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ABSTRACT

In this paper we study the Riemann-Finsler geometry of the Lie groups H(p,r) which are a
generalization of the Heisenberg Lie groups. For a certain Riemannian metric (-, -), the Levi-Civita
connection and the sectional curvature are given. We classify all left invariant Randers metrics of
Douglas type induced by (-, -), compute their flag curvatures and show that all of them are non-
Berwaldian.
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1. Introduction

The Riemannian geometry of the Heisenberg Lie group H,;1, equipped with a certain left invariant

Riemannian metric @, is very important in the study of contact geometry of a special Pfaff equation w = 0.
In fact the group of transformations preserving the codimension 1 distribution ker(w) (the group of contact
transformations) coincides on the isometry group of the Riemannian manifold (Hs,1,a) (for more details
see [10]). In [9], Goze and Haraguchi defined the notion of r—contact system (also see [10]). The Lie groups
H(p,r), that generalize the Heisenberg Lie groups Hs, 1, are examples of Lie groups that admit a left-invariant
r—contact system (see [9] and [10]). The Riemannian geometry of (H (p, ), @), where a is a special left invariant
Riemannian metric whose its isometry group preserves the distribution associated to the r—contact system,
have been studied by Piu and Goze in [10]. In this paper we use the Riemannian metric a for construction of
left invariant (o, 8)—metrics on H(p,r).
(o, B)-metrics establish a rich family of interesting Finsler metrics. These metrics have many applications in
physics. In fact some of famous (o, §)-metrics such as Randers metric, Matsumoto metric and Kropina metric
were introduced because of their physical applications (see [2]). Let (M, a) be a Riemannian manifold and /3 be
a 1-form on M. Suppose that a(z,y) = y/a(y,y), and ¢ : (—by,by) — R is a smooth map such that

"

3(s) — 5 (s) + (b* — s7)¢"(5) >0, |s| <b<by. (1.1)

If || B]|a < bo then the function F = a(b(g) is a Finsler metric on M which is called a («, 8)-metric (see [5]).

If we put ¢(s) =1+s, ¢(s) = 7= or ¢(s) = %, then we obtain three important families of («, 3)-metrics

2
o

respectively called Randers metrics F' = a + 3, Matsumoto metrics F' = a"“—j@ and Kropina metrics I = 9.
It is easily to see that for an arbitrary 1-form 3 on a Riemannian manifold (M, a) there exists a unique vector
field X on M such that

a(y, X (z)) = B(z,y) foreveryx € M,y € T, M. (1.2)

This notation is very useful for constructing left invariant («, 3)-metrics on Lie groups. Let G be a Lie group
and e be its unit element. Suppose that, for any = € G, I, denotes the left translation. Then a Finsler metric F'
on G is called left invariant if

F(z,y) = F(e,dl ,-1y) foreveryz € G,y € T,G. (1.3)
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So in the definition of a («, §)-metric on a Lie group G if we consider a is a left invariant Riemannian metric
and X is a left invariant vector field on G such that | X ||, = a(X, X) < by, then the («, 5)-metric is left invariant
(see [6] and [7]). In a special case, if @ is a left invariant Riemannian metric and X is a left invariant vector field
on a Lie group G such that a(X, X) < 1, then the function

F(z,y) =+va(y,y) +a(X (z),y), (1.4)

is a left invariant Randers metric on G.
For a Finsler manifold (M, F'), one can define the notion of the flag curvature as a generalization of the sectional
curvature in Riemannian geometry by the following formula:

% 9y (Ry (U') ’ u)

K(Py) = 9y (Y, ) gy (u, 1) — g2(y, u)’ (1.5)

where P = span{u,y} and g, (u,v) = 3 ,‘z;FZ(y + su+ tv) |s=t=0 (see [4, 5]).
We mention that in this formula we have used the Riemann curvature tensor of the Finsler manifold (M, F')
which is defined by

Ry(u) = R(u,y)y = Vo, Vyy — V, Vyuy — Viu,Ys (1.6)

where V denotes the Chern connection of the Finsler manifold (M, F) (for more details see [4, 5]).

