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Abstract

In this paper, bicomplex k-Fibonacci quaternions are defined. Also, some algebraic properties of bicomplex
k-Fibonacci quaternions are investigated. For example, the summation formula, generating functions, Binet’s
formula, the Honsberger identity, the d’Ocagne’s identity, Cassini’s identity, Catalan’s identity for these quaternions
are given. In the last part, a different way to find n — th term of the bicomplex k-Fibonacci quaternion sequence
was given using the determinant of a tridiagonal matrix.
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1. Introduction
In 2007, the k-Fibonacci sequence {Fky,,}nGN is defined by Falcon and Plaza [1, 2] as follows

Fo= 0,F;1=1
Fonp1= kFp+ Fepo1, n2>1
or
{Fntnen= {0, 1,k K2+ 1,k +2k k*+3k>+1,...}.

Here, £ is a positive real number.
In 2015, Ramirez [3] defined the the k-Fibonacci and the k-Lucas quaternions as follows:

Dy ={Fin +1F i1 +J Fnt2 +KF g3 | Fin, n—th k-Fibonacci number},
and

Pen ={Lin +iLni1 +3J Lini2 + KL ni3| Lin, n—th k-Lucas number }
where i, j and k satisfy the multiplication rules

F=f=K=-1,ij=—ji=k, jk=-kj=i, ki=-ik=j.

In 1892, bicomplex numbers were introduced by Corrado Segre, for the first time [4]. In 1991, G. Baley Price, the bicomplex
numbers gave in the book based on multicomplex spaces and functions [5]. The set of bicomplex numbers can be expressed by
abasis {1,i,7,ij} as,

BC ={g=q1+igx+ jg3 +ijgs | q1,92,93,94 € R}
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where i,j and i j satisfy the conditions

2=—1, ?=—1,ij=ji (1.1)
In 2019, bicomplex k-pell quaternions were introduced by Catarino Paula, [6] as follows

BCy, ={ Pen + iPinst + j Pnsz +ijPins3 | Pony n — th k-Pell number},
where 7,j and ij satisfy the conditions

P=—1,  =—1,ij=ji
The aim of this study is to define bicomplex k-Fibonacci quaternions with k-Fibonacci number and bicomplex number and to
give their algebraic properties.

2. The bicomplex k-Fibonacci numbers

Definition 2.1. The bicomplex k-Fibonacci and k-Lucas numbers can be define by with the basis {1, i, j, i j }, where i, j and
i j satisfy the conditions

P=—1,72=—-1,ij=ji (ij)>=1.
as
BCFn =(Fin+iFins1) +J (Feneo +iFins3)
=Fn+iFenr1+JFon2 i) Fnss
and

BCLy,, :(Lk,n + iLk,n-s-l) +J (Lk,n+2 + iLk,n-s-3)

. . . 2.1
=Lin+iLip1 + JLini2 + 0 Lints-

For two bicomplex k-Fibonacci numbers, addition and subtraction are defined by the following:
BCFin £BCFim= (FintFom)+i(Fntt £Feme1) +J (Fons2 £ Femea) +ij (Fine3 £ Fomys)

and multiplication of by

BCFn X BCFm = (FinFiom — Fontt Fioms1 — Fion2 Fiemt2 — Fions 3 Fiomt3)
+i (Fin Femt1 + Fint1 Fien — Fient2 Fiemt3 — Font Fiom+2)
+j (Fin Femt2 + Fiont2 Fom — Fiont1 Fems s — Fent3 Fioms1)
+i j (Fin Fmss + Feonss Fom + Fonit Foms2 + Fone2 Femy)
= B(CFk,m X B(CFkﬂ .

3. The bicomplex k-Fibonacci quaternions and some basic properties
In 2018, the bicomplex Fibonacci quaternions defined by Aydin Torunbalci [7] as follows

QFn :Fn+iFn+l +]Fn+2+lJFn+3
where quaternionic units satisfy the rules Eq. 1.1. In this section, firstly the bicomplex k-Fibonacci quaternions will be defined.

