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HARMONIC CURVATURE OF A STRIP IN E3

FILIZ ERTEM KAYA, YUSUF YAYLI AND H. HILMI HACISALIHOGLU

ABSTRACT. In this work we give a new definition of a helix strip. We study the
harmonic curvatures functions of a strip by using harmonic curvature functions
and give some characterizations of the strip’s harmonic curvature functions and
total curvature functions of a strip.

1. INTRODUCTION

In 3-dimensional Euclidean Space, a regular curve is described by its curvatures
ki and ky and also a strip is descibed by its curvatures k,, k, and t,. The relations
between the curvatures of a strip and the curvatures of the curve can be seen in
many differential books and papers. We know that a regular curve is called a
general helix if its first and second curvatures &y and ks are not constant, but %
is constant ([2],[7]) and harmonic curvature functions of a curve was given by H.

k1

Hilmi Hacisalihoglu. The ratio s called first Harmonic curvature of the curve

and is denoted by Hy or H in E* ([2]). Thus the ratios £= and % the harmonic

curvature functions of the strip is denoted H and H in E°.

2. PRELIMINARIES

2.1. The Theory of the Curves.

Definition 2.1. If «: I C R — E™ is a smooth transformation, then « is called a
curve (from the class of C°°).Here I is an open interval of R ([8]).
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Figure 1 The curve in Bm

Definition 2.2. Let the curve o C E™ be a regular curve coordinate neigbourhood
and {Vi(s), Va(s), ..., Vr(s)}be the Frenet frame at the point a(s) that correspond
for every s € I. Accordingly,

ki: I—R
38— ki(s) = (Vz”(s)1vi+1(5))'

We know that the function k; is called ¢ — +h curvature function of the curve and
the real number k;(s) is called i —th curvature of the curve for each s € I ([2]). The
relation between the derivatives of the Frenet vectors among « and the curvatures
is given with a theorem as follows:

Definition 2.3. Let M C E™ be the curve which given by the neigbouring with
(I,c). Let s € I be arc parameter. If k;(s) and {Vi(s), Va(s), oy Vi(8)} is the i —th
curvature and the Frenet r-frame at the point a(s), then

i Vi(s) = ki(s)Va(s)
ii. Vils) = — ki1 (8)Vie1(8) + Ki(s)Viga(s), - - 1{itr;
iii. W'(S) = —kr_l(s)V,._1(s)

(2))-
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The equations that about the covariant derivatives of the Frenet r-frame
{Vi(s), Va(s), ..., V;(s)} the Frenet vectors V;(s) along the curve can be written as

V{(S} j 0 k]_ 0 0 - 0 0 0 [ Vl(S)
Vals) B 0 kg 0w D 0 0 Va(s)
Vs(s) 0 -k 0 0 .-~ 0 0 0 Va(s)
V;-_z’(s) 0 0 0 o --- 0 kr—Z 0 Vr_g(s)
V;a_.l’(S) 0 0 0 o .- ﬁk.,a_z 0 k‘rfl V;n_l(S)
Viisy | Lo 0o 0 0 - 0  —ko O || Vils)

These formulas are called Frenet Formulas ([2]).
In special case if we take n = 3 above the last matrix equations, we obtain
following matrix the equation

W 0 k0 Vi 4 0 kit 0 t
Wil=| -k 0 ke Vo lor | n|=| -k 0 Kk n |.
Vs 0 =k O V3 b 0 =k O b

2.2. The Strip Theory.

Definition 2.4. Let M be a surface in Eand « is a curve in M C E®. We define
a surface element of M is the part of a tangent plane at the neighbour of the point.
The locus of these surface element along the curve e is called a strip or curve-surface
pair and is showed by (a, M).

Figure 2 A Strip in E? (Hacisaliholu1982)
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2.3. Vector Fields of a Strip in B,

Definition 2.5. We know the Frenet vectors fields of a curve @ in M C EB are
— iy =

{?,ﬁ), b } : { t,m,b }is called Frenet Frame or Frenet Trehold. Also Frenet

2 — = — — —_ = g B —
vectors of the curve is showed as {Vl, Vo, V3} InhereVi=1t,Va=7,Vs=b.

Let t be the tarig)ent vector field of the curve «, 7 be the normal vector field of
the curve « and b be the binormal vector field of the curve a.

a: IcM— E3
s — a(s).

o I — E3isa curve in E® with [|e{s)|| = 1, then & is called unit velocity. Let
s € I be the arc length parameter of @. In E3 for a curve o with unit velocity,

{?,Tf,?} Frenet vector fields are calculated as follows (12 :

T = als),

Tf = a:I(S) b
lla” ()l

D o= txT7.