Two special types of Finsler metrics are Finsler metrics of Berwald type and Finsler metrics of Douglas type. In
fact Finsler metrics of Douglas type are a generalization of Finsler metrics of Berwald type (see [3]). For these
two definitions we need to define the spray coefficients. The spray coefficients G* of a Finsler manifold (M, F)

are defined as follows: )
G =13 ( S [ amyy™ — [F?]zl), (1.7)
il m
where we have used the standard local coordinate system of 7M. If the spray coefficients G* are of the form

. 1 . . .
G = 3 3 T @y + Pl )y, (18)
7,k

where P(z,y) is a local positively homogeneous function of degree one on 7'M, then F is called of Douglas
type and if P(z,y) = 0 then F is called of Berwald type see [3] and [5]).

There exists a criterion to determine («, §)-metrics of Berwald type. In fact a («, 3)-metric F is of Berwald type
if and only if the 1-form 3 is parallel with respect to the Levi-Civita connection of a (see [4]).

If a (o, B)-metric F is of Berwald type then the Finsler metric F' and the Riemannian metric a have the same
geodesics.

In this article, the Riemann-Finsler geometry of the Lie groups of the form H (p, r) is studied. We give the Levi-
Civita connection and the sectional curvature of the Riemannian metric (-, -) which is considered in [10]. We
classify all left invariant Randers metrics of Douglas type induced by (-, ) and compute their flag curvatures.
Also we show that all these Douglas metrics are non-Berwaldian.

2. On the Riemannian geometry of the Lie groups H(p, r)
In this section we review some preliminaries about generalized Heisenberg Lie groups H(p,r) and

investigate the Riemannian geometry of (H(p,r),a) where a is a special left invariant Riemannian metric.
The generalized Heisenberg Lie group H(p, ) in the sense of [9] is a Lie group of the form

H(p, ) = {(2,, )l € Mip(R), y € Myr(R), = € Mus (R)}, 1)
endowed with the multiplication
(0,:2)@ 0 #) = (b ooy +ofo 2 4 Sy = 'y) Vi y ), ) € Hpr), @22)

where M,,,«»(R) denotes the set of all m x n real matrices.
It is shown that the groups H(p,r) are (rp + r + p)—dimensional, two-step nilpotent, connected, and simply

219 www.iejgeo.com


http://www.iej.geo.com

On the Geometry of Some («, §)-Metrics

connected real Lie groups with r—dimensional center Z isomorphic to the Abelian group M;,(R) (see [9]
and [10]). Also it is proven that the Lie group H(p,) is isomorphic to the Heisenberg group Hj,: if and
only if dim Z = r = 1. Easily for the derived Lie group H'(p,r) we have H'(p,r) = Z. If we use the coordinates
(za), (y¢¥) and (z;) for the Lie groups M, (R), M,x,(R) and M;,(R) respectively, where i =1,--- ,r and
a=1,---,p,then the following left invariant vector fields constitute a basis for the Lie algebra $(p, t) of H(p, r),

o 1,0 o 1 0 o
Ea—T%—ziziyi 02 E(a’i)_@+§xaazi’ Ez‘—azi- (2.3)

The only non-zero commutator between two elements of the above basis is of the form
B,y Bal = —E;, i=1,---,rand a=1,---,p. (2.4)

So for the derived Lie algebra $(p,t)’ we have $(p,t)’ = span{E;|i = 1,--- ,r}.

Now let a be the left invariant Riemannian metric on H(p,r) considered in [10], which is the left invariant
Riemannian metric such that the above basis is an orthonormal basis. Suppose that (-, -) is the inner product
induced by a on the Lie algebra $(p, t). From now on, for simplicity, we use the same notation (-, -) for the left
invariant Riemannian metric a and its induced inner product on H(p, t).