Definition 3.1. The bicomplex k-Fibonacci quaternions are defined by using the bicomplex numbers and k-Fibonacci numbers
as follows

BCHn =Fy +iFg i1 + jFinsa +1ijFenss 3.1

where quaternionic units satisfy the rules Eq. 1.1.
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Let BCf» and BCf*» be two bicomplex k-Fibonacci quaternions. For two bicomplex k-Fibonacci quaternions, addition
and subtraction are defined in the obvious way,

BCHn £BCHem = (Fyp+iFipi1 + jFinta +ijFionss) & (Fem+iFomet + jFomia +ij Fome3)
= (FnEtFom)+i(Fnpt £ Fimgr) + J (Fong2 £ Fimg2) +1J (Fonts £ Fiomes)-

and multiplication by

BCen x BCHim = [Fy y Feon — Fint Fms1 — Finv2 Fems2 + Fenss Fene3)
+i [Fk,n Fk,m+1 + Fk,nJr] Fk,m - Fk,n+2 Fk,m+3 - Fk7n+3 Fk,erZ]
+J Fin Fems2 = Fiong 1 Fomss + Fiong2 Fem — Fions Fiom |
+i j [Fien Fiemt 3 + Fin1 Fems2 + Fions2 Fems1 + Fion3 Foom)
= IB(CFk,m X IB(CFk,n .
The different conjugations for bicomplex k-Fibonacci quaternions are presented as follows:
(B(CF"*")*I :Fk,n - iFk7n+1 + ij,n+2 — 1 jFent3s
(BCHn)"2 =Fiy+ iFi et — j Fipe =i jFontas

(BCHen)*S =Fy — i Fy i1 — jFinsa +1J Fints-
Therefore, the norm of the bicomplex k-Fibonacci quaternion BC’% is defined in three different ways as follows

N(B(CFk’n)*l = ||B(CFI<,)1 X (B(CFk’n)*l I
= ‘(sz,n + sz,n+1) - (Fk%n+2 + Fk2,n+3) +2j (Fk.,n Fk,n+2 + Fk,n+1 Fk,n+3) |
= |Foanst — Fionts +2j Feonys| = BCHn (BCHen)™1|

N(BCFkﬂ)*Z = ||B@Fk,n X (BCFkﬁn)*ZHZ
‘(sz,n - sz,n+1) + (Fk2,n+2 - sz,n+3) +2iFpn Fyni1 +kFranis| = BCH (BCHon)*2,

N<B(CFI<JI)*3 = ||B(CFI<,)1 X (B(CFk‘,n)*S I
= (5 k2,n +F kz,n+l )+ (5 kz,n+2 + Fk2,n+3) +2i j (Fin Fints = Fiont Fenr2) |
= |Feanst + Fiongs +2ij (1) k| = BCr (BCr ).

In the following theorem, some properties related to the bicomplex k-Fibonacci quaternions are given.

Theorem 3.2. Let BCHr be the bicomplex k-Fibonacci quaternion. In this case, we can give the following relations:

BCFin+2 = BCFen 4 kBCFen+1 (3.2)

(BCen)2 4 (BCHent1)2 = BCH2+1 + (kFyonv6 — Fronss) +i (Fionsa — 2 Fionto)

. - 3.3
+J (Feont3 —2Fants) +1 (3 Fan+a), G-
(BCFk,n+1 )2 _ (ECF]@VLfl )2 - k [B(CFk.Zn —Fiongo tkFpones+i (Fk,2n+1 — 2Fk,2n+5) (3.4)
+J(—Feon2 —2kFeony3) 17 (3 Fony3) s
BCFntt 4 BCFen-1 = BCHn 3.5)

BCFnt2 — BCFin—2 = g BCLn . 3.6)
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Proof. (3.2): By the Eq.(3.1) we get,

BCHn +kBCHentt = (B +kFips1) +i(Fini1 +kFins2) + j (Fepsa +kFins) +1j (Fonts + kFenia)
= Fppo+iF 3+ jFopta +1ijFngs
BCHrnt2,

