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Abstract

(Almost) Complex and Hermitian structures on hom-Lie algebras are introduced and some
examples of these structures are presented. We study the complexification of hom-Lie
algebras. Also, the notion of Kéhler hom-Lie algebras is introduced and then using a
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1. Introduction

The notion of hom-Lie algebras was introduced by Hartwig, Larsson, and Silvestrov
in the study of o-deformations of the Witt and Virasoro algebras in [5]. Indeed, some
g-deformations of the Witt and the Virasoro algebras have the structure of a hom-Lie
algebra [5,6]. Based on the close relation between the discrete, deformed vector fields
and differential calculus, this algebraic structure plays an important role in research fields
[3,5,8-12,15].

Differential-geometric structures play an important role in the study of complex geom-
etry. After Kodaira, Kdhler structures became central in the study of deformation theory
and the classification problems. Recall that an almost complex structure J on a manifold
M is a linear complex structure (that is, a linear map which squares to -1) on each tangent
space of the manifold, which varies smoothly on the manifold. A complex structure is es-
sentially an almost complex structure with an integrability condition, and this condition
yields an unitary structure (U(n) structure) on the manifold. An almost Hermitian struc-
ture is a pair (J, g) of an almost complex structure J and a pseudo-Riemannian metric g
such that g(-,) = g(J-, J-). A manifold M is called almost Hermitian manifold if it is en-
dowed with an almost Hermitian structure (./, g). An almost Hermitian manifold (M, J, g)
is called Kéhler, if its Levi-Civita connection V satisfies VJ = 0. When the manifold is a
Lie group G, the metric and the complex structure are considered left-invariant hence they
are both determined by their restrictions to the Lie algebra g of G. Further, the existence
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of a left invariant Kédhler structure on G reduces to the existence of a symplectic form on
the Lie algebra g. In this situation, (g, ge,Je) is called a Kéhler Lie algebra. Complex,
complex product and contact structures on Lie algebras have been studied widely [1,2,4].

The aim of this paper is to develop theories that parallel to manifolds for hom-Lie al-
gebras. It is known that hom-Lie algebras as generalizations of Lie algebras have close
relationships with statistical mechanics and mathematical physics. Also, Kahler structures
play applicable and important roles in mathematical physics. So, introducing and study-
ing of these structures on hom-Lie algebras can be useful in mathematical physics. On
the other hand, recently some researchers introduced hom-Lie groups as generalizations of
Lie groups and they studied the relationships between hom-Lie groups and hom-Lie alge-
bras [7,16]. Indeed, it looks natural that hom-Lie group—hom-Lie algebra correspondence
allows one to study the hom-Lie groups-hom Lie algebra, which are geometric objects, in
terms of hom-Lie algebras, which are linear objects. So, we can study many geometric
concepts such as complex, Hermitian and Kahler structures on hom-Lie groups by using
the corresponding hom-Lie algebras.

The structure of this paper is organized as follows: In Section 2, we recall the definition
of hom-Lie algebra and pseudo-Riemannian hom-algebra and hom-Levi-Civita product.
Also we present an example of a symplectic hom-Lie algebra. In Section 3, we introduce
complex and Hermitian structures on hom-Lie algebras. Also, we present an example of
an almost Hermitian hom-Lie algebra. Then we study the complexification of a hom-Lie
algebra. In Section 4, we define the phase space of a hom-Lie algebra and then using
an involutive hom-left symmetric algebra we construct a phase space. Also, we present
a complex structure on this phase space. In Section 5, we introduce Kéhler home Lie
algebras and we present an example of them. Then we study some of their properties and
we show that using these structures we can construct phase spaces. Also, we determine
all complex hom-Lie algebra of dimension 2. Finally, we show that there do not exist
non-abelian Hermitian and Ké&hler proper hom-Lie algebras of dimension 2. In particular,
we classify non-abelian Hermitian and Kéahler hom-Lie algebras of dimension 2.

In this paper, we work over the real field R and the complex field C.

2. Preliminaries
In this section, we recall some basic definitions on hom-category.

Definition 2.1 ([12]). A hom-algebra is a triple (V, -, ¢) consisting of a linear space V, a
bilinear map (product) - : V' x V' — V and an algebra morphism ¢ : V' — V.

Let (V,-, ¢) be a hom-algebra. Then for any u € V', we consider maps L, R, : V =V
as the left and the right multiplication by u given by L,(v) = u - v and Ry(v) = v - u,
respectively. The commutator on V is given by [u,v] =u-v — v - u.

Definition 2.2 ([9]). A hom-Lie algebra is a triple (g, [, ], ¢4) consisting of a linear space
g, a bilinear map (bracket) [-,] : g x g — g and an algebra morphism ¢q : g — g satisfying
the following hom-Jacobi identity:

[u>v] = _[v7u]a Ou,v,w [d)g(u)v [U>w“ =0,
for any u,v,w € g, where O is the symbol of cyclic sum.

The hom-Lie algebra (g, [-, ], ¢q) is called regular hom-Lie algebra (respectively, invo-
lutive hom-Lie algebra), if ¢4 is non-degenerate (respectively, satisfies %2 = Idg). It is
known that a Lie algebra (g, [-,]) with ¢4 = Id, is a hom-Lie algebra. We call (g, [, -], ¢g)
proper hom-Lie algebra if ¢4 # Id,.

Also, a subspace h C g is called a hom-Lie subalgebra of g if ¢4(h) C b and [u,v] € b,
for any u,v € §.
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Definition 2.3 ([12]). For any finite-dimensional hom-Lie algebra (g, [-, ], ¢q), we can
consider a bilinear symmetric non-degenerate form (-,-) such that for any u,v € g the
following equation is satisfied

(Dg(), Pg(v)) = {u, v).

In this case, we say that g admits a pseudo-Riemannian metric (-,-) and (g, [, ], ¢g, (-,-))
is called pseudo-Riemannian hom-Lie algebra. Also, if qﬁg = Idg, then we have
(Pg(u),v) = (u, gg(v)). (2.1)
It can be verified that on a pseudo-Riemannian regular hom-Lie algebra (g, [-, -, ¢g, (-, *)),
there exists a unique product - which is given by Koszul’s formula
2(u - v, ¢g(w)) = ([u, v}, dg(w)) + ([w, v], dg(w)) + ([w, u], dg(v)), (2.2)

which satisfies
[u,v] =u-v—v-u, (2.3)
(u-v, gg(w)) = —(¢g(v), u - w).
This product is called the hom-Levi-Civita product.