Strip vector fields of a strip which belong to the curve « are {?, 7, ?} These
vector fields are;
— —
Strip tangent vector field is ¢t = £
=N

Strip normal vector field is ¢ = .
Strip binormal vector field is 7 =(¢AE ([6])-
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Figure 3 Strip and curve vector fields in E3

— — o =
Let abeacurvein M C E®. If ofs) = ¢ (t =¢) and ¢ is a unit strip vector
— —
field of a surface M at the point a(s), than we have 7 lags)= € lags) A€ |ags) ([6])-
s . . — — x =¥ Sy e
That is 7 |4(s)is perpendicular ¢ la(syand also & la(s) -So we obtain {5 77, C}
orthonormal vector fields system is called strip three-bundle ([6]).

2.4. Curvatures of a Strip. Let k,, = —b, kg = ¢, t, = a be the normal curvature,
the geodesic curvature, the geodesic torsion of the strip ([6]).
Let { ?, , ?} be the strip vector fields on . Then we have
¢ 0 ¢ —b][¢
7|l=]|-¢ 0 a n
¢ b —a 0 ¢
or,
§'=cn—b¢
= =gy ..
¢=b¢ — an

2.5. Some Relations between Frenet Vector Fields of a Curve and Strip
—

. ¥ =y - = 7 ; ;
Vector Fields of a Strip. Let {{ iy € }, { t,m,b } and ¢ be the unit strip
vector fields, the unit Frenet vector fields and the angle between n and 7 on a.
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Figure 4 Strip and curve vector fields and the angle ¢ between
— —5 4 3
7 and 7 in E

—_ = = 7 ; i
We can see that 77, ¢, ™, b vectors are 1n the same surface from the Figure 4.
then we obtain the following equations

(73) - o
(?,ﬁ’) -0
?,T:’} = 9

{
<Tt’,ﬁ*> = 0

9.5.1. The Equations of the Strip Vector Fields in type of the Frenet vector Fields:

o Ry = Ly T ;
Let { t,m,b }, { £, € } and ¢ be the Frenet Vector fields, strip vector fields
and the angle between 7 and 7. We can write the following equations by the
Figure 4

—

=

o~ )]
1

— : i
cos m —sing b
— o

wn wb

= sin + cos
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or in matrix form

1 0 0
=10 cosp —sing

5
t
—3
n
. =
0 sing cose b

][]

2.5.2. The Equations of the Frenet Vector Fields in type of the Strip Vector Fields:

By the help of the Figure 4 we can write

g bz

= &
cos 7 +sing ?

o) 3 o

= —sing 7 +cosp C

or in matrix form

— —
t 1 0 0 £
— . —
n [ =10 cosg sing 7
— i —
b 0 —sing cose ¢

2.5.3. Some Relations between a,b,c invariants (Curvatures of a Strip) and &, T
invariants (Curvatures of a Curve):

We know that a curve a has two curvatures & and 7. A curve has a strip and a
strip has three curvatures ky, k, and t, ([4], (6], [7]).From the derivative equations
we can write

E=en—-0C.
; = . . y
If we substitude £ = ¢ in last equation, we obtain
£ =kn
and
b = —ksingp
€ = KCOSY

([4], [6], [7]). From last two equations we obtain
K% =b? + 2.
This equation is a relation between the curvature & of a curve a and normal cur-
vature and geodesic curvature of a strip ([4], [6],[7]).
By using similar operations, we obtain a new equation as follows
be — be

TS B
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([4],[6]). This equation is a relation between 7 (torsion or second curvature of @)
and a, b, ¢ curvatures of a strip that belongs to the curve a.
And also we can write
a = <p’ +T.
The special case: If ¢ =constant, then ¢ = 0. So the equation is a = 7. That
is, if the angle is constant, then torsion of the strip is equal to torsion of the curve.

Definition 2.6. Let o be a curve in M C E®. If the geodesic curvature (torsion) of
the curve o is equal to zero, then the curve-surface pair (o, M) is called a curvature

strip ([6]).

3. HArMONIC CURVATURES OF A STRIP IN B3

Definition 3.1. Let o be a curve in E® and Vi be the first Frenet vector field of
.U € x(E®) be a constant unit vector field. If

(V1,U) = cos g (constant)
a, ¢ and Sp{U} is called an general helix, the slope angle and the slope axis ([2]).