(3.3): By the Eq.(3.1) we get,

(BCHen)?2 4+ (BCHer+1)2 = (Fani1 — Feants — Feants + Feantr) +2i (Feont2 — Fionte)
+2 j (Feont3 — Feonss) +2i 7 (2Fonga)
= (Font1 +iFono+ jFionis +1jFoonsa) = Foongs — Fionys + Feontr
+i (Feony2 — 2 Fionte) + 7 (Fionts —2Feonys) +17 (3 Fionta)
= BCH2+1 4 (kF o6 — Frants)
+i(Fiont2 = 2Fionv6) + J (Fions3 — 2 Fianys) +1J (3 Fionid)-

(3.4): By the Eq.(3.1) we get,

(BCTrs1)? — (BCTer1)? = [(F, k2n+1 F kz,n—l) (F, k2n+2 F, kz,n) (F, k2n+3 F k2n+1) +(F, k2n+4 F, k2n+2)]

+2i[(Fepnt1 Finsa — Fion—1 Fin) — (Fins3 Fionta — Fon1 Fint2)
+2] [(Fk,nJr] Fk,n+3 - Fk.,nfl Fk,n+1) - (Fk,n+2 Fk,n+4 - Fk.n Fk,n+2)]
+21 j [ (Fins1 Fenta — Fin—1 Fions2) + (Fion2 Fionss — Fon Fon1) ]

= k(Fion —kFions2 —kFonpa +kFionie)
+2i (kFront1 —kFronts) +2J (=K Fiont3) +2i (2k Fangs)

= k[BCH*» — Fsyio+kFions +i(Fiont1 —2Fants)
+Jj (—=Fionta —2kFiong3) +1j(3Fons3) ]

(3.5) and (3.6):Proof of equalities can easily be done using Eq.(2.1). ]

Theorem 3.3. Let BCHr be the bicomplex k-Fibonacci quaternion. Then, we have the following identities

i BClts = ,( BCHn+1 £ BCHn — BCFr — BCFeo ),

s=1

=~

Z BCH2s-1 — %(BCFkln — BCFro), 3.7

Zn: BC2s — %(B(CFk,ZnJrl — BCHra ).

Proof. Proof can be easily done usmg sums of series followmg

Y Fii=t(Fens1 +Fp—1), ): Fiaiv1 = tFeons2 and Z Feoi = 1(Fous1—1) [11. O

i=1 i=

4. Generating functions and Binet’s formula
In this section, the generating functions and the Binet’s formula of the bicomplex k-Fibonacci quaternions will be defined.

Theorem 4.1. Let BCH be the bicomplex k-Fibonacci quaternion. For the generating function for these quaternions is as
follows:
BCHo 4 (IB%(CF’“l — kIEB(CFkvO)t

1 —kt—1?

n
1))=Y BCHn"=
s=1

gIBg(CFk,n (

Proof. Using the definition of generating function, we obtain
8pofin (1) =BCHO L BCH 1 4 . +BChn "+ ...

Multiplying both sides of Eq.(3.30) and using Eq.(3.7), we have
(1—kt — 1) g, (1) = BC0 4+ (BCet — kBCT40)1.

Thus, the proof is completed. O
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Theorem 4.2. Let BCn be the bicomplex k-Fibonacci quaternion. For n > 1, Binet’s formula for these quaternions is as

follows:

BCFr — (aa"—/s /3")

where

2
a=1+io+jol+ijo’, o=

B=1+iB+jB>+ijp* B="Y,
a+B=k, a—B=vVE+4, af=—1.
Proof. Using the Binet formula for k-Fibonacci number [2], we obtain
BCHn = Fyn+iFipi1 + jFinsa +ijFinss

a’ _Bn an+1 _ﬁn+l an+2 _ﬁn+2 an+3 _ﬁn+3

o k2+4+l( N/ )+l N/ )+ i2+4

o (Itiotjol +ijod)—B" (1+iB+jB>+ijB?)
VK244

= TIZH(&OC"*BB”)-
where & = 1 +io+ jo2+ijod, p=1+iB+jB2+ijB>.
5. Some identities for bicomplex k-Fibonacci quaternions

Theorem 5.1. Honsberger Identity
For n,m > 0 the Honsberger identity for the bicomplex k-Fibonacci quaternions is given by

BCin BCFem + BChott BCHomtt = BCHentmet — By i3+ k Finmrs + i (Fentmrz — 2 Finsmrs)

