Available online: October 4, 2019

Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat.
Volume 69, Number 1, Pages 73-7] (2020)

DOI: 10.31801/cfsuasmas.508702

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS
http://communications.science.ankara.edu.tr/index.php?series=A1 SERIES A1

GENERALIZED FRACTIONAL MAXIMAL OPERATOR ON
GENERALIZED LOCAL MORREY SPACES

A. KUCUKASLAN, V.S. GULIYEV, AND A. SERBETCI

ABSTRACT. In this paper, we study the boundedness of generalized fractional
maximal operator M, on generalized local Morrey spaces LM;:’;)} and gen-
eralized Morrey spaces Mp o, including weak estimates. Firstly, we prove the
Spanne type boundedness of M, from the space LM; 20} {6 another LM;:OOZ},
1< p<q< oo and from LM{ZD} to the weak space WLM;ZOZ} for p =1 and
1 < g < co. Secondly, we prove the Adams type boundedness of M, from the

space M 1 toanother M 1 forl < p < g < oo and from My , to the weak
q

P, P a,¢
space WM 1 for p=1and 1 < ¢ < co. In all cases the conditions for the
q

@,

boundedness of M, are given in terms of supremal-type integral inequalities on
(¥1, %9, p) and (p, p), which do not assume any assumption on monotonicity
of @1 (a,1), (1) and (z,r) in 7.

1. INTRODUCTION

The classical Morrey spaces M), » were first introduced by Morrey in [21] to study
the local behavior of solutions to second order elliptic partial differential equations.
The generalized Morrey spaces M, , are obtained by replacing r in the definition
of the Morrey space. During the last decades various classical operators, such
as maximal, singular and potential operators were widely investigated in both in
classical, generalized Morrey spaces and generalized local Morrey spaces. For the
boundedness of the Hardy-Littlewood maximal operator, the fractional integral
operator and the Calderén-Zygmund singular integral operators on these spaces,

we refer the readers to [, [0} 15, [16] 20} 22].
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For a measurable function p : (0, 00) — (0, 00) the generalized fractional maximal
operator M, and the generalized fractional integral operator I, are defined by

M, f(z) = sup 28 /B | i

t>0 1"

If(x) = / Pz =vl) 1y,

=yl
for any suitable function f on R™. If p(t) = t*, then M, = M;« is the fractional
maximal operator and I, = ;o is the Riesz potential.
Spanne [24] and Adams [I] studied boundedness of the Riesz potential in Morrey
spaces. Their results can be summarized as follows.

Theorem A. (Spanne, but published by Peetre [24]) Let 0 < a <n, 1 <p < %,
0 < A< n—ap. Moreover, let%f% == and% = B Then for p > 1, the

q’
operator I, is bounded from M, x to Mg, and for p =1, 1, is bounded from M; x
to WMy ..

Theorem B. (Adams [1]) Let 0 < a <n, 1 <p <2, 0< A <n—ap and

1 — % = —%5. Then for p > 1, the operator Ia is bounded from My x to Mg\ and

forp =1, I, 1is bounded from M x to WM,

Nakai [22] proved the boundedness of the operators I, and M, from the general-
ized Morrey spaces M, ,,, to the spaces M, ,, for suitable functions ¢; and ¢,. The
boundedness of M, and I, from the generalized Morrey spaces M, . to the spaces
My, is studied by Nakai [23], Eridani [10], Gunawan [1§], Eridani, Gunawan and
Nakai [12], Sawano, Sugano, Tanaka [25], Eridani, Gunawan, Nakai, Sawano [IT],
Guliyev, Ismayilova, Kucukaslan, Serbetci [17], Kucukaslan, Hasanov, Aykol [19].

In particular, the following statement containing both Theorem A and Theorem
B was proved in [3] [].

Theorem C. (BLHA]) Let 1 <p<qg< oo, 0 <\ p<n and
n—A m—p n

q p

Then, for p > 1, the operator 1, is bounded from My  to M, ,, and, forp =1, I,
is bounded from M\ to WMy,,.

0<a=

In [3, 4] it was also proved that, under the assumptions of Theorem C, the
operator I, for p > 1, is bounded from the local Morrey space LMZ‘E’Q;\O} to LM;ZO},
and, for p = 1 from LMI{’J;O} to the weak local Morrey space WLM;fff'}.