Lemma?2.l. Fori=1,--- ,randa = 1,--- ,p, the Levi-Civita connection V of the Riemannian manifold (H (p,r), (-,-))
is given as follows,

1
VEQEZ = VE,;Ea = §E(o¢,z),
1
Ve By =VEa,Ei §Eo¢;
1
VE(O“,L')EO( - §E’L7
1
VEQ E(a %) §E’L

and for other X,Y € {Eo, E(a4), Eili = 1,--- ;rand a = 1,--- ,p}, we have VxY = 0.
Proof. Using the Koszul formula

and the fact that the basis {E,, E(4 ), Eili = 1,--- ,r and a = 1,--- ,p} is an orthonormal basis with respect to
the inner product (-, -), complete the proof. O

Lemma 2.2. For the curvature tensor R of the Riemannian manifold (H (p,r), (-, -)) we have
R(E;,E,)E, = —R(E,, E;)E, = iEi,
R(EQ,E(OM»))EQ = —R(E(a), Ea)Eo = %E(%i),
R(E(a,1), Ea)E(ay = —R(Ea, E(,i)) E(a,) = %Ea,
R(Ey, Eg)E(q ) = —R(Ep, Eq)E(a,:) = iE(m), o # B,
R(Ey, E(o,i))Es = —R(E(ai), Ea)Es = %E(Q,i), a# B,
R(Eg,i): Ea)E(a,i) = —R(Ea; E(p.i)) Ea.i) = iEﬁ’ a# B,
and for other cases R = 0.

Proof. 1t is sufficient to use the previous lemma and the formula of curvature tensor which is defined by
R(X,Y)Z =VxVyZ-VyVxZ -V xyZ. O
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Now we compute the sectional curvature of the Riemannian manifold (H(p, ), (-,-)).

Theorem 2.1. Suppose that P = span{u,v} is a two-dimensional subspace of the Lie algebra $)(p, t) such that
u = Z AaEo + Z )‘(a,i)E(a,i) + Z >\ZE17

and
v=> msEs+> nepEpei+ Y mE)
3 8. i

and the set {u, v} is an ortonormal basis for P. Then for the sectional curvature K (P) we have,
1 2,2 3 2,2 1 2 2
K(P) = 1 ZMTU 1 Z/\cﬂ?(a,j) T ZA(a,i)ni
o] a,j a,i
_§Z)\2 2+}Z)\22+}ZA22
1 (a,i) e 1 i1 1 i1(8,1)
a,i B, Bsi

3 1
+5 D AaA (@i Mallag) + 1 D AaA @) el

a,j a,j
1 1
~1 > Nai) Mty — 3 > XA s.0);-
Qi Bsisg
Proof. It is a direct consequence of lemma 2.2 and the sectional curvature formula for Riemannian manifolds.

O

3. Some (a, §)-metrics on the Lie groups H (p, )

In this section we study left invariant Randers metrics of Douglas type and («, §)-metrics of Berwald type on
the Lie groups H(p, r) induced by the left invariant Riemannian metric (-, -) discussed in the previous section.

Theorem 3.1. There is not any non-Riemannian (c, 3)—metric of Berwald type on the Lie group H (p,r) induced by the
Riemannian metric (-, ) and a left invariant vector field X.

Proof. Let F be an arbitrary (o, 5)—metric defined by the left invariant Riemannian metric (-,-) and a left
invariant vector field X. It is well known that the (o, 5)—metric F is of Berwald type if and only if the vector
field X is parallel with respect to the Levi-Civita connection V of (-, -). But lemma 2.1 shows that there is not
any non-zero left invariant vector field X such that Vy X =0, forall Y € H(p, v). O

Remark 3.1. This is a generalization of corollary 5.2 of [7] to the Riemannian Lie groups (H (p, ), (-, -)).
By attention to the previous theorem we have,

Theorem 3.2. Let F(x,y) =+/(y,y) + (X (x),y) be a left invariant Randers metric defined by the Riemannian
metric (-,-) and a left invariant vector field X on H(p,r). F is a non-Berwaldian Douglas metric if and only if
X € span{Ey,Eyla=1---pandi=1---r}and (X,X) < 1.