3. (Almost) Complex and Hermitian structures on hom-Lie algebras

In this section, we introduce (almost) complex and Hermitian structures on hom-Lie
algebras. Also, we introduce the complexification of hom-Lie algebras.

3.1. Hermitian structures on hom-Lie algebras

Definition 3.1. An almost complex structure on an involutive hom-Lie algebra (g, [, ], ¢g),
is an isomorphism J : g — g that satisfies J? = —Idg and ¢go0J = J o ¢y.

An immediate corollary of the above definition is that (¢4 0 J)*> = —Id;. We denote an
almost complex hom-Lie algebra by (g, [, ], g, J). If the n-dimensional hom-Lie algebra
g admits an almost complex structure J, then

(det(J))? = det(J?) = det(—1dy) = (—1)",
which implies that n is even.
The Nijenhuis torsion Ng o; (or simply N) of ¢g o J is defined by
N(u,v) = [(¢g 0 J)u, (¢g 0 J)v] — ¢g 0 J[(¢g 0 J)u,v] — dg 0 J[u, (¢g 0 J)v] — [u,v], (3.1)
for all u,v € g. We will say that ¢4 o J is integrable if N = 0 and hence we will call J a

complex structure on g.

Definition 3.2. An almost Hermitian structure on the hom-Lie algebra (g, [-, ], ¢4) is a
pair (J, (-,-)) of an almost complex structure J and a pseudo-Riemannian metric (-,-) on
g such that

<(¢9 ° J)u7 (¢9 o J)U> - <u7 U>7 Vu? v e 9
and if ¢q o0 J is integrable, then the pair (J,(:,-)) is called Hermitian structure on g. In
this case, (g, [, ], ¢g, J, (-, -)) is called Hermitian hom-Lie algebra.

According to the above definition, we present an example of a 4-dimensional space.

Example 3.3. We consider a 4-dimensional hom-Lie algebra (g, [, ], ¢4) with an arbitrary
basis {e1, e2, e3,e4} such that bracket [-,-] and linear map ¢4 on g are defined by

[e1,e3] = aey + aeay, [ea,eq] = aey + aea, le3, eq] = —aes + aey,
and

pgle1) = ez, dgle2) =e1, Pgle3) =es, ¢Pgles) = e3.
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The above bracket is not a Lie bracket on g if a # 0. Now we consider the metric (-,-) of
g as follows:

OO O
OO = O
O = OO
o O O

It can be checked easily that (¢g(e;),e;) = (ei, pg(e;)), for all 4,5 = 1,2,3,4. If isomor-
phism J is determined as

J(e1) =eq, J(e2) =e3, J(ez) = —ea, J(eq) = —ei,
then we have
da(e;) = —J*(e;) =e;,  i=1,2,3,4.
A simple calculation shows that
(Jo %)el =e3 = (% oJ)er, (Jo %)62 =e€4 = (% o J)ea,
(Jodgles=—e1 = (dgoJ)es, (Jogglea=—ea = (¢g0J)es.

Thus J is an almost complex structure on (g, [-, ], ¢4). Also, we see that
<(¢g o J)(el)a (¢g © J)(€J)> = <ei? ej)? Vi,j=1,2,3,4
Hence (g, [+, ], ¢g, (-, ), J) is an almost Hermitian hom-Lie algebra. It is easy to see that

N(ey,e2) = —aey + aeg # 0.
So, J is not integrable and consequently (g, [-, ], ¢g, (-,-),J) is not a Hermitian hom-Lie
algebra.
3.2. Complexification of hom-Lie algebras
We denote the complexification of a hom-Lie algebra g by g€ and we define it as follows
o ={u+iv|uwveg}
If J is an almost complex structure on g, we can extend J and ¢g to g€ as follows
Ju+ ) =Ju+iJv, ¢glu+iv) = dg(u) + igg(v).

Obviously J? = —qﬁg = (pgo0 J)* = —Idyc and ¢go0J = J o ¢y on gC. Now, we consider

0" ={w € ¢° | (¢y0 Jyw = iw},

o —{w € ¢° | (60 J)w = —iw}.

Proposition 3.4. Let g be a hom-Lie algebra with an almost complex structure J. Then

i) g% ={u—i(dgo)u | ueg}andg” ={uti(dgo)ul|uc g}
11) g(C — g1,0 e gO,l,
iii) g0 = gL

Proof. Let w = u + iv € g©. Then (¢pg 0 J)w = dw if and only if
(pgoJ)u+v+i((¢g0J)v—u) =0,

which gives v = —(¢g 0 J)u. Similarly, we see that (¢y o J)w = —iw if and only if
v = (¢4 0 J)u. Thus we have (7). Let w = u + v € g*. Setting

wi =g (0~ iy 0 Tu+ i(v — (64 0 1)),

wa = (u+ i(6g 0 Tu+ i(v -+ (64 T)0))
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we get wy € gh¥ and wy € g%!. Also, it is easy to see that w; +ws = u+iv = w. Therefore,
gC =g 0+ g0 Ifweg®ng® ie, w=u-— i(¢pg o J)u and w = v 4 i(¢pg o J)v, then
we obtain
u—1i(pgoJ)u=v+i(pgo J)v,
and so
v—u+i((¢goJ)v+ (¢pgoJ)u) =0,
which gives u = v and u = —v. Hence g'° N g%' = 0 and consequently g€ = g'0 @ ¢!
Thus we have (ii). Let w = u+iv € g"Y. Then we have v = —(¢40 J)u. Therefore we get
(pgo J) (@) = (pgo0J)(u—iv) = —(v+iu) = —i(u —iv) = —iw,

which implies w € g®!. So we have (). O

Note that with the natural extensions of the Lie bracket of g and ¢y to gC, this complex
vector space has the structure of a complex hom-Lie algebra.

Theorem 3.5. Let J be an almost complex structure on a hom-Lie algebra (g, [-,-], ¢q).
Then the following statements are equivalent:
(i) g*° ds a hom-Lie subalgebra of g©, i.e., [g"0, g*"] C g0 and ¢y(g'?) C g'°,
(ii) g*! is a hom-Lie subalgebra of g%, i.e., [g%1, "] C g% and ¢q4(g™!) C %1,
(iii) J is a complex structure on g.

