £},

o0
E Gp Tp

asup (1 —ey,) |ay| + 5 Z (1 —ep)lan] < < asup |ay|+ 5 Z lan] . (3.1)
neN neN

n=1 n=1 n=1
k
Fix an increasing sequence (m;); in N and define for each k£ € N, M} := > m; with
i=1
M,
My :=0and y; = W ) T
k n=Mj_1+1
Then by (3.1), we get for each k € N,
1 1 1 o
< = My — My_1)) = @
ol £ Gotga+ B — M) =~ (5 )
1
< 1 =1
- mp+1 ( * mk) ’
and thus, for all (a,), € ¢!, i an Yn|| < i lan|.
=1 =1
On the other hand, we havg !
OEITY (NN ) Spyp W
n=1 ’8 n=1 mn + 1 j=Mp_1+1 @
asup |an| (man 5 (1—5;))
> a neN Jj=Mp_1+1
- B 1 My (1—€j)
+0 a L
L ’H,Z:: ‘ n| Mt j:M%Zl-i-l

V4
3
3
/-~
3
s —
_l’_
—
-
M=
—
|
O
~

n=1 ]_Mn—l+1
> a 1—¢ .
= Z ‘ n‘ <mn+1( Mn—1+1>>
n=1
Hence, since klim my = oo, there exists a null sequence (e,), in (0,1) such that for all
oo
keEN, 1—¢, = mT:—IT-l (1 —en,_,+1) and therefore (yg)x is an ai £! sequence in X. O
Remark 3.3. One can also prove that if a Banach Space (X, | -||) contains an ai copy of
¢'80 then it fails to have the fixed point property for || - |-nonexpansive mappings without

using the fact given in previous theorem by a similar method to Theorem 1.2 in [3].
The following result gives alternative methods of recognizing ai copies of ¢1#0.

Theorem 3.4. A Banach space (X, || -||) contains an ai copy of £*PBND) for some f >
a > 0 if and only if there is a sequence (xy,)n in X such that

(1) there are constants A > aTJgﬁ

r(2BA—(a+B))+1/(a+B—28A)2r2+8(a+p)2r2
4(a+B)

)
D anin
n=1

and 0 <r <R < so that for all (a,), € 01,

o0
r (asup lanl +8) |an|> <
neN n=1

o)
<R (asup lan| + B Z |an’> )
neN n=1

and (R4r)(a+p)
: +r)(a+
(2) lim [z = ==
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Proof. Suppose that (X, | - ||) contains an ai copy of {#H0@) for some g > o > 0.

Then there are a null sequence (g5,)y, in (0,1) and a sequence (y, ) in X such that for all
(an)n € 01,

asup (1 —ep)lan| + 8 Z (1 —ep)lan| <

n=1

Z anYn

n=1

< asup lan| + 5 Z |an| -

n=1

Let z,, = (1 — ;) y, for each n € N.
Then for all (a,), € £,

arsip anl 4+ 8 Jan] <

n=1

)
E anTn
n=1

oo
< asup(l—eg,)” 1’an’ + 5 Z(l - En)_llan’
neN

1
1—¢, (a sup |an| + 8 Z |an‘>

n=1

Also, since (o + ) < ||zn]| < (+8) 1, the inequality above, lim lzn|l = (o + B).
l—en n—00

1
1+ 1—eq

Hence, conditions (1) and (2) hold for r =1, R = ﬁ and A = —5

Conversely, assume that conditions (1) and (2) hold.
Then, there are constants A > aTJgﬁ and

7(2BA—(a+B))++/(a+B—28A)2r2+8(a+p)2r2
4(a+p)

O0<r<R<

so that for all (ay,), € ¢!,

o
r (asup lan| + B8 |an|>
neN n=1

00
<R (asup lan| + B Z |an|> )
neN n=1

and lim |zn || = W
Then, 7L11_>r§o| ﬁ%an = (a+ B)r and for all (a,), € £,
. 2BA—(a+P))+y/ (a+B—28A)*r>+8(a+p)>r?
since R < al (o+5)) \/(Z(aJrﬁ) Yrit8eth)r <(2A-1)r,
2r2 A
<asup lan| + 8 Z !an!) < (a sup |an| + 8 Z \an\>
n=1 r+ R n=1
> 27"A
< Z an In
QTRA
<
= TR <asup |an| +ﬁnz:1’an|)
Now, define y,, := f_’;’?{xn, Vn € N.
. A
Note that lim lynll = (e + B)r and for all n € N, (a + £)r < ||lyn|| < %};R .
Fix a null sequence (&), in (0,1).
Then, since for all n € N, 2r < [|y,| < % and lim llynll = (o + B)r, passing

to a subsequence of (e,,), as well, we can suppose that there exists a subsequence (yy, ),

such that (a+ g)r < ||ynk\| <(a+B)r(l+4+e) < 27"(0;:# for all k € N.
2Amnk

Now, define zj, := (a+5) (1+€k) TR 0T for all £ € N.
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Then, since ||zx|| <1 for all k¥ € N (from the inequality above), we have