Since, for some ¢ > 0, (Mo f)(z) < c(Ia(|f]))(z), z € R", it follows that in
Theorems A, B, C the operator I, can be replaced by the operator M, (including
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also the case p = ¢). For the operator M, Theorem C was, in fact, earlier proved
in 5l [©].

Guliyev [14] proved the Spanne and Adams type boundedness of I, from the
spaces M, , (R") to Mg ,,(R") without any assumption on monotonicity of ¢,
4. Paper [7] should be mentioned where for oo = n(% - %) necessary and sufficient
conditions of ¢; and ¢, are obtained. In [I7], by using the method given in [13]
the Spanne and Adams type boundedness of the operator I, from the generalized
local Morrey space LM,}%,”I} to another one LMQ{fOOZ} were proved.

The main goal of this paper is to show that the boundedness of the generalized
fractional maximal operator M, in generalized local Morrey spaces LMéfPO} and
generalized Morrey spaces M), , can be obtained under weaker assumptions on p,
namely in terms of the so-called supremal operators. More precisely, we find suffi-
cient conditions, in supremal terms, on the functions (¢, ¢s, p) which ensure the
boundedness of the operator M, from one generalized local Morrey space LMgprl}
to another LM;ffo} for 1 < p < ¢ < oo and from LMl{ffl} to the weak space

WLMq{f};} forp=1and 1 < ¢ < co. We also find conditions on the pair (¢, p)

which ensure the Adams type boundedness of M, from the spaces M 1 to another
X%
M 1 for 1 < p < ¢ < oo and from M; , to the weak space WM 1 for p =1 and
R a9
1<qg<o0.

By A < B we mean that A < C'B with some positive constant C' independent
of appropriate quantities. If A < B and B < A, we write A = B and say that A
and B are equivalent.

2. PRELIMINARIES

For z € R™ and r > 0, we denote by B(z,r) the open ball centered at x of radius
r, and by EB(J:,T) denote its complement. Let |B(z,7)| be the Lebesgue measure

of the ball B(z,r). Therefore |B(z,7)| = w,r", where w,, denotes the volume of
the unit ball in R™.

Definition 2.1. Let ¢(x,r) be a positive measurable function on R™ x (0,00) and
1 <p < oo. We denote by M, , = M, ,(R") the generalized Morrey space, the
space of all functions f € LLOC(R") with finite norm

_ _1
1fllag,, = sup @@, r) ™" [Bla,r)| 77 || £l L, (B.r)-
z€R™ r>0

Also by WM, , = WM, ,(R") we denote the weak generalized Morrey space of all
functions f € WLLOC(R”) for which

_ _1
Hf”WMp,«p = Ssup QD(:L',T) ! |B(:L'7T)| P ”fHWL,,(B(x,T)) < o0.
z€R™,r>0
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According to this definition, we recover the Morrey space M, x, the weak Morrey
A—n

space WM, » respectively, under the choice ¢(z,7) =7r"7 :

M,y =M,, sony WM,y = WM, An .

’ olar)=r 7 p(ar)=r 7

Definition 2.2. Let ¢(x,r) be a positive measurable function on R™ x (0,00) and
1 < p < oco. We denote by LM, , = LM, ,(R"™) the generalized local (central)
Morrey space, the space of all functions f € LLOC(R") with finite norm

- 1
1£1l2as,.,. = sup (0,7) HBO,M) 7 If Il 30.0)-

Also by WLM, , = WLM,, ,(R™) we denote the weak generalized local (central)
Morrey space of all functions f € WL;,OC(R”) for which

_ _1
I fllwra,,, = Sl>11880(0,7") B0, 7 | fllwe,osm) < oo

Definition 2.3. Let ¢(x,r) be a positive measurable function on R™ x (0,00) and
1 < p < oo. For any fired zy € R™ we denote by LMgfao} = LMI}{fDO}(R") the
generalized local Morrey space, the space of all functions f € L;OC(]R") with finite
norm

Hf”LMézg} = ||f($0 + .)HLMp,gJ'

Also by WLMI;{ff} = WLM,;{,QZ,O}(R") we denote the weak generalized local Morrey
space of all functions f € WL;,OC(R") for which

||f||WLMéfK§)} = Hf(xo + ')”WLMTM,; < 00.
According to this definition, we recover the local Morrey space Llejf\“} and weak
local Morrey space WLM;“/'\O} under the choice ¢(zg,r) = T
{zo} _ z {zo} _ z
LM = LM% o, WLMS! = W LM} An .

p(xo,r)=r P o(zo,r)=r P

Definition 2.4. Let 9(0,00) be the set of all Lebesque-measurable functions on
(0,00) and M (0, 00) its subset consisting of all non-negative functions on (0,00).
We define a cone A by the set of the functions p € IMT(0,00) which are non-
decreasing on (0,00) and such that lim;_o4 p(t) =0, briefly

A= {go € M (0,00;7) : tli%1+¢(t) = 0} .