Proof. Assume (i) holds. Let z,w € g%!. Then according to (iii) of Proposition 3.4,
there exist z,w € g such that Z =7z and @ = w. On the other hand

[z, w] =[u = i(¢g o J)u, v —i(dg 0 J)v] = [u,v] = [(¢g 0 J)u, (¢g © J)v] — i([u, (¢g 0 J)v]
+ [(¢g © J)u, v]),
for u,v € g. Therefore we have
m :[u7 U] - [(d)g o J)uv (d’g o J)U] + Z([uv (d’g o J)U] + [(¢9 © J)”? UD
=[u+i(pg 0 J)u,v +i(¢g 0 J)v] = [Z,w].

According to (i), since [z, w] € g''?, then from Proposition 3.4 and the above equation, we
conclude [ | € go . Hence [z, w] = [z,w] = [z,w] € g". Also, since ¢,4(2) € g'9, then

$g(2) = g(%) = 9y(2) € g”'. Moreover [¢g(2), 25 (w)] = %[Z w] implies
[94(2), dg(W)] =[0g(2), Pg(W)] = [P(2), dg(w)] = [dg(2), Pg(w)] = Pgl2, W] = gz, w]

= gz, 0] = ¢g[2, w].

(i

Therefore (i) implies (¢i). In the similar way, (i7) implies (i) and so (i) is equivalent to
(7). Now, let u,v € g and w := [u +i(¢g 0 J)u,v + i(¢g 0 J)v]. Then we get

w = [u,v] = [(¢g 0 J)u, (¢g © J)v] + i([u, (¢g 0 J)v] + [(¢g © J)u, v]).
The above equation implies
(¢g 0 J)w = (¢g o J)[u,v] — (¢g 0 J)[(¢g © J)u, (¢g © J)v] + i(¢g 0 J)([u, (¢g © J)v]
+ [(¢g © J)u, v]),

and
iw = iu, v] — i[(¢g 0 J)u, (¢g 0 J)v] — ([u, (¢g © J)v] + [(¢g © J)u,v]).
Summing two last equations, we obtain
(pgo J)w +iw = —(¢pg o J)N(u,v) —i(¢g o J)N(u,v).

Therefore w € g™!, i.e., (¢y 0 J)w = —iw if and only if N = 0, which means that (ii) is
equivalent to (iii). O
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Remark 3.6. Proposition 3.4 and Theorem 3.5 show that the complexification of a real
hom-Lie algebra is a hom-Lie algebra over C.

4. Phase spaces and representations

Let V be a real vector space equipped with an inner product. For any v € V, we
consider u* € V* given by u*(v) = (u,v), for all v € V. The map u — u* defines a
canonical isomorphism between V' and V*. In this paper, we denote u*(v) by <u*,v>.

A symplectic hom-Lie algebra is a regular hom-Lie algebra (g, [-, -], ¢4) endowed with a
bilinear skew-symmetric non-degenerate form w which is a 2-hom-cocycle, i.e.

w([u, v], gg(w)) + w([w, u], ¢g(v)) + w([v, w], Pg(u)) = 0,
w(Pg(), Pg(v)) = wlu, v).

In this case, w is called a symplectic structure on g.

Definition 4.1. Let (V,-, ¢y) be a hom-algebra and V* be its dual space. If there exists
a hom-algebra structure on the direct sum of the underling vector space (V,¢y) and
(V*, ¢%+) (@7 is the transpose of the endomorphism ¢y) such that (V, ¢y ) and (V*, ¢}+)
are sub-hom-algebras and the natural skew-symmetric bilinear form w on V @& V* given by

w(u+a*,v+0") =<b",u> — <a*,v>, (4.1)

is a symplectic form for any u,v € V and a*,b* € V*, then (V & V* ,w) is called phase
space of V.

Definition 4.2. Let (g, [.,.], ¢g) be a hom-Lie algebra and g* be its dual space. A phase
space of g is defined as a hom-Lie algebra T%g = (g ® g%, [, Jgag*, ¢g ® Pg+) endowed with
the symplectic form w given by (4.1), where ¢g= = (¢g)*.

A representation of a hom-Lie algebra (g, [+, ], ¢g) is a triple (V, A, p) where V is a vector
space, A € gl(V) and p: g — gl(V) is a linear map satisfying

{ p(pg(u)) o A= Ao p(u),
p([u,v]) 0 A = p(¢g(u)) 0 p(v) — p(¢g(v)) 0 p(u),

for any u,v € g. If we consider V* as the dual vector space of V then we can define a
linear map p* : g — gl(V*) by

<p*(u)(a),v==— <a, p(u)(v) >, (4.2)

for any u € g,v € V,a € V*, where < p*(u)(a),v > is defined by p*(u)(a)(v). A repre-
sentation (V, A, p) is called admissible if (V*, A*, p*) is also a representation of g in which
A* is the transpose of the endomorphism A. In [14], it is shown that the representation
(V, A, p) is admissible if and only if the following conditions are satisfied

{ Ao p(pg(u)) = p(u) o 4, (4.3)
Ao p([u,v]) = p(u) o p(dg(v)) — p(v) © p(dg(u)).
Let (g, [, -], ¢g) be a hom-Lie algebra and ad : g — End(g) be an operator defined for any
u,v € g by ad(u)(v) = [u,v]. Moreover, it is easy to see that
adfu,v] 0 g = ad(dy(v)) 0 ad(v) — ad(y(v)) o ad(w)

Thus (g, ¢g,ad) is a representation of g, which is called the adjoint representation of g
(see [14], for more details). For an involutive hom-Lie algebra (g, [, ], ¢q), the adjoint
representation (g, ¢q, ad) is admissible [12].

A hom-algebra (V, -, ¢y) is a hom-left-symmetric algebra if the following identity holds

assg, (U, v, w) = asse, (v, u, w),
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where

assgy (u, v, w) = (u-v) - gy (w) = gy (u) - (v- w),

for any u,v,w € V. Note that setting [u,v] = u-v — v - u, we conclude that (V,[-, -], ov)
is a hom-Lie algebra.

Proposition 4.3. Let (V, -, ¢y) be a hom-left symmetric algebra and for any uw € V', L, be
the left multiplication operator onu € V (i.e., Lyv = u-v for anyv € V). Then (V, ¢y, L)
1s a representation of the hom-Lie algebra V , where V is equipped with the induced hom-Lie
bracket and L : V — gl(V') with u — L.