9]
D nn
n=1

Now, consider the sequence (uy), given by uy := T% + ﬁT, vk € N.
Then, for all (a,), € ',

< Z lay| for all (an)n € A

asup lan| + B Z lan| > Z Ap U || - (3.2)
n=1
Also, for all (ay,), € £*,
g
2R T 2
= i a (1 + pA ) T
N = "\ 2R (a+B)A+ep)(r+R)) "™
(14¢n) BA > 1
> n +
= rasup fa ( 2R (a+B)(r+R)) (1+e,)
(1+ en) BA ) 1
+ n
oSl (457 (a+6)(r+R) (e
r BAr ) an|
> (=4 —F——— +
= (2R (a+6)(r+R) (“i‘gg (1+ 62 (1+en)
> asup —l-/B Z ]an|
neN (1 +
> asup lan|(1 —€p) + B Z lan|(1 — &)
n=1
since R < r(25A—(a+,3))+\/(A(;(Zf_/—ésﬁA)zrz-i-S(a-‘rﬁ) r2
Thus, from two inequalities above, we have
asup lan|(1 —ep) + 8 Z lan|(1 —e,) <
n=1
< aSUp |an| + B Z (2%
n=1
for all (a,), € £*.
Hence, (X, | -||) contains an ai copy of £1(AE0(@) for some g > a > 0. O

By taking & = 8 =1 in Theorem 3.4, we arrive at the following corollary.

Corollary 3.5. A Banach space (X, | -|) contains an ai copy of £*¥° if and only if there
is a sequence (y )y in X such that

r(A=1)++/(A—1)2r248r2

(1) there are constants A >2 and 0 <r < R < 1 such that for all
(an)n € 01,
r (sup lan| + Z |an|> Z anZnll < R (sup lan| + Z |an|>
n=1 n=1 n=1

and
: _ R+r
(2) Im |lz, | = ==
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4. Some examples and remarks

In this section, we present important examples such that the final example points our
vital result: if a Banach space contains an ai copy of !9 then it contains an ai copy of
¢! but the converse does not hold.

But firstly, we would like to give some interesting remarks noting a confusion may
occur as follows. From our definition of ai copy of 9, one could ask what would be the
isomorphic copy of £ which could be confused with the concept of isomorphic copy of
El @D co.

As a result of valuable discussions with Lennard [8], we will provide the following
remarks with examples. First, we can define a Banach space containing an isomorphic
copy of £1 @ cq as below but we leave further applications open.

Definition 4.1. We say that a Banach space (X, || -||) contains an isomorphic copy Y of
M@ e if I(zn),eny € X and (2n),ey € X with [zn],en N [2n)peny = {0} (Where [2,],, 0
and [2z,],cy are closed linear spans of {z, n € N} and {2, n € N}, respectively) and
0 < A < B < oo such that Vs = (s,),,cy € ¢* and Vt = (t5),,en € o,

0o 00 0o 0o
A(an|+sup|tn’> < anl‘n"‘ztnzn <B <Z|Sn’+sup |tn|> :
n=1 n n=1 n=1 n=1 "

Note that V' := [zy],,cy is an isomorphic copy of ¢! inside (X, | - ||) and W := [z,]
is an isomorphic copy of ¢y inside (X, || - ||) such that V. N W = {0}.

neN

Remark 4.2. From the Definition 4.1, one can obtain that if a Banach space (X, | - )
contains an isomorphic copy Y of ¢! @ cq, by letting s,, = t,, and by re-labelling z,, + 2y,
Vn € N, then

there exist constants 0 < r < R < oo and there exists a sequence
(n)n in Y so that

1 &
a7 (Z |an| + sup |an‘) < || X2 anTn (41)
n=1 n n=1
o0
< 3R (£ Joul +suplan)
n=1 n
where A = 5 and B = g.
Remark 4.3. Let (X, | - ||) be a Banach space. Then, we cannot obtain conclusions

similarly to those of James’ Theorem from statement (4.1).
That is, generally statement (4.1) does not imply the following statement: if ¢ > 0,
then there exists a sequence (), in X so that

1 o o0
5(1 —€) <Z |an| 4 sup \aﬂ) < Z anTy
n=1 n n=1

for all (an)n, € L.
Indeed, two statements above are very different.
Now consider (X, |- ||) = (¢4,] - |l;). Let z», = en, Vn € N.
Then, X satisfies (4.1):