Definition 2.5. [8] Let u be a continuous and non-negative function on (0,00).
We define the supremal operator S, on g € 9M(0,00) by

(Sug)(r) = [lu@gDI L. (r00) » T € (0,00).
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Let v be a non-negative measurable function on (0, c0). We denote by L ., (0, 00)
the space of all functions g(t), ¢ > 0 with finite norm

19112 (0,00) = SUP V()9 ()
t>0

and Lo (0,00) = Loo,1(0,00). The following lemma is proved analogously to Lemma
5.2 in [8].
Lemma 2.1. [§] Let vi and vy be weights and 0 < [[v1||1__ (¢,00) < 00 for any t >0

and let u be a continuous non-negative function on (0,00). Then the operator S, is
bounded from Loo u, (0,00) t0 Loo 4, (0,00) on the cone A if and only if

o5 Qo2 o)y <

The following lemma was proved in [I7].

Lemma 2.2. [I7] Let v1, va be non-negative measurable functions satisfying 0 <
vl (t,00) < 00 for any t > 0. Then the identity operator I is bounded from
Lo ,4,(0,00) to Log u, (0,00) on the cone A if and only if

Hvz (HUlHZ;(-,oo))HL (0,00) =0

3. SPANNE TYPE RESULT FOR THE OPERATOR M, IN THE SPACES LM,;{f”,f’}

We assume that
t
sup & < 00, (3.1)
1<t<oo t"
so that the fractional maximal functions M, f are well defined, at least for charac-

teristic functions 1/|z|*" of complementary balls:
X]R”\B((],l)(x)
f(z) = IR

In addition, we shall also assume that p satisfies the growth condition: there exist
constants C7 > 0 and 0 < 2k; < ks < oo such that

t
sup @ <C; sup &, r > 0. (3.2)
r<s<2r sn kir<t<kaor "

This condition is weaker than the usual doubling condition for the function %
: there exists a constant Cy > 0 such that

L p(t) _ p(r) p(t)
IR S G S A7
02 tn — pn C2 tn

whenever r and ¢ satisfy r, ¢ > 0 and % < % <2.

IN
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Remark 3.1. Typical examples of p(t) that we envisage are, for 0 < a <n

t*log(e/t), 0<t<1
plt) = { o 1<t <o
log(et)’ —
and, forc>0
(t)_{ o, 0<t<l1
pRe) = ece e’ 1<t< oo
The second one is used to control the Bessel potential (see also [20] ).

The boundedness of the operator I, in the spaces L,(R™) can be found in [I1
Let 2 ( ) be almost decreasing, that is, there exists a constant C such that 2 (t)

C psf) for s < t. In this case we get

|
<

B(z,t)
L sl
Si>€/}3(xt) |z —y[" Sy
= [ s = 1,1

For proving our main results, we need the following estimate.

Lemma 3.3. If By := B(zo,70) C B(z,r) and p satisfies the doubling condition.
Then p(ro) S Myxp,(x) for every x € By.

Proof. Let p satisfy the doubling condition, then
M,pf(x) S M, f(x), (3-3)
where M, (f)(z) = sup p‘(;ﬁ*) J If(®)|dy and 7p is the center of the ball B.
Now let © € By. By using , we get

p(rs)

MPXBO(I) Z M,DXBO( ) = Sup |B| |B N BO|
> 7 ro) |Bo N Bo| = p(ro).
Byl
O
The following lemma is valid.
Lemma 3.4. Let 1 <p < g < 0.

(1) The condition ’

p(r) < Crv 4 (3.4)

for all v > 0, where C > 0 does not depend on r, is sufficient for the boundedness
of M, from L,(R™) to WL4(R™). Moreover, if p > 1, then the condition (3.4)) is
sufficient for the boundedness of M, from L,(R™) to Lq(R™).
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(2) If p satisfies the doubling condition, then the condition (3.4) is necessary for
the boundedness of M, from L,(R™) to WL4(R™) and from L,(R™) to Ly(R™) for
p> 1.