Proof. We must show that

{ Ly u) © ov = ¢v 0 Ly,

L[u,v] [¢] ¢V = L¢V(u) o Lv — L¢V(v) [¢] Lu (44)

If we consider the hom-left-symmetric algebra V', then for any u,v,w € V we have
(u-0) - gy (w) = gv(u) - (v-w) = (v-u) - Pv(w) — Py (v) - (u-w).
Setting u - v — v - u = [u,v] and L,v = u - v, in the above equation we get
Liuw) © v = Loy ) © Lo = Ly () © Lu-

Moreover, we have ¢y (u - v) = ¢y (u) - ¢y (v), that is Ly, ()¢v(v) = ¢y (Lyv). Thus we
have (4.4). O

Corollary 4.4. Let (V,-, ¢y) be an involutive hom-left symmetric algebra. Then the rep-
resentation (V, ¢y, L) is admissible, i.e., (V*, ¢7., L*) is a representation of V. In par-
ticular, @7« is involutive.

Proof. According to (4.3), it is sufficient to prove

v oLy )y = Luoov,
¢v © Liyy) = Lu 0 Ly, (v) = Lw © Ly, (u)-

If u,v € V, then using ¢y (u - v) = ¢y (u) - ¢y (v) we obtain ¢y (dy(u) - v) = u - Py (v).
Considering ¢y (u) - v = Ly, ()v, we deduce ¢y (Lg,, ()v) = Lugpy(v). On the other hand,
for any w € V' we have

(u-0) - gy (w) = (v-u) - dy(w) = dy(u) - (v-w) = Py (v) - (u-w).
Contracting the above equation with ¢y implies that
ov((u-v) oy (w) — (v-u)-gv(w)) =u-dy(v-w)—v- dy(u-w).

Setting L,v = u - v in the above equation yields

v (Ljuw)@v (W) = LuLg, () ¢v(w) — Ly Ly, () Pv (w).

Therefore we have the assertion. OJ

Proposition 4.5. Let (V, -, ¢y) be an involutive hom-left-symmetric algebra and (V, ¢y, L)
be a representation of the hom-Lie algebra V. Then (V@& V*, -, ®) is a hom-left symmetric
algebra where - and ® are given by

{ (uva*) ’ (’U¢b*) = (u ’ UaLZV(u)b*)a

®(u, a*) := (dv(u), ¢ (a¥)), (4.5)

for any u,v € V,a*,b* € V*.
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Proof. Using (4.5), we have
O((u,a®) - (v, 7)) = P(u- v, Ly ()b") = (¢v(u-v), oy (L, (1b"))
= (0v(u) - v (v), oy (L, ()b")),
and so
O(u,a®) - ®(v,0") = (¢v (1), ¢y (a%)) - (P (v), oy (b)) = (v (u) - dv (v), Ly, Py« (b7))-
But L is an admissible representation on V, i.e., ¢y (sz(u)b*) = L} ¢y (b*). Thus
O((u,a”) - (v,0")) = ®(u,a”) - ®(v,b"),

which implies that ® is a hom-algebra structure on V @ V*. Now, we show that the
product given by (4.5) is hom-left symmetric. A direct computation yields

((u,a®) - (v,67)) - @(w, ") = (u,a”) - ((v,67) - (w, ")) = ((v,0%) - (u,a%)) - @(w, ") (4.6)

+ ®(v,0%) - ((w, a”) - (w, "))

= (Liunidv () = Loy wy Low + Loy o) Lutwy Lg, a0+ (€7) = LuLy )€™ + LuLg, yc”)-
On the other hand, we have

Liuov(w) = L, ) Low = Ly, () Luw,
LFU,’U](b*V* (C*) = L;V(U)L:C* — L:Z\/(U)LZC* (47)
Putting u := ¢y (u),v := ¢y (v) in (4.7) we deduce
LZV([U,U])(;S*V* (C*) = LZL:;V(U)C* — L:L:;V(u)c*

Setting the above equations in (4.6) we conclude the assertion. O

A hom-algebra (V, -, ¢y) is called hom-Lie-admissible algebra if its commutator bracket
that is given by [u,v] = u-v — v - u, for any u,v € V satisfies the hom-Jacobi identity.

Proposition 4.6. The hom-left symmetric algebra (V V™, -, ®) is an involutive hom-Lie
algebra with commutator bracket, where - and ® are given by (4.5).

Proof. First, we show that (V @ V*, - ®) is a hom-Lie-admissible algebra. If we set
[(u,a”), (v,0%)] = (u,a”) - (v,0%) — (v,0") - (u,a”), Yu,v €V, Va*,b* € V¥,
then using (4.5) we have
[(u,a”), (v,6%)] = (u-v—v-u,Lg 0" — Ly, (Ha") (4.8)
Obviously, we have
[(u,a®), (v,6")] = —=[(v,0%), (u,a”)].
Now, we check the hom-Jacobi identity. Applying (4.8), we get
Oua*),(v,b*),(w,er) [@(u, "), [(v,0%), (w, )]
=O(u,a*),(wb*),(w,er) [PV (), @1+ (a”)), (V- w —w-v, L ()" = Ly (4)0")]
=O(u,a®),(v,p%),(w,er) Qv (W) - (V- w—w-v) = (v-w—w-v)- Py (u),
LulLgy )¢ = ¢v<w>b*)
= Loy (o) Pv+(a”))-
Since V is a hom-left-symmetric algebra, then
(u-v)- Py (w) = gv(u) - (v-w) = (v-u)- ¢v(w) —dv(v) - (u-w).
On the other hand, (V*, ¢{,., L*) is a representation of V. Therefore