1 o
3 (Z |an| + sup \an>
n=1 n

1 oo
<z Z’an"i‘sul)’an‘ )
2\ *Z n

IN

)
D ann
n=1

1

IN

oo
Z |an| + sup [an],
n

n=1

for all (a,), € £*.
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Then, fix € € (0, 1) and assume 3(z, = x,~), in (£}, ] - such that

6 n 1
oo
Z GnZn
= 1

1

< Z\an]+sup|an|

n=1

1
Y(an)n € 11, 5(1 —€ (Z |an] —|—sup\an\> <

n=1

Then, easily it can be seen that
l—e<|z|; £1, VneN. (4.3)

We note that (e,),, is a Schauder basis for (¢%,]| - [|;).
By the Bessaga-Pelczynski Selection Principle [1, p.46] with z, = e,, z} € (> =
" & y, = z, and using also (4.3), there exists a subsequence (z, of (zp,
k/keEN neN

that is equivalent to a block basic sequence (qi),cy Of (€x)yeny Which can be written as
Mgy

qr = Y. axrer where mp € NJ 1 <my < mo <ms3 <--- and each a; € R.
mk+1
Moreover, one can show that in (¢, | - ||;), by passing to a subsequence if necessary, we
can choose (g )y S0 that e := ||z, — qill; — 0 as k —> oo and (&) e, € (0,¢), Vn €
N.
Fix an arbitrary (b;) ¢y € ¢, From (4.2),
s 1
Z brzn,| < 5 Z |bx| + bup |bk|> (4.4)
k=1 1 k=1

Also,

= Ibelllaelly = D7 10kl (Ionelly —2x) = > [l 1 —e —¢)
k=1 k=1 k=1

1

by (&) and (4.3).
Furthermore, from the last inequality and (4.4),

(o] oo
1-2) 3" |bwl < |1 bran
k=1 k=1 1
oo
< Zbkznk Zbk an
— 1 1
1
< 3 (Z || +SUp\bk!> + Z i€
1 oo
< P bk|+*SUP‘bk’+5Z’bk‘
k=1 k=1
Thus,
Z!bkl suplbk! b = (br) e € -
N fix N € N arbit dlet b:= L 1()() 0
oW, X arpitrary an € = N,N7 ’N’ )y A
—_—
N times

Then, [|b][, = Z |br| = 1 and [b]|, = SUP|bk| =%

Therefore, 1 < VN € N but thls is clearly a contradiction.

1— 65N’
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Now we will consider examples of spaces containing ai copy of ¢!®0 and those of not
containing an ai copy of ¢1%0,

Example 4.4. Clearly, the degenerate Lorentz-Marcinkiewicz space (€1, [|-]|) = (451, |-l
given in section 2.1 with the weight sequence § := (2,1, 1,1,...) contains an ai copy of ¢£'#0
and in fact is an isometric copy.

Now, in the next example, we will consider Lin’s norm in generalized form firstly con-
structed by Dowling, Johnson, Lennard, and Turett [6].

Example 4.5. Dowling, Johnson, Lennard, and Turett [6] constructed the following equiv-
alent norm || - ||~ on ¢! and showed that (¢!, || - ||~) does not contain an ai copy of ¢!
and later Lin [9] showed that ¢! can be renormed to have the fixed point property for
nonexpansive mappings with a special version of the norm || -||™.

o0
Now consider the norm || - ||~ as follows: for z = (&), € ¢, write ||z|~ = 2u§ Vi Zk €51
(S Jj=

where 7y % 1, Yk is strictly increasing. Then, we can show that (¢, || - [|~) does not con-
tain an asymptotically isometric copy of £1¥0 either.

Proof. We use the similar ideas expressed in [6] and by contradiction, assume (¢1, || - ||™)
does contain an ai copy of £1#0,
That is, there exists a null sequence (,,),, in (0,1) and a sequence (), in £! such that

~

(4.5)

1 1 &
fsup(l—sn)\th—fE (1—en)lta] <
2TL€N 271:1

00
Z tn Tn
n=1

1 1 &
—sup |tp| + = tnl,
55U tal + 5 2 It

IN

for every (tn),en € O*

Without loss of generality we suppose that (x,),, is disjointly supported and that by
passing to a subsequence, we can assume that (x,) converges weak™ (and so it is pointwise)
to some y € /1.

Next, replacing x,, by the || - ||~-normalization of (%) satisfying (4.5), we can
n

suppose that y = 0.

By the proof of the Bessaga-Pelczyniski Theorem [1], we may pass to an essentially
disjointly supported subsequence of x,,. Hence, when it is normalized and truncated this
subsequence appropriately, we get a disjointly supported sequence satisfying (4.5). Also,
by passing to subsequences if necessary, we may suppose that ¢, < 3% for all n € N.