+J (Fingms3 = 2Fnmss) +1J (3 Finimsa)-
Proof. (5.1): By the Eq.(3.1) we get,

5.1)

BCHen BCFim + BCHentt BCHemtt = (B st + i Fpmra +  Fepsmss + 11 Fentmsa) — Fontmes +kFepims

+i (Fiptme2 = 2 Finm+6) + J (Finems3 — 2 Fenmss) +17 (3 Fenmsa)
= BCHmtn1 — Finsms3 +kFepimie + i (Finime2 — 2 Finimse)

+] (Fk,n+in+3 - 2Fk,n+m+3) + l.] (3 Fk7n+m+4)'

where the identity Fi ,Fim + Fi n1Femt1 = Fingm+1 Was used [1].

Theorem 5.2. D’Ocagne’s Identity
For n,m > 0 the D’Ocagne’s identity for the bicomplex k-Fibonacci quaternions is given by

BCHen BCFim+t — BCFentt BCHem = (—1)" Fpp [2 (K2 +2) j+ (K2 +2k)i j].
Proof. (5.2): By the Eq.(3.1) we get,
BCHen BCFrn+t — BCFntt BCHem = [(Fy pFimi1 — Fins1Fim) — (Fent1Femsa — Fent2Foms1)

—(Fens2Fem+3 — Fons3Fime2) + (Fins3Femsa — FinsaFiems3)

+i[(FenFimi2 = Foni1Feme1) + (Feni1Femet — Feni2Fim)
—(Fien+3Fime3 — FinvaFime2) ]

+ [ (FenFemss — Fone1Foms2) + (Fins2Fome1 — Fine3Fiom)
~(Fins1Femra — FentoFems3) — (Feni3Fems2 — FinvaFems1) ]

+ij [ (FinFimsa — Fins1Fimss) + (Fens1Fomss — Fon2Foms2)
+(Fint2Fems2 = Fint3Fems1) + (Fins3Foms 1 FensaFiom) |

= (=)"Fpm[2(K2+2)j+ (K +2k)ij].

where the identity Fi  Fi nr1 — Fems1Fin = (—1)"Fm—y is used [1].

5.2)
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Theorem 5.3. Catalan’s Identity
Let BCentr be the bicomplex k-Fibonacci quaternion. For n > 1, Catalan’s identity for BCTrtr is as follows:

BCFontr—1t BCHortrt — (BCFon+r)2 = (= 1) [2(k* +2) j+ (K 4+-2k)i j]. (5.3)
Proof. (5.3): By using (3.1) we get

B(CFI(‘HP] IBCFk"1+r+1 - (BCFk‘"+r)2 = (Fk.,n+r71Fk7n+r+l - Fk2_n+r) - (Fk,n+rFk,n+r+2 - sz,n+r+l)
(Fintr+1Fiontris = Fipy i) + (Fionsri2Fiontria — Fk%n+,+3)
+i [ (Fk,n+r71Fk,n+r+2) - (Fk,n+rFk,n+r+]) - (Fk,n+r+1Fk,n+r+4 - Fk,n+r+2Fk,n+r+3)
+ j [(Fk n+r— le n+r+3 Fk,n+rFk,n+r+2) - (Fk,n+rFk,n+r+4 - Fk,n+r+1Fk,n+r+3)
+(Fk n+r+1Fk n+r+l1 — Fk,n+r+2Fk,n+r) - (Fk,n+r+2Fk,n+r+2 - Fk,n+r+3Fk,n+r+1) }
+ij [(Fk ntr—1Fknsra — FonerFe, n+r+3)
+(
= (-

Fk n+rFk n+r+3 — Fk rz+r+1Fk n+r+2) + (Fk7n+r+2Fk,n+r+1 - Fk,n+r+3Fkﬂ+r)]
DMK +2) j+ (F +2K)i /]

where the identity of the k-Fibonacci numbers Fy 1 F pgrg1 — F,fn = (—1 )”“ is used [2]. Furthermore;
FknJrr 1 Fk n+r+2 +Fk n+rFkn+r+l