Ly (o)) © @V = Ly © L () = Loy © L, -
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The above equations imply
Ouar),(v,b%),(w,er) [P(w, a”), [(v,b%), (w, )]
=(py(u)-(v-w—w-v)—(v-w—w-v) Py(u) + oy (v) (W -u—u-w)
—(w-u—u-w) dv(v)+ov(w) (u-v—v-u)—(u-v—v-u) ¢v(w), L,(Ly, ,)c
= L, w)b") = (Ly o Ly ) — Ly © L () (@) + Ly (L, () @™ — Ly y€7)
— (L 0 Loy (uy = L © Ly () (07) + Ly (Ligy (u)h” = L 0)07)
= (LuoLg, o) =Ly oLy, w)(c) =0,
which conclude the hom-Jacobi identity. Using (4.5) we obtain
(I)[(uv CL*), (Uv b*)] :(I)(’U, v—v-u Lj;v( )b* B LZV(U) *)
(Ov(u-v—v-u), ¢y (L, )b = Ly, m)a"))
(Pv(u) - ov(v) — v (v) - v (u), Lydy« (b)) — Lydy-(a”))
[(Pv (u), oy« (a®)), (v (v), Dy« (b7))] = [®(u, a®), D(v,b")].
Thus (V & V*, -, ®) is a hom-Lie algebra with commutator bracket. Finally, we get
% (u, a*) = ®(¢v (u), ¢ir+ (a¥)) = (97 (), (¢7+)?(a")) = (u,a”),

i.e., @ is involutive. U]

Proposition 4.7. Let (V, -, ¢y) be an involutive hom-left-symmetric algebra and (V, ¢y, L)
be a representation of the hom-Lie algebra V. Then

<L " by (0) == = < -0, ¢ (@) - (4.9)

Proof. We have
<Py« (a*),u-v= = <a*,py(u-v)== <a*, dv(u) - oy (v) > :<a*,L¢V(u)¢V(v)>-
- — %L;V(u)a*,gbv(v)%
for any u,v € V and a* € V*. O

Theorem 4.8. Let (VQV™*,[-,-], ®) be a hom-Lie algebra under the assumptions of Propo-
sition 4.6. If we consider a non-degenerate bilinear form ., ... on V& V™ as follows

Qo ((u,a%), (v,0%)) = <b*u= — <a*, v, Yu,v €V, Va*,b* € V*  (4.10)

then V @& V* is a phase space.
Proof. Using (4.5) and (4.10), we get
Qv (P(u,a%), 2(v,0%)) = Q. (91 (w), - (a7)), (Pv (), v (07)))
= <oy (b"), dy(u) = — <Py (a”), dy (v) =
= <bu>=—<a"v-=Q, . (u+a",v+0b7).
Also, (4.9) implies
O(u,a*),(v,b*),(w,c*) Qv@v* ([(u7 CL*), (U7 b*)]7 (I)((w C*)))
:O(u,a*),(v,b*),(w,c*) QVEBV* (’LL U — 0 U, L:;)V( )b* L¢'V (¢V( ) qb}k/* (C*)))
= <¢*V*(C*),u U=V U — <L:;V(u)b* Ly w ,gf)v( )=+ <py«(a”),v-w—w-v>
- <LZV( ) L¢>V ’¢V( )=

Thus Q.. is a 2-hom-cocycle form and consequently V @& V* is a phase space. O
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Lemma 4.9. Let (V,-,¢v) be an involutive hom-left symmetric algebra. Then for any
representation (V, ¢y, L) we have

Py=(u”) = (¢v ()"
Proof. Let (-,-) be a pseudo-Riemannian metric on V. For any v € V| we have
Py-(u”)(v) = u (v (v)) = (u, pv (v)),
and
(¢v(u)*(v) = {(dv(u), v).
Since ¢y is involutive, then (2.1) implies that the above equations are equal. ]

Proposition 4.10. Let (V @ V* [-,-],®) be a hom-Lie algebra under the assumptions of
Proposition 4.6. Then the linear map J: V & V* -V & V* defined by

J(u,a*) = (—gpv(a), i« (u*)), YueV,Va* V™, (4.11)
18 a complex structure on the hom-Lie algebra V & V*.

Proof. Applying Lemma 4.9, we obtain
I (u,a”) =3 (=¢v(a), o1+ (u*)) = I(=¢v(a), (¢v (u))") = (—dv (v (u)), — b7 (v (a))*)
— (u,a”™).
Also ®o0J = J o ®, because
(@0 ) (u,a*) =P(=ov (a), ¢p- (u*)) = (=¥ (a), (41+)*(u*)) = (—a, u®),
(@0 ®)(u,a”) =d(v (u), v+ (a ( ")) = (=ov(ov(a)), oy (dv(u)*) = (—a,u’).

Thus J is an almost complex structure on the hom-Lie algebra V @ V*. Using (4.5) we
have

N((u,a”), (v,6%)) = [(® 0 d)(u,a”), (P 0 J)(v,0)] = (P J)[(P 0 J)(u,a”), (v,b7)]  (4.12)
— (@0 J)[(u,a”), (® 0 d)(v,0)] — [(u,a”), (v, b%)]
= [(=a,u”), (=b,v")] = (® 0 J)[(—a,u), (v,0")] = (® 0 J)[(u, a”), (=b,v")] = [(u, a®), (v,b7)]
=(a-b=b-a,—Ly v+ Ly, pu') — (Pod)(—a-v+v-a,—Lg 0" — Ly (,yu")
—(@od)(—u-b+b-u, Ly (v + Ly, pa”) — (u-v—v-u Ly ,)b" — Ly ,)a").
Now, let u € g. Then using (4.2) we have

v (L ()0 ) (1) = Ly (00" (9 (0)) = —v™(Lgy (a)Pv (1) = —(v, dv (a) - dv (u)).
Applying (2.4) in the above equation we conclude

v+ (L, () ) (W) = (dv(a) - v (v),u) = (L @)@V (v), 1) = (Lgy )PV ()" (),
v+ (Lgy (a)0") = (Lgy (a)@v ()"
The last equation and (® o J)(u, a*) = (—a,u*) imply
(Pod)(a-v,Ly, (yb") = (o )(a 0, Ly (@0) = 3(dv(a) - dv (v), oy« (L, ()07))
Ly ()9v (v), Sy (L, (0y07))
3((¢v (quv @) Loy (a)@v (D)")
(=0v (Lgy (a)9v (D), " (91 (LG, (V")) = (—a - b, Ly (4)v").
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Finally the above equation and (4.12) yield

N((u,a®), (v,0")) =(a-b—b-a—u-v+v-u—a-b—v-utu-v+b-a,—Lg , v
Loy — Loyl + Loy )@ + Loy @ — Loy )@ — Loy’
+ sz(“)b*) =0,

which gives J is a complex structure on the hom-Lie algebra V & V*. O

5. Kaihler hom-Lie algebras

In this section, we introduce Kéhler structures on hom-Lie algebras and we present an
example of these structures. Also, we show that there does not exist non-abelian Hermitian
and Kéhler proper hom-Lie algebras of dimension 2. In particular, we classify non-abelian
Hermitian and Kéhler hom-Lie algebras of dimension 2.