Definition 3.2. A regular curve is called general helix if its first and second cur-
vatures k, T are not constant but % is constant ([2]).

Definition 3.3. A curve is called a general helix or cylindrical helix if its tangent
makes a constant angle with a fixed line in space. A curve is a general helix if and
X

only if the ratio % is constant ([2]).

T

Definition 3.4. If the curve @ is a general helix, the ratio of the first curvature of

the curve to the torsion of the curve must be constant. The ratio T is called first

Harmonic curvature of the curve and is denoted by Hy or H ([2])-

Theorem 3.5. A regular curve a C E3 is a general heliz if and only if H(s) =
% =constant for Vs € I ([2]).
Proof. ( =) Let c be a general helix. The slope axis of the curve « is showed as
Sp{U}. Note that

{a(s),U) = cos p = constant.
If the Frenet trehold is {Vi(s), Va(s), Va(s)} at the point a(s), then we have

(Vi(s),U) = cos .
If we take derivative of the both sides of the last equation, then we have
(k1 (s)Va(s),U) = 0= (Va(s), U) =0.
Hence
U e Sp{Vi(s), Va(s)}-

Therefore

U = cos ¢ Vi(s) +sing Va(s).
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U is the linear combination of Vi(s) and V3(s). By differentiating the equation
(Va(s),U) = 0, we obtain

(—k1(s)Vi(s) + ka(s)V3(s),U) =
—k1(s) (Vi(s), U) + ka(s) (Va(s), U) =
—k1(s)cos + ka(s)sing =

o o o

By using the last equation, we see that

H = constant.

(<) Let H(s) be constant for Vs € I, and X = tan ¢, then we obtain
U =cosp Vi(s) +sing V3(s).

1) If U is a constant vector,then we have
DU = (k1(s) cosp — sinp ka(s))Va(s).
By substituting H(s) = tan ¢ is in the last equation, we see that
ki(s)cosp — ka(s)sinp = 0,

and so
U = constant.

2) If « is an inclined curve with slope axis Sp{U/}. Since
(a(s),U) = (Vi(s),cos Vi(s) +sing Va(s))
= cosp (Vi(s), Vi(s)) +singp (Vi(s), Va(s))
we obtain '
{a(s),U) = cosp = constant ([2]).
O

Definition 3.6. Let H and Hbe the harmonic curvature of a strip in E3.Then the
harmonic curvature of the strip is the ratio of the torsion to the normal curvature
of the strip and also the ratio of the torsion of the strip to the geodesic curvature
of the strip, respectively.

3.1. In First case: If we take first curvature of a strip k, = —b, then we obtain
harmonic curvature of a strip is as follows;

U, B (3.1)

H=
n  —b
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3.1.1. Relations between Harmonic Curvature of a Strip and Harmonic
Curvature of a Curve when we take first curvature of the strip is k, = —b
and torsion of the strip is t, = a:

If we write the equations of kn, t» and H into the harmonic curvature of the strip,
then we obtain the equation

ty a  pH+T

H= 2=1= 3.2
kn —b ksing (3.2)
7 TN S )
f‘iSlIlfP K 81N @
pusse £ 1
H = 241
ksing  ksing
o= Y gl
Ksinp sin ¢
I} = cp + Hcscp
Ksing

The last equation is the relation between harmonic curvature of the strip and har-
monic curvature of a curve in first case (when we take first curvature of a strip
k,, = —b and torsion of the strip is ¢, = a).

3.1.2. Special case:

Theorem 3.7. Let H be the harmonic curvature of the strip. If the angle @ between
normal vector field of the surface and binormal vector field of the curve is constant,
kn, = —b and t, = a is the first curvature of the strip and the torsion of the strip
in E3, then we give the relation between harmonic curvatures of the strip and the
curve,

— (P‘
= H :
H e e + Hecescy (3.3)
= 0
H = —— + Hcscp
K SN @
H = Hese ¥.

3.2. In Second case: Let Hbe the harmonic curvature of the strip. If we take
first curvature of the strip is k, = ¢ and torsion of the strip is t, = a, then we
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obtain

ST
I
|
I

tr a
- 3.4
= (3.4)
B ol g
KCOS®  KCOSp
T oo e
KCOS(p K COS
o= 2 g
K COS cos
H = + H sec .
K COS

3.2.1. Special case:

Theorem 3.8. Let k, = ¢, ¢, = a and the constant angle @ be the first curvature
of the strip, the torsion of the strip and the angle between normal vector field of
the surface and binormal vector field of the curve. If the angle ¢ is constant, then
@ = 0. thus we take

7’ (p’
H = H .5
ﬁ',COS(p+ sec (3.5)
_’ O
H = + Hsecp
K COS
B — H sec .