Let (m(k))en, with m(0) = 0 and (€k)gen @ sequence of scalars such that for each
m (k)
keN, y, = > &je;. Using the triangular inequality of the norm, for each K € N,

j=m(k—1)+1
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we get
K—-—Keg K+1—¢ —Keg o
5+ 5 < fla1 + K|
m(1)
> 1€kl
k=j
Vi m(K) )
< sup +K D 1€k
1<j<m(1) - k=m(K—-1)+1
K-1)+1<i<m(K mif
m JFlsismE) | gy, > [&k]
=1
m(1)
v > 1€k]
k=j
m(K)
< sup +EKYm(1) > €kl
1<5< m(l) k=m(K—-1)+1
K-1)+1<i<m(K m (K)
Thus,
K—-—Keg K+1—¢ —Keg
_l’_
2 2
Tm(1)
Tm(K—1)+1
m(K)
XYm(K-1)+1 > €|
< §up ™ * k=m(K—1)+1
1<j<m(l) m(1) m (K)
m(K —1)+1<i<m(K) | +7 kZ, 1€kl K% Iskl
=j
Therefore, K+@—K5K<max{1+K77:7(ll)) }for all K € N.
But since g1 < 3 Land Keg < 3, we have K+1 1l _Keg > K, and so 1+——W—5K <
l ’Ym(l
%+ CRPSEE for all K € N.
Thus, we get a contradiction by letting K — oo since we would have 1 < v,,(1). ([l

Our final example shows that there exists a Banach space that contains an ai copy of
¢' but it does not contain any ai copy of £1#0,

Example 4.6. We can show that if a Banach space (X, ||.||) contains an ai copy of £!F0,
then it contains a sequence (z,)nen such that there exists a null sequence (g, )nen in (0, 1)
satisfying the condition

o lan] | < |an| s o lanl | < lan]
D (I —en) G+ 2 (L—en) 5 <D anza <) T0+ 3 50
n=1 n=1 n=1 n=1 n=1

for all (an)nen € £'. Tt can be noticed that behind this notion, there is a-nother degenerate
Lorentz-Marcinkiewicz space £s; with the weight sequence ¢ := (%n + %)neN' Let’s call
the Banach space containing this type of sequence the Banach space that contains an ai
copy of {51 for § = (— + 21")neN' Obviously, if a Banach space (X, ||.||) contains an ai

copy of £s 1 for § = <47 + 27) . it contains an ai copy of /.
n
Considering degenerate Lorentz-Marcinkiewicz space £51; or say, (€1, ]].||) with the norm

given by ||z|| = |£”| + Z ‘Qn , Vo = (&)nen € 1, we obtain an important result which

n—l
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shows our notion is different from ai ¢! sequence. Indeed, we can see that (¢!, ].||) does
not contain an ai copy of 9 while clearly that it contains an ai copy of ¢

Proof. First of all, indeed, if a Banach space (X, ||.|) contains an ai copy of ¢!, then
using the proof method in Theorem 3.2, but considering o = § = 1 and
M
1 1 1 N . .
Ye = |77 + 57 ) 5y > xy there, we obtain that (X, ||.]|) contains an ai copy
(#+ ) mrcty 2, X, 1)
(L1 1

of £y for § = (F +55) .

Next, as the most important part of our example which shows the difference of our

notion from ai ¢! sequences, we consider the degenerate Lorentz-Marcinkiewicz space lsq

with the weight sequence § = (4% + 2%) N’ Then, we will apply the same proof method
n

as the proof of previous example to see (¢!, ]].]|) does not contain any ai copy of £!#0.

We assume for the contradiction that (¢!, |.|) does contain any ai copy of £! and we
can skip all the details in the previous proof until the inequality part where the norm is
essentially used. So considering the difference of our norm, we get the following inequality:
for each K € N, we get

K—K5K+K+1—51—K6K

5 5 < w1 + Kaogl|
m(1) m(K)
1 1 1 1
<Z<4n+2n) Gl +K Y <4n+2n> 1€k |
k=1 k=m(K—1)+1
S 4 Z €kl + K (4m(K1)+1 - 2m(K1)+1> Z 1kl -
k=1 k=m(K—1)+1

Therefore, K + 155 — Kepe <3 + K (M(Kl_l)ﬂ + 2mu<1-1)+1) for all K € N.
But since €1 < % and Keg < %, we have K + 1‘% — Keg > K and so

1 €1 3 1 1
- - < —
14 5K 3 ex < 1K + <4m(K—1)+1 + 2m(K—1)+1)’ for all K € N.

Thus, we get a contradiction by letting K — oo since we would have 1 < %. O
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