5.1. Kahler structures on hom-Lie algebras

Definition 5.1. A Ké&hler hom-Lie algebra is a pseudo-Riemannian hom-Lie algebra
(9,[ ], &g, () endowed with an almost complex structure J, such that ¢4 o J is in-
variant with respect to the hom-Levi-Civita product, i.e., L, 0 ¢g0J = ¢g0 J o L,, for any
u € g.

Note that condition (u - (¢g0 J))(v) = (¢g 0 J)(u - v) is equivalent with
(650 7)) - (65 0 T)(0) = (6 © ) (6 © T)(u) - v), (5.1)
and
u-v=—(¢g0J)(u-(dgoJ)(v)). (5:2)
Remark 5.2. Using (3.1), (5.1) and (5.2) we obtain
N(t,0) =(g 0 J) (1) - (6 0 J)(0) — (g 0 J)(0) - (6 0 J)(u) — (0 T) (g 0 J)(u) - v
0+ (g 0 J)(u)) — (B0 ) (u- (6g 0 J)(v) — (g 0 )(v) - w) —w-v—v-u=0,
So, the almost structure J introduced in Definition 5.1 is integrable.

Example 5.3. We consider a 4-dimensional linear space g with an arbitrary basis {e1, es, €3, €4 }.
We define the bracket and linear map ¢4 on g as follows

le1,e2] = —aesz, [e1,e3] =Dbea, [ez,eq] = —aez, [es,eq] =aes,

and
pgle1) = —e1,  ¢glea) = e, ¢gles) = —e3, ¢gles) = ea.
The above bracket is not a Lie bracket on g if a # 0 and b # 0, because
le1, [es, eq]] + [es, [eq, e1] + [ea, [e1, €3]] = [e1, aes] + [e4, bea] = 2abes.

It is easy to see that

[Pg(e1), dg(e2)] =aes = ¢q([e1, e2]), [pg(e1), Pgles)] = bea = dy([e1, e3]),

[¢g(62)> ¢g(€4)] = —ae2 = @Z’g([e% 64])’ [¢g(63)7 ¢g(e4)] = —ae3z = ¢g([e37 64]),
i.e., ¢4 is the algebra morphism. Also, we can deduce

[¢g(ei)> [eja ekH + [(bg(ej)v [eka ei] + [¢g(ek)7 [61‘, 6]]] = Oa iajv k= 1> 27 374

Thus (g,[,],¢g) is a hom-Lie algebra. Now we consider the bilinear skew-symmetric
nondegenerate form €2 as follows:

0 0 -4 0
0 0 0 24
A 0 0 0
0 —%4 0 0
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Then we get
Qpg(e1), pgles)) = — A =Q(er,e3), Qdg(e2), pgles)) = %A = Q(ez, e4),
Qdg(e1), dgle2)) =0 = Qex, e2), Q(pg(e1), dglea)) = 0=Q(e1, e4),
Q(Pg(e2), dgles)) =0 = Qez; e3), Qpg(e3), dglea)) = 0 =Q(es, e4),
and
Q([ei7 ej]a d’g(ek)) + Q([eja ek]a ¢g(ez)) + Q([ekv ei]v ¢g(ej)) = 07 i?j? k= 17 27 37 4.
The above relations show that €2 is 2-hom-cocycle and so (g, [+, ], ¢g,2) is a symplectic
hom-Lie algebra. We define a metric on g as follows
A 0 0 O
0 %4 0 0
0O 0 A 0
0 0 0 %A
We can easily deduce that (¢(e;),e;) =0 = (e;, ¢(e;)), for all 4, j = 1,2,3,4, except
(pgler),e1) =— A= (e1,94(e1)),  (gg(e2),e2) = %A = (e2, 9g(€2)),
(pgles),e3) = — A= (e3, Ppgle3)),  (pglea), eq) = %A = (e4, pg(ea)).

Thus (2.3) holds and so (g, [, ], ¢g,(-,-)) is a pseudo-Riemannian hom-Lie algebra. If
isomorphism J is determined as
J(e1) =e3, J(e2) =eq, J(ez)=—e1, J(es) = —eo,
then using the above equations, it follows that
J?(e) = —dp(e) = —e;,  i=1,2,34,
and

(Joggler=—e3=(pgoJ)er, (Jogglea=es= (¢g0J)ea,
(J o pg)es =e1 = (¢pg 0 J)es, (Jogglea = —ex = (¢g 0 J)eus.
Thus J is an almost complex structure on (g, [+, ], ¢q). Also, a simple calculation shows

that N(e;,ej) =0, for all 4,5 = 1,2,3,4, i.e., J is a complex structure on (g, [-,], ¢g). It
is not hard to find that

((¢g 0 J)(€i), (¢g 0 J)(ej) >=<ei,ej), Vi,j=1,2,3,4,

and hence (g, [, ], ¢g, (-,-),J) is a Hermitian hom-Lie algebra. Now, we study the Kéh-
lerian property for this hom-Lie algebra. At first we must obtain the hom-Levi-Civita
product for it. If we denote this product with -, then we have ¢; - ¢; = Zizl Afjek, for
all i,7 = 1,2,3,4. From Koszul’s formula given by (2.2) we get (e1 - e1,¢(e;)) = 0, for
all i = 1,2,3,4, which give e; - e; = 0. Again (2.2) gives (e1 - ez, ¢g(e;)) = 0, for all
i = 1,2,3,4, which leads to A}, = A3, = A}, = A}, = 0. Therefore we deduce e; - e3 = 0.
But [e1,e2] = e1-ea —ea - e implies es - e; = aes. In a similar way, it can be verified that

ez-e] = —bea, ez-e3=uaey4, ex-e4 = —aez, e3-e4=ae3, e3-e3= bey,
€2 €3 = €3 €2 = —aey,
and
61'63261'64264'61:€4~€2:€4-€3:€4'€4:0.