Proof. By considering theorem 3.2 of [1], F' is of Douglas type if and only if X is orthogonal to $(p, t) so the
proof is completed. 0O

In the following theorem we give the flag curvature formula of left invariant Randers metrics of Berwald
type on H(p,r).

Theorem 3.3. Let F(z,y) = /(y,y) + (X (z),y) be a left invariant Randers metric of Douglas type defined by the
Riemannian metric (-,-) and a left invariant vector field X =73 5 usEpg + 3 5 ;) s,j)E(s.5)- Suppose that (P,y) is
a flag such that {y,v} is an orthonormal basis for P with respect to (-,-) and y =3 AoFEa + Z(a’i) Ay E(ayi) +
> NiEi. Then the flag curvature is given by

_ _ K(P) 3 2
K(Py) = 1+ (X, 9))2 + A((X, y))2 (;Nﬁ)‘(ﬁ,i))‘i - sz/i(l?,j))‘ﬁ)‘j) )

where K and K denote the flag curvature of F and the sectional curvature of (-, -), respectively.
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Proof. By attention to the formula 2.3 of [8] for the flag curvature we have

R(Pa) = 5K (P) + 105 (30000, X)? ~ 4P )00,V (). ). @)

where U : $H(p,t) x H(p,t) — H(p,t) is a symmetric function defined by the following equation,

2(U (v1,v2),v3) = ([vs, v1], v2) + ([v3, va], v1).

Now the equations

Uy, 9), X) =D nshsadi = D 1e.nAsd,
B.i

and
(U(y, U(y,y)), X) = 0.

together with the formula 3.1 complete the proof. O

References

[1] AnH. and Deng S., Invariant (¢, 8)-metrics on homogeneous manifolds. Monatsh. Math. 154 (2008), 89-102.

[2] Asanov G.S., Finsler Geometry, Relativity and Gauge Theories. D. Reidel Pubishing Company, Dordrecht, Holland, 1985.

[3] Bacso S. and Matsumoto M., On Finsler spaces of Douglas type. A generalization of the notion of Berwald space. Publ. Math. Debrecen 51
(1997), 385-406.

[4] Bao D., Chern S. S. and Shen Z., An Introduction to Riemann-Finsler Geometry. Springer, 2000.

[5] ChernS.S. and Shen Z., Riemann-Finsler Geometry. World Scientific, Singapore, 2005.

[6] Deng S., Homogeneous Finsler Spaces. Springer, New York, 2012.

[7]1 Deng S., Hosseini M., Liu H. and Salimi Moghaddam H. R., On the left invariant («, 3)-metrics on some Lie groups. Houston J. Math. to

appear.
[8] DengS. and Hu Z., On Flag Curvature of Homogeneous Randers Spaces. Canad. ]. Math. 65 (2013), no. 1, 66-81.

[9] Goze M. and Haraguchi Y., Sur les r-systemes de contact. C. R. Acad. Sci. Paris Ser. I Math. 294 (1982), 95-97.
[10] PiuP. and Goze M., On the Riemannian geometry of the nilpotent groups H (p, ). Proc. Am. Math. Soc. 119 (1993), 611-619.

Affiliations

MASUMEH NEJADAHMAD

ADDRESS: Isfahan University of Technology, Dept. of Mathematics, Isfahan-Iran.
E-MAIL: masumeh.nejadahmad@math.iut.ac.ir

ORCID ID: 0000-0003-3028-5951

HAMID REZA SALIMI MOGHADDAM

ADDRESS: University of Isfahan, Dept. of Mathematics, 81746-73441, Isfahan-Iran.
E-MAIL: hr.salimi@sci.ui.ac.ir and salimi.moghaddam@gmail.com

ORCID ID: 0000-0001-6112-4258

www.iejgeo.com 222


http://www.iej.geo.com

	1 Introduction
	2 On the Riemannian geometry of the Lie groups H(p,r)
	3 Some (,)-metrics on the Lie groups H(p,r)