Theorem 3.9. Let the angle ¢ between normal vector field of the surface and
binormal vector field of the curve be constant and (ce, M) be strip in E3. When the

strip (a, M)'s curvatures a, b, ¢ are not constant but hormonic curvature of strip
2 _2

s constant, the strip is called inclined strip <= H + H =cst.

Proof.

(=) Let H and H be the harmonic curvatures of (e, M). We should show that
2 2

H + H must be constant.
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Il

ole

We know that harmonic curvatures of the strip H= fc—’ = % ve H=1
If we use these equations, we take

w2 a\’ ay?

# +H = (—_b) +(3)
(et 2+ g+
N K sin g KCOS @

Since ¢ is equal to zero, we obtain

T

g

In here, ¢ is constant. So,

2

_2 - r 2 - 2
Al = () ()
Ksine K COS (p

,T.2 ,,,_2

k2sin’@ K2cos?y

72 cos? p 4 72sin’ ¢

k2 sin” p cos? ¢
72(cos? ¢ + sin” @)

K2 sin? @ cos? ¢

- () e
K/ (sin¢pcos 0)?
9 =2
We know I and ¢ is constant. So H + H must be constant.
_2 -2
<Let H + H be constant. In this case is (o, M ) a helix strip? If we observe
oiBy  pad
H + H , then we take

_2 = g 2 - 2
Bt = (i) + ()
ksing K COS @

,.',.2 1.2

k2sin’@ = K2cos?yp

72 cos? p + r2sin’ @

2 sin? @ cos? @
72(cos? ¢ + sin” )
k2 sin® @ cos? ¢

- O ey
K/ (sin¢pcos ©)*
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2

2 _
Since H + H is constant, ( E)z m must be constant. We know ¢ is

constant. So T must be constant. this means that the curve « is helix and the strip

(@, M) is a helix strip.
O

Theorem 3.10. Let (o, M), and fl, H be a curve-surface pair (strip) and har-
monic curvatures of (a, M) in E®. Let the angle @ between normal vector field of
the surface and binormal vector field of the curve is constant. The strip (o, M) is

inclined strips % = tan ¢ =constant.
H

Proof. (=) We know H = - and H = -Z_ by the Theorems 2.2 and 2.3.

cos ¢ sin @

Thus

s &

_I_{_ . cos ¢

- - H

H sin ¢

= tang.
Since ¢ is constant, £ js constant.
H

(<)Let £ be constant. Thus tan ¢ must be constant.So ¢ is constant. Since ¢ is

H
constant, (o, M) is inclined strip. a

4. ToTAL CURVATURE OF THE CURVE IN TYPE CURVATURES OF THE STRIP IN
E3

Definition 4.1. Let k; and k, be the first and second curvature of the curve «

(Hacisalihoglu 2000) and —b, ¢, a are the normal curvature, geodesic curvature and

the geodesic torsion of the strip (a, M) respectively ([4],[6]). We know that the

total curvature of the curve is \/k% + k2 ([5]).

Total curvature of the curve = 4/k? + k2. (4.1)

We may write k7 = b? + ¢ and k2 = (—a + %’gﬁgé)? ,50 we find the equation as
follows:

be — be

Total curvature of the curve = \/b2 +c? 4 (—a+ m)2. (4.2)

The last equation is the total curvature of the curve in type strip’s curvatures.
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If we calculate bc — bc, we obtain be — be = —k?p.From this equation we can
write %E"Tg% = —¢. So
Total curvature of the curve = b2 + 2+ (—a+ —¢)? (4.3)

= \/32+c2+ (a+¢)2
4.1. Special case:

Theorem 4.2. If the angle @ is constant, then @ = 0. Thus the total curvature of
the curve is obtained as follows:

Total curvature of the curve = Vb2 +c? +a? (4.4)
= ¥o?24-b24 e

OZET: Bu calismada helis seridi adim verdigimiz yeni bir tanim
verilmis, harmonik egrilik fonksiyonlar1 yardimiyla bir geridin har-
monik egrilik fonksiyonlar incelenmis ve helis seridinin harmonik
egriligi ve total egriliklerinin bazi karakterizasyonlar: verilmigtir.
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