(—
Fipnr—1 Finsr3 = Finsr Fepgr2 = (—
Fk n+r+1 Fk n+r+3 — Fk rz+rFk n+r+4 — (
(—
=(-
= (-

=
F
~
—~
»
)
_|_
—
~

Fy tr— 1 Fx n+r+4 —F, n+rFk n+r4+3 =
Fenvr Fontr3 — Feprr+1 Fonreo =
Fk n+r+42 Fk nt+r+1 — Fr, Jn+r+3 F, J+r =

are used. O

Theorem 5.4. Cassini’s Identity
Let BCvn be the bicomplex k-Fibonacci quaternion. For n > 1, Cassini’s identity for BCHn is as follows:

BCFin—1 BCHntt — (BCH)? = (—1)" [2(k* +2) j+ (K +2k)i f]. (5.4)
Proof. (5.4): By using (3.1) we get

]B(CFI{‘"71 BCF]{‘"“ - (B(CFk'n)z = [(Fk,nlek,nJrl - sz,n) - (Fk,an,n+2 - Fk27n+1)
—~(Fens1Fints = By io) + (FensoFinya — Fy3)]
+i [(Fen—1Fin2 — FinFin1) — (Fions1Fionva — Fen2Fions ) |
+j [ (Fin—1Fins3 — FenFins2) — (FenFeona — Fionv1Fions3)
+(Fk nt1Fns1 = Fens2Fin) = (Fens2Fint2 = Fine3Fins) |
+i j (Fin—1Fen+a — FenFint3)
= (=D)"[2(*+2)j+ (k3+2k)zj].

where the identities of the k-Fibonacci numbers F ,,_1Fy 41 — szn = (—1)" [2]. Furthermore;

Fin-1Fent2 — FinFin1 = k(=1)"
Fin1Finss — FenFipia = (K 4+1) (—1)
Feni1Fints — FenFinia = (K +1) (=1)",
Fen1Finia — FenFinis = (K +2k) (—1)"

n
b

are used. O

6. An application of bicomplex k-Fibonacci quaternions in tridiagonal matrices

In this section, we give another method to obtain the n-th term of bicomplex k-Fibonacci quaternion sequence as the calculation
of a tridiagonal matrix [8].
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Theorem 6.1. Let x, be any second-order linear sequence, defined recursively as

Xpt1 =AXy+Bx,—1,n>1

with the values xo = C, x; = D. Then,for alln > 0,

cC D 0 O 0 0

-1 0 B O 0 O

0 -1 A B 0 0
X, =det

0 o O o .. A B

0 o o0 o .. -1 A

Theorem 6.2. Now, let’s consider the second-order linear sequence BCnt1 = BCFen 4 kBCFen-1. Using the previous theorem
and taking A =1, B =k, C = BC'0, D = BC/*! the following determinant was obtained.

BCHo BCHR: 0 0 0 0
-1 0 1 0 0
0 -1 ko1 0 0
BCFin = det
0 0 0 0 ... k 1
0 0 0 0 ... -1 k

Proof. For n > 0, using the above theorem, we have

BCo = | BCfko |=BCHo,

F F
pCii = | BEY BCY | _pen,
—1 0 ’
BCfo BCH1 0
BCH2 =| -1 0 1
0 -1 &
0 1 11
_ Fro _ Fr1
o] & | |-sen| 1|
= BCFro + kBCH1 = BCH2,
BCfo BCH1 0 0
-1 0 1 0
Frs
BC 0 -1 k1
0 0 -1 k
0 1 0 -1 1 0
=BCHo| -1 k 1 |=BCH1| 0 k 1
0 -1 &k 0 -1 &k
—1 1 ko1
— Fro(_ _BCF1(—
e e

= kBCHo + BCHe1 (1 +42)

= BCH! + (K BCH! + kBCH0) = kBCH2 + BCH1 = BCH3
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In this way, BC/» n-th term is obtained by calculating the determinant nxn. O

7. Conclusion

In this paper, a number of new results on bicomplex k-Fibonacci quaternions were derived. Furthermore, a different way to find
the n-th term of Bicomplex k-Fibonacci quaternion sequence was expressed using the determinant of a tridiagonal matrix.
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