It can be checked easily that the hom-Levi-Civita product computed above satisfies in
(5.1). Thus (g, [, ], ¢g, J, (-,-)) is a Kéhler hom-Lie algebra.
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Proposition 5.4. Let (g, [, ], &g, (-, ), J) be a Kihler hom-Lie algebra. Then (g, [-, -], ¢g,2)
is a symplectic hom-Lie algebm where
Qu,v) = ((¢g © J)u,v). (5.3)
Proof. Applying (5.3) and (2.3) we obtain
Qfu, v], ¢g(w)) + Q([v, w], Pg(w)) + Q[w, ul, Gg(v)) (5.4)
) = ([v,w], (dg 0 J)(g(w))) — ([w, ul, (dg 0 J)(¢g(v)))

= —({[u, v], (g 0 J)(dg(w)) (
—(u -, (dg 0 J)(Pg(w))) + (v - u, (¢g 0 ) (dg(w))) — (v - w, (¢ © T)(¢g(u)))
+ (w0, (¢ 0 J)(Pg(w))) = (w - u, (b5 © J)(¢g(v))) + (u-w, (¢g 0 J)(Pg(v))),

for any u, v, w € g. But using (2.4) and (5.2) we conclude
{u-v,(¢g 0 J)(¢g(w))) == ((¢g 0 J)(u- (¢g 0 J)(v)), (¢g 0 J)(¢g(w)))
= —(u- (¢g 0 J)v, (Pgw)) = Au - w, gg(dg 0 J)(v)).
Setting the above equation in (5.4) we get
Q([u, v], pg(w)) + Q([v, w], dg(u)) + A[w, u], ¢g(v))
—(u-w, (¢g” 0 J)v) + (v - w, (¢ 0 J)u) — (v - w, Ju)

+ (w -, (¢g2 0 J)v) — (w - u, Jv) + (u - w, Jv)
=0.

Moreover (5.3) implies

Q(¢g(u), pg(v)) = ((¢g 0 J)dg(u), ¢g(v)) = (J(u), g(v)) = ((¢g © J)u,v) = Q(u,v).
O

Theorem 5.5. Let (g, [, ], ¢g,w) be an involutive symplectic hom-Lie algebra. Then there
exists a hom-left-symmetric algebra structure a on g satisfying

w(@a(u, v), pg(w)) = —w(g(v), [u, w)),
such that
a(u,v) —a(v,u) = [u,v],
for any u,v € g.

Proof. See [12], for more details. O

According to the above theorem, a Kéhler hom-Lie algebra has two products, the hom-
Levi-Civita product and the hom-left symmetric product a associated with (g, [, -], &g, §2).
According the above notions and Propositions 4.5-4.10 we deduce the following:

Corollary 5.6. If (g, [, ], ¢g, (-,), J,Q) is a Kdihler hom-Lie algebra, then (g,a, ¢g) is a
hom-left symmetric algebra. Also, (g ® g*,a, ) is a hom-left symmetric algebra, where g*
is the dual space of g and a and ® are given by (4.5). Moreover, (g®g*,Q__ ) is a phase
space of hom-Lie algebra g where Q__ . is given by (4.10).

gdg

Corollary 5.7. Let (g,[-,], ¢g, (-,-), J,Q2) be a Kihler hom-Lie algebra. Then there is a
complex structure J on g @ g* given by (4.11).
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5.2. Kahler structures on non-abelian hom-Lie algebras of dimension 2

In [13], the same authors determined all non-abelian (involutive) hom-Lie algebras of
dimension 2 and non-abelian pseudo-Riemannian hom-Lie algebra of dimension 2 as fol-
lows:

All non-abelian hom-Lie algebras of dimension 2 are as (g, [, |, ¢q) with

(pgler) = e1 + Bea, ¢g(e2) =Cea, C#0) or (¢g(er) = Aei + Bea, ¢4(e2) =0),

where {e1,e2} is a basis of g such that [e1, ea] = ea.

~

Also, all non-abelian involutive hom-Lie algebras of dimension 2 are as (g, [-, ], ¢q),
(gv ['7 ']a ¢g> and (gv ['7 ']a ¢g>7 where
(dgle1) = e1, dgle2) = e2), (¢g(e1) = e1, Pylea) = —ea), (5.5)

(59(31) =e;1 + Bey, 59(62) = —e3, B#0).

In the sequel, we will consider involutive hom-Lie algebras of dimension 2.
Moreover, all non-abelian pseudo-Riemannian hom-Lie algebra of dimension 2 are as

(gv ["']’$Qa<'a'>)a (g’ ['a']v&gv< kR >’)’ (ga ['a']759’<< ER >>)7

where (;Aﬁg,gg and 59 are given by (5.5) and (-,-) is an arbitrary bilinear symmetric non-
degenerate form and < -, - >, < -,- > are bilinear symmetric non-degenerate forms which
have the following matrix presentations:

[{e1,e1) (e1, ez
6= [fee) el e enea) — (er,en)® 20,
L ? 9
[<eq,e1 > 0
[< =] = 101 <e €2>_}7 <ep,e1-# 0, <eg, e2-# 0,
<)o | Saa> -B < esen>
’ T <> <ene> |

B2 9
LK e, e >X ey, e > _T <K eg,69 > 7é 0.

Proposition 5.8. All non-abelian almost complex hom-Lie algebras of dimension 2 are
as (g, [, ], @g, J), where ¢q, is given by (5.5) and J is as follows:

[j\]:|:a b]7 a2+bc:—1,

c —a

and non-abelian hom-Lie algebras (g, [-,-], ¢,) and (g, -, '],@), do not admit any almost
complex structure.
Proof. Let (g,[, ], g, J) be an almost complex hom-Lie algebra of dimension 2, such
12
that J = [z% Z%} Since J?(e1) = —e; and J?(e3) = —ea, thus we have
2 P2

(P1)* + pips = =1, pl(p1+p3) =0, papi+p3) =0, (p3)°>+pipy=—1.  (5.6)

Now, we consider possible cases for the above equations
Case 1. p3 = —pl.

In this case, using the first and the fourth equations of (5.6) we deduce (p1)? + p?ps = —1.
Case 2. p3 # —pl.