(3) If p satisfies the doubling condition and the supremal regularity condition

sup p(t)t~ 7 < Cp(r)yr—+

r<t<oo
holds for all v > 0, where C' > 0 does not depend on r, then the condition (3.4)
is necessary and sufficient for the boundedness of M, from L,(R™) to WLy (R™).
Moreover, if p > 1, then the condition (3.4) is necessary and sufficient for the
boundedness of M, from L,(R™) to Ls(R").
Proof. (1) Suppose p satisfies the condition (3.4). Then
My f(@) S My (7). (35)

Since the operator M= _ = is bounded from L,(R") to W Lg(R™) and for p > 1 from
L,(R™) to Ly(R™), then from (3.5 we get the statement (1).

(2) Now we shall prove the second part. Let By = B(zg,70) and © € By. By
Lemma we have p(ro) S M,xp,(z). Therefore, we have

p(ro) Sro “IIMpxp, lwey ) S 7o * IMpx s, llw L, @
33

S T(;E ”XBO”LP(]R") Sre
and for p > 1

p(ro) S o “IN1Mpxp, L, 8oy S 7o I Mpxp, I, @)

_n
q

—_n n
Sro “lxsllz, @y ¢

holds for every g > 0, hence the proof of statement (2) is completed.
(3) From the first and second statements the third statement of the lemma
follows. O

The following lemma is valid.

Lemma 3.5. Let 1 < p < q < oo and let p(t) satisfy the conditions (3.1), (3.2)
and (3.4). Then the inequality

p(t)

My fllwe, Bezor)) S IWFIL,(B(zo,2r)) + 79 sup I £112, (B(zo.t)) e

holds for any ball B(xg,r) and for all fllfc(R").
If p > 1, then the inequality

a p(t)
1My fllL,Bxor)) S N, (Bao2r) + 74 sup £z, (B(zo.t)) e (3.6)

holds for any ball B(xg,r) and for all f;OC(R").



80 A. KUCUKASLAN, V.S. GULIYEV, AND A. SERBETCI

Proof. Let 1 < p < g < oo and let p(t) satisfy the conditions (3.1)), (3.2) and (3.4).
For arbitrary zg € R™, set B = B(xg,r) for the ball centered at xy and of radius r.

Write f = f1 + fo with fi = fxop and fo = fXE(QB)' Hence

1M, fllwr, ) < IMpfillwe,s) + 1Mpfallwe,s)-

Since f1 € L,(R™), M,f1 € WLy (R"™) and by Lemma M, is bounded from
L,(R™) to WL,(R™). Thus it follows that

1M, fillwe, ) < IMpfillwe, e < Cllfille, @y = Cllfllz, @),
where constant C' > 0 is independent of f.
Let = be an arbitrary point from B. If B(x,t) N E(2B) # (), then ¢ > r. Indeed,
if y € B(z,t)N E(2B), thent > |z —y| > |zo —y| — |0 — x| > 2r —r =1
On the other hand, B(z,t) N lj(2B) C B(z,2t). Indeed, y € B(z,t) N E(2B)7
then we get |20 —y| < |z —y| + |zo — x| <t +7 < 2t
Hence

Mofa() =sup 50 [ sy
B(z,)nt(2B)

p(2t) /
S sup = f(y)|dy
t>r (2t)" B(zo,Qt)‘ )l

s 20 [ gy

t>2r t7

Therefore, for all x € B we have

%mmmW%HﬂWy (3.7)

t>2r tm
Thus
1M, £ < M, Loy < 1 loom +1BIH sup [17] oli)
pJIIWLq(B) = pJILg(B) ~ Ly(2B) tS;JQPr L1(B(zo,t)) tn

n p(t)
Sl sy + 79 sup Ifllz,(Bo.t) S (3.8)

Let p > 1. From the (p, q) boundedness of M, and (3.4) it follows that:

M, fillz,8) < IMpfill,@ey S N fillz, @y = [1fllz,@B)- (3.9)
Then by (3.8) and (3.9) we get the inequality (3.6)). a

The following theorem is one of the main results of the paper in which we get

the Spanne type boundedness of the generalized fractional maximal operator M,

in the generalized local Morrey spaces LM, {f;}.
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Theorem 3.1. Let zg € R", 1 < p < q < 00, and let the function p satisfy the
conditions (3.1)), (3.2) and (3.4). Let also (vq,¢,) satisfy the conditions

