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1. Introduction

Herz spaces and variable exponent spaces have played an important role in recent harmonic analysis because they have an interesting norm
including both local and global properties.We refer to the book [1] for the history of Herz spaces. Based on the classical Muckenhoupt theory
[2]-[4] some classes of weighted Herz spaces have been defined and the boundedness of many operators on those spaces have been proved
[4]-[8] . Herz spaces can be generalized using variable exponents and many properties of them have been studied [9]-[11] . The boundedness
or compactness of integral-type operators on weighted Lebesgue spaces has been obtained [12]-[19] . We prove the boundedness of the
fractional maximal operator on the spaces with power weight.

2. Preliminaries, Definitions and Assertions
We use the following definitions and notations:

a) For a point x € R" and a constant r < 0, we have B(x,r) = {y € R" : |[x—y| <r}
b) The set Ny consist of all non-negative integers. For every k € Ny, we write

By =B(0,2%) = {x e R": x| <2}

¢) We define a family {Cy};2_, by

Ck=.By={xeR":|x|<1},k=0
B\By_1 ={xcR": 21 < |x| < 2K}k > 1

Moreover y; denote the charecteristic function of Ci, namely xx = Xc, -
Definition 2.1 (See [16]) Let @ be a weight function on R" and let p(.) = R" — [1,0) a bounded measurable function. For all f measurable

function, weighted norm Lebesgue space L‘Z,(') (R") with

11,0y = ins 2> 0+ [ (Eyomar< 1y
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In the case that @ = 1, we simply write LP() = Lﬁ,(') and || f| ;0 = ||fHL,ﬂ))(‘).

Definition 2.2(See [9], [11] ) Given a, 0 < a < n and given an open set Q C R”" the fractional maximal operator M, is defined by

1
Mo () =sup s [ 0

where the supremum is taken over all balls B which contain x. When a = 0, My = M is the Hardy-Littlewood maximal operator.
Definition 2.3 ([9], [16])

1. for measurable function p(.) = R" — (0, 00), we write

pT = ess sup p(x)
XER"

pr= {(7))+} 1

2. The set P(R") consist of all measurable functions p(.) defined on R" satisfying 1 < p~ < p* < oo,
3. The set LH(R") consist of p(.) defined on R" satisfying the following two inequalities

1 1
lp(x) =PV < —m>\x—)’| <5
1 1
lp(x) = pO)| S *W’XER (D

for some real constant p... In particular a measurable function p(.) is said to be log-Hélder continuous at infinity when p(.) satisfies (1).

3. Main Results

Let’s start with the following definitions for proof of our main theorem.

Definition 3.1. (See [11]) Let 0 < g < oo, B(.) € L, @ be a weight function on R" and p(.) : R* — [1,00) a bounded measurable function.

1
1. The set Lp( >( (1) consist of all measurable function f such that fyg € Lrt )(wm ) for any compact set K € R".
()q

2.The non-homogeneous Herz space K p () consist of all measurable functions f € L? pl. >(1) such that

loc

||fHKB((-)>-4:(ZH2ﬁ “faxllf ) ) < oo
o

0

3. The critical weighted Herz space B”('>( o) consist of all measurable functions f € LY P )( 7)) such that

loc

L
11130 (@) = Z‘ig”w(Bk) 7 fak o0 (@) < o )
Proposition 3.2. (see [9, Proposition 3.8]). Let p(.) € P(R"), q € (0,00) and B(.) € L. If B(.) is log-Holder continuous at infinity, then we
have

B()a _ gBesq
KP(-) _Kp(-)

with norm equivalence.

From now on, we consider a power weight o(x) = |x|"* with a real constant m. It is easy to see that for all k € Ny and R > 0,
G)(Bk) -~ 2(mn+n 1) ( (O r)) pmntn—1

where implicit constants are independant of k and r. Proposition 3.2 can be extended to the case B” ) () by the same as the proof of [9,
Proposition 3.8]. Herewith, we have following a corollary.

Corollary 3.3. (See [11]) Let o(x) = |x|"™ with a real constant m, p(.) € P(R") N\LH(R") and B(.) € L™. If @ € X (), we have that for all
measurable function f € B'")(w),

k(mntn—1)

_ k(mntn—1) B
11820 () = suPl2 70 fycll 100 (@) ~ supl|2 Sl o) (@)
k>0 k>0
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Proposition 3.4. (See [17, Proposition 1.2]). Let o (x) = |x|"* with a real constant m, p(.) € P(R") and f € Lloc>( 7). Then f € B") (@)
holds if and only if

|/ 0,
sup|| ——"""— || 1y (o) ©)
r>1 (J()(B(()7 r)) 0
is finite. If this is the case, then the quantity (3) is equivalent to the Bre) (w) norm (2).

Our result is the boundedness of the weighted fractional maximal operator M, ¢ on the space BP0 ().

Theorem 3.5. Let m € R and (x) = |x|". Suppose that p(.) € P(R")NLH(R") and @ € X (). Then Mg, is bounded on B’V (w).

Proof. Let f € B’)(®). Then Corollary 3.3 we have
k(m +n 1

”Ma,waBﬂ(-)( ~ SUPHZ (Ma,0f) XB, HLP(-)(w)

 k(mntn—1)
Thus we have only to estimate |2 7= (Ma,0f) X8, || .r0) (@) for each k € Ny. Let constant k € No then we have

Maof 5 _sup s [IF000My+ s 17000

XEBCBj41 |B‘ XEB\By+1#0 |B|
=My0,1 1S (x) +My 024 f(x)

(a) Note that Ma ,1 kf( ) a ,1 kf( )(fka+l )XBA+1 (x)
By [10, Theorem 2. 10] we have

k(mn+n—1) k(mn+n—1)

(Ma,o,1 k)28 | r0) () = 112

2~ Ma,0,1 (2B ) X802 1) | 20 ()

k(mn+n 1)

S Hz SxB, 1HLF(
(b) Next we estimate the function M, ¢ » +.f(x). Let |x| < 2K The smallest ball centered at 0 and containing B is called B'. Then, there exist a
constant C which is depended only on the dimension n such that |B| > ‘B—C‘ by a geometric consideration.

My,024f(x) < CMa o f(0).

1

We note that |@(B) »'0 = 1 because

X ”Lp’(.)(w)
1 /
S @ ®) 0y owas = o [y (e
If we use Holder inequality and Proposition 3.4 we have

e Ly 000

1

1 L
) 2p W)@ 2 (V) o(y) 7 N
- |B|1_, [, 0 ONOON. 2 DIODNE 1y < gl o(B) 7250 < o

, 1

”( a)(B’)p/(VJ

Hence, we can see that My o2 . f () < [|.f]| g2 () holds.

Combining (a) and (b) we see that

:+n 1)

[Ma.0.f1| 8r0) (@) NSUPHZ (Ma,o ) 2\l r0) ()

Kk(mntn—1)

_ k(mnin—1) _
Siulg(ﬂz 7= (Moo, )20 (0) F1127 7 (Moo, 20 Xkl 00 (@)
>

k(mn+n—1)

_ k(1)
Szglg(ﬂz = o2 o) T I lBo@ 27 = Xkllro o))
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_ k(mntn—1) _ k(mntn—1)
Ssupll2 = 0.0 o (@) 1 lBe0 (@)ysupl2 7= 2kl oo ()
k>0 k>0
mntn—1)
S22 fllgro) + I o) S 1 a0 @)-
Theorem 3.5 is proved. O

Conclusion. We investigated and saw that is bounded the fractional maximal operator M, ¢ on the spaces with power weight in view of the
given conditions. This method can be applied to different operators.
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