In this case, the second and the third equations of (5.6) imply p? = p3 = 0 and (p1)? =
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(p2)?2 = —1. But this is not possible.
Therefore J has the following matrix presentation:

cC —a

[a b}, a® +be = —1. (5.7)

Considering ggg = Idy, then we conclude (g, [, ~],ng59, J) is an almost complex (hom-)Lie
algebra where J is given by (5.7). If we consider ag and the matrix presentation of .J is as
(5.7), then condition (J o ¢4)(e1) = (g0 J)(e1) gives b = 0 and (J o ¢y)(e2) = (¢g0J)(e2)
yields ¢ = 0. Consequently, we get the contradiction a®> = —1 and so (g, [‘,'],ig,j)
cannot be an almost complex hom-Lie algebra. Finally, if we consider 59 and the matrix
presentation of J is (5.7), then condition (.J o 59)(62) = (59 o J)(eg) yields ¢ = 0 and
consequently, a2 = —1. So, J cannot be an almost complex structure on (g, ], 59). O

Proposition 5.9. All non-abelian almost Hermitian hom-Lie algebrgs of dimension 2 are
as (g, [ ), b9, Ji, (,)i), @ = 1,2, where ¢q is given by (5.5) and J; and (-,-); have the

following matrix presentations:

_a -1
(er,e1)1  —4(er, e _ {<61,€1)2 0 ]
Hhl = lg<el,e1>1 “fenen | 0= 0T L e,
where a,d,h # 0, a®> + dh = —1.
Proof. Since (g, [-,], ggg) admits the almost complex structure J, i.e., [J] = {Z _da} , then
we can consider the following cases
Case 1. a # 0. o o
In this case, condition ((J o ¢g)(e1), (J o ¢g)(e1)) = (e1, e1) gives
1—a? d

<€1,€2> = 2%ad <61,61> - %<€2,62>. (5.8)
Also, the condition ((J o 59)(62), (Jo (}Eg (e2)) = (e2, e2) implies

(ene2) = aefen,en) + S5 fes ) (5.9)

€1,€2) = % €1, €1 oah €2,€2). .
Moreover, {(F o @)(ex), (70 ) (e2)) = {e1, e2) yields

a a
= — — . 1

(e, e2) = —ooler, e1) + o ez, e2) (5.10)

From (5.8) and (5.9) we get
h
{2, e2) = ——(er, e1). (5.11)
Setting (5.11) in (5.10), we conclude (e1, e2) = —%(e1,e1). We denote these structures in
the assertion with index 1 in what follows.
Case 2. a = 0.
0

In the case, we have hd = —1 and hence [j] = [ 1 Eﬂ In a similar way of the previous

d
case, we obtain (eg, e3) = d%(el,el) and (e1,e2) = 0. We denote these structures in the
assertion with index 2 in the below. O

As can bee seen in Proposition 5.9, (59 given by (5.5) is the only morphism that
(9,1 ], ¢qs Jis (-, )i), © = 1,2, are non-abelian almost Hermitian hom-Lie algebras. Since

o~

¢g = Idg, so we conclude the following:
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Corollary 5.10. There does not exists a non-abelian almost Hermitian proper hom-Lie
algebra of dimension 2.

From above corollary, we deduce the following

Corollary 5.11. There exists no non-abelian Kdhler proper hom-Lie algebra of dimension
2.

Proposition 5.12 ([13]). The hom-Levi-Civita product on the pseudo-Riemannian hom-

~

Lie algebra (g, [-, ], ¢g, (-,-)) is

e1-e1=0, e1-ea=0, eg-e1=—ey, eg9-€y= EZ’Ziel, (5.12)
if (e1,e2) =0, and
€1, €6 2 (AN €1, €6
e e 1;} = 619
(e, 2> (e1, 2>
A= Gaall, T detl(n ) (5:14)
_ lezje2) - det[(,)] + (e, )
T Gl T T detl(n)] 2 (5:15)
ey - eg = (e, €2)" er — {2, €2) e (5.16)
27 det[( ){er,ea) + det[( )] 7 '

if <ep,ea >F0.

Propositiola 5.13. All non-abelian Kahler hom-Lie algebrcks of dimension 2 are as

(9, ], @gs Jis (-5 )4), i = 1,2, where ¢g is given by (5.5) and J; and <, >; have the following
matriz presentations:

T _ a d _ 1 . 2

[J1] = {h —a} [l = [ 1 h] , e1-e; =a’e; + adey, (5.17)

a
e1 - ex = ahe; — a’es, eg-e; = ahe; — (a2 +1)eg, ex-e2 = he; — ahes,

|
SHISH

~ 0 d <€1,€1>2 0
B= 3] =
d a2
ex-e1=—€, e1-eg=e1-e3=0, €3-e3=geq,

where a,d # 0, a® 4+ ad = —1.

Proof. From Proposition 5.9, it is easy to see that leogg = N@o@ = 0, i.e., jl,jg
are Hermitian structures on g. Applying Proposition 5.12, we study compatibility of the
structures determined in Proposition 5.9 and these products. We consider two cases as
follows:

Case 1. (ej,ez) = 0.
In this case, since (-, -)1, is not a pseudo-Riemannian metric, when (e;, e3) = 0. Thus we
consider (-,-)2. In this case, the product (5.12) becomes

1

2

Considering the above product, we see that (5.2) holds for (g, [, ], 59, I, (+,+)2). Hence this
structure is Kéhler.

Case 2. < ej,ey ># OA.
In this case considering J; and (-,-); from Proposition 5.9, we deduce that (5.13)-(5.16)

ej-ep=e1-e2=0, ex-e;=—ey, ex-e3=
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reduce to
a’(e, e1)t aler, e1)?
AT P et ] T ddet[(, )] Y
L -y = —h<€1,€1>161 a<€1,€1>1 e,
ddet[(-,)1] ddet[(-,)1]
oy 1 — —h<61,61>161 det[(, )] = %(61,61>162’
ddet[(, -)1] det[(-, -)1]
ey -y = —h2<€1,€1>1 e h<61,€1>1 es.
addet[(-, )1] ddet[(-,)1]
Using the above equations and a? + hd = —1 we get
=~ =~ a2<61,61>% <61,61>1
—Ji(e1 - Ji(e1)) = & det[(- _>1]€1 ~ det[(- .>1]62-
As ey -e; = —Ji(er - Ji(e1)), thus (e, e1) = —g. In this case, det[(-,)1] = a% and hence

[(-,-)1] and the Levi-Civita product reduce to (5.17). Applying it we have
—Ji(er - Ji(e2)) = ahey — a’es = e - ea,
—jl(eg . jl(el)) = ahe; — ((12 + 1)es = eg - ey,
—jl(eg . jl(eg)) = h%e; — ahes = ey - €9.
Therefore we conclude (5.2). O
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