£y o
< —)ta .
ess Inf . (o, 5)s7 < Cpy(wo, 5) £, (3.10)

n t
sup(ess inf ¢, (zg, $)s E)p(ﬁ) < Cpy(x0,1),
t>r \t<s<oo te

where C' does not depend on xo and v. Then the operator M, is bounded from
LM}f;Sl} to WLMq{f(,OQ} and forp > 1 from LMl;{fpol} to LMq{ffpoz}, Moreover,

||Mpf||WLMq{fp02} fz ||fHLMI‘£ipO1}7

and forp > 1
IMpflly prgre) S ||fHLM{m0}.

Proof. Let the function p satisfy the conditions (3.1] , 2), (3.4), and also (pq, ¥s)

satisfy the conditions (3.10) and (3.11). By Lemmas - and [3-5] we have
-1 -
1Mo fllyy agfegy S ililgﬁﬂz(xoar) T ||f||Lp<B<mo,zr>>

p(t
50D e, ) ™ 50D 11 0 27

=~ ?gg QDI({E(],'I”) e ||f||Lp(B(rc0,r)) = ||f||LMI£iB1}
and for p > 1

[ M, £l Lafee) S 82184102(%077")_17“7%||f||Lp(B(a:g,2'r‘))
T

- p(t)
+ sup ¢y (z0,7) " sup || fll L, (B(wo,t)) —=
r>0 t>r tr

~ 1 = zo}-
sup 1 (@o, 1) = Wl agtee)

]

In the following corollary we get the boundedness of the generalized fractional
maximal operator M, on generalized Morrey spaces M, .

Corollary 3.1. Let 1 < p < g < o0, the function p satisfy the conditions (3.1,
(3-2) and (3.4). Let also (pq,ps) satisfy the following conditions

n r n
. < — q
om0 < Corfo 51,

p(t)
£ ) .
Sup (?Essé‘éo RICOLL e

where C' does not depend on x and r. Then the operator M, is bounded from M, ,,
to WMy, and for p > 1 from M, , to Mg,,.

< Cpo(z,7),
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In the case p(t) = t* from Theorem [3.1] we get new Spanne type result for
fractional maximal operator M, on generalized local Morrey spaces.

Corollary 3.2. Let zp e R", 0 <a<n,1<p<g<ooandl/p—1/q=a/n.
Let also (pq,4) satisfy the condition

sup (ess inf@l(mo,s)s%)f% < Cpy(x0,71), (3.11)
t>p \t<s<oo

where C' does not depend on r. Then the operator M, is bounded from LM,;{f;l} to
LM;:Z"Q} for p>1 and from LMl{fg’l} to WLMq{fOOQ} forp=1.

Also in the case p(t) = t* and p(z,t) = t¥, 0 < A < n from Theorem we
get local Morrey space variant of Theorem A.

Corollary 3.3. Let 7 €e R", 0 <a <n,1<p<Z, 0<A<n—ap. Moreover,

let a = % — % and % = %. Then for p > 1, the operator M, is bounded from

LMI%\O} to LM,;{,JZO} and for p =1, M, is bounded from LMl{f\O} to WLM;,JZD}.
Remark 3.2. For this case a = % — % necessary and sufficient conditions for the
boundedness of 1, from My, to Mg, are obtained in [4].

4. ADAMS TYPE RESULT FOR THE OPERATOR M, IN THE SPACES M, ,

The following theorem was proved in [2].

Theorem D. Let 1 < p < oo and (¢;,,) satisfy the condition
sup ¢ 7 essinf ©q(z,8) 57 < Coy(z, 1),
r<t<oo t<s<oo

where C does not depend on x and r. Then the operator M is bounded from M, ,,

to WMy, and for p > 1, the operator M is bounded from M, , to M, ,,.

The following theorem is another main result of the paper, in which we get the
Adams type boundedness of the generalized fractional maximal operator M, in the
generalized Morrey spaces M), ..

Theorem 4.2. Let 1 < p < q < o0, % be almost decreasing, and let p(t) satisfy
the condition (3.2)) and the inequality

kg’l“

/ @ds < Cp(r),
O 8

where ko is given by the condition (3.2) and C does not depend on r > 0. Let also

o(z,t) satisfy the conditions

sup t7" essinf p(z,s)s" < Cp(zx,r), (4.1)
r<t<oo t<s<oo
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and

2

p(r)p(z,T) + Sup p(t)p(z,t) < Cp(z,r)a, (4.2)

where C' does not depend on x € R™ and r > 0.
Then the operator M, is bounded from M
P

M, . to qu .

to WM 1 and for p > 1 from

1
PP q,p1

Q=

Proof. Let zg e R", 1 <p<qg<ooand f e M 1. Write f = fi1 + f2, where
PP
B = B(x,r), fi = fxop and fo = fXC(QB)- Then we have

M, f(x) < My fi(z) + My f2().
For M, fi(y), y € B(x,r), following Hedberg’s trick (see for instance [27], p. 354),

we obtain
=y £()ldz
t>0 B(y,t)NB(z,2r)

Sop [ A =2 a:
t>0 J B(y,t)NB(z,2r) |y7Z|n

0

y—z
~sp 3 [ A=), (o) ja:
>0, 5= JB(y.on(Ba 2 i \B@2tn) Y — 2]
0 2k ko
p(s)
< sup / ds/ |f(2)|dz
t>0 k;m 2Kk gnt+l B(y,t)NB(z,2~+1r)
0 gkk2,,.
p(s)
~ M f(x)su / 2 ds
f( )t>IO)k::Z—oo 2k k7 S
“ p(s)
= Mf(z) —ds S M f(2)p(r). (4.3)
0

For M, f>(y), y € B(x,r) from (3.7) we have

p(t
S sup || fllL, (B(e.)) 7(,) (4.4)
t>2r tr

Then from condition (4.2]) and inequalities (4.3)), (4.4)) for all y € B(z,r) we get

Maf(9) 5 pl0) MF () + 510 11, 5000) 2
<) MF@) + s, s (e () (@.5)
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Thus, by and ([4.5) we obtain
M, f(y) < min {p(z,t)s " Mf(@), oz, )7 | flla

PP

Ssupmin {57 M f(2), 57| fllar , } = (Mf(@))

s>0 p,pP

P

17l "

P, <pp
where we have used that the supremum is achieved when the minimum parts are
balanced. Hence for all y € B(z,r) , we have

M, f(y) S (MF@)F 1l " -

P

ks Bk

Consequently the statement of the theorem follows in view of the boundedness of
the maximal operator M in M 1 provided by Theorem D in virtue of condition

p,pP
(4.1).
_1 _n
||Mpf||WM 1 — Sup oz, )"t qHMpf”WLq(B(z,t))
q,¢ 9 z€R™ >0
1-2
S, swp (@) St ML L s
ppP TER™ >0
1-2 _1 _n %
L I R LI ey
PP z€R™,t>0
1-2 ya
= IIfHM“ My
0P oo P
N IIfH 1
P
and
_1 _n
[Mpfllae = sup oz, t) 9t™ e [[MyfllL, (B
q,p 4 z€R™ t>0
< Il e (. t) " M
S ¢ sup @(z,t) <t ¢ 1
Mp1¢% x€R™ >0 Lyp(B(x,t))
1-2 1 _n %
= Wiy, (5w elw)H 1Mo )
o7 \zE€R"t>0
E P
= 1/l C Ml
p,p P p,p P
Sl
oP
fl<p<g<oo. O

In the case p(t) = t* from Theorem |4.2| we get the Adams type result on gener-
alized Morrey spaces (see [16, Theorem 5.7, p. 182]).

In the case p(t) = t%, ¢(x,t) = t*™™, 0 < A < n from Theorem we get the
following Adams’s result for the fractional maximal operator.



GENERALIZED FRACTIONAL MAXIMAL OPERATOR 85

Corollary 4.4. Let0<a<n,1<p<g,0<)\<n—apand%—§:n%\.

Then for p > 1, the operator M is bounded from M, x to My x and forp =1, M,
is bounded from My  to WM, ».

Remark 4.3. Note that, the condition (3.1) is weaker than the following condition
which was given in [I7] for I,:
= p(t) dt
/ Pt (4.6)
1

tm ot
For example, the function
t"l
H=—
P(t) log(e +t)
satisfies (3.1), but not (4.6). This example shows that the function p satisfies
Theorems and [{.3, but does not satisfy the assumptions of Theorems 16 and
22 in [T1). In other words, the condition (3.1) which satisfies our main theorems,

is better (more general and comprehensive) than the condition (4.8) which satisfies
the main theorems were given in [17].

,t>0
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