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ABSTRACT

Influence functions give a measure of robustness of the statistics estimated from a sample against the sample
data. In this study, first, the concept of influence functions is examined, and then the influence functions for
mean and variance are given. The influence functions for skewness and kurtosis are examined for both
asymmetrical and symmetrical distributions and the influence function concept is generalized for scaled

moments.
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1. INTRODUCTION

Robustness has gained a great amount of importance for
the area of statistics since Huber’s study in 1964 [1]. As
a pure statistical concept it is the measure of the
qualitative properties of any estimator. More definitely
it describes the stability of an estimator under non-
standard conditions. A measure of robustness can be
delivered by influence functions.

Influence function (IF) is an approach used in
determining the investigated model or understanding
how an infinitely small error affects an estimator. The
common name for this type of error is data
contamination.

Influence function of an estimator is linked to the
deviation occurring on the estimator because of an
infinitely small data contamination. An unlimited
influence function means that the deviation can be
infinite. The behaviour of the influence function is
related to the investigated statistics. More detailed
information about this subject can be found in Huber
[2] and Hampel’s [3] studies.

2. INFLUENCE FUNCTIONS

Let R be the real line and let 7 be a real valued function
that is defined on a subset of the set of all probability
measures on R. For a defined T let a probability
measure on R is denoted by F. For any point xeR let 5,
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be the probability measure determined by the point
mass 1. Mixture of " and J, can be expressed as (1-€)F
+¢d, for 0<e<1, and it is called the gross-error model.

If the limit is valid for every xeR then the influence
function of the estimator 7 on the probability
distribution F is,

IF(x,F.T) =1 im {rl(1-¢)F +e5,]-T(F)}

&0 P

IF(x,F,T)=1im M )

e—0 P

[2]. As it can be seen from equation (1), the gross-error
model, or in other words, the contaminated distribution
can be written as

F=(1-g)F +€8, 2

Here F is known (generally standard normally
distributed), the € part of the data in hand is composed
of the gross-error coming from an unknown distribution
(say G) and ¢ is also known.
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3. INFLUENCE FUNCTIONS FOR THE FIRST
TWO MOMENT ESTIMATORS

First the estimator of the population mean is handled.
The estimator of population mean of the contaminated
distribution is,

H(F, )= (1= e)u(F)+ e G)
and for w(F)= p, the influence function becomes:
,u(Fg)= (l— g)y+ &x 4)

(I-&)u+ex—pu

IF[x,F,pu]=1im

&0 £
=X—p ®)
[4], and when p(F)= 0,
w(F, )= ex ©)
IF[x,F,,u] :lZTO%:x

Second, the estimator of the population variance is
handled. The estimator of population variance of the
contaminated distribution is,

o’ (F.)=(1-&)o(F)+ &’ ®)

when O 2(F )= (o2 ? and WF)= 0, the influence

function,
o’ (F.)=(1-¢&)o” + &’ ©)

(I-¢)o’ +ex’ —o?

JF[x,F,az] =1im

£—-0 P
=x’-o’ (10)

[4], and when O 2 (F ) =1, the influence function

becomes,

o (F)=(1-¢g)+a® = (x> —1)+1

(11)
J— 2 J—
IF[x,F,0%]=I imo(l £)+ex -1
E—> g
=x>-1 (12)

If W(F)= 0 then, ]F[x,F,O'Z] = F[x,F,y;] :

where L, is the second moment about the origin.
Hence when estimator of the second moment about the

origin for the contaminated distribution s,
0'2 (F) =1, we can show that

w,(F.)= g(x2 —1)+1. (13)

4. INFLUENCE FUNCTIONS FOR SKEWNESS
AND KURTOSIS

Let’s consider the functional,

V=5 (14)

as a unitless measure of skewness which uses the
moment estimators. Moments about the arithmetic
mean can be obtained by means of moments about the
origin as,

=3 09

as defined in [5]. When =3 in equation (15),

5 (F,) = p13(F,) =3, (F, Ju(F, )+ 24°(F, ).
(16)

In order to obtain a result, the value of ,u; (F g) is

required:

w(F,)= (- &) (F)+ &’ (17a)

This statement can be explained by the equation:

,ur(Fg)=(1—5),ur(F)+gxr (17b)
Beyond this point of the study it will be assumed that,

WF)= 0 and O 2 (F ) =1. By rewriting the equation

(16) and using equations (6), (13) and (17a), the
following equation can be formed,

W (F,)= 5(x3 —,u_;(F))+ wy(F)-3ax —352(x3 —x2)+ 26°x% -
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Hence W(F)=0, ,u; (F) = U, (F) Thus we have

My (F,) = g(x3 — U (F))+ 15 (F)=3ex 7382()63 -x’ )+ 28°%° -
(18)

For symmetric distributions, where [/, (F ) =0, the

influence function of the third moment estimator is,

s

50 & de ¢

[F[x,F,;g]:limM:{i[%(F )]:|

£=0

IF[x,F, 1] =x* = 3x (19)

[6]. For the
M (F );ﬁ 0, the influence function of the third

moment estimator is,

asymmetric  distributions, where

s

-0 &

IF[x,F, =1 im w(F)-m(F) [%[ﬂx (Fg)ﬂ

£=0

IF[x,F, ;] =x" =3x— 11, (F) (20)

[6]. The influence function for the skewness measure y;
can be shown by the equation below:

lF[x,F,}/,]:IZTO

n(E)-n(F) _| d  m(F,)
g de, 52 ()" ]

i [o* (F, )]“[% [115(F, )]} —u(F, )[% [ (£, )]m}

o> (7,)f
@1

To get the result, the following equations can be formed
by using equation

(13) [az(Fg )]3/2 = [g(x2 —1)+1]3/2

. 3/2 . 3/2
lim 0'2(F€)} zhm[g(xz—l)+l] =1
£—>0 &0
(22a)

Equation (22a) can be generalized for any power 7:

. r/2 . r
lim 0'2(}78)} zhm[a2 (E)] =1 (20
0 0
Using

limF, =lim(1-¢)F+sG=F, 23)
&0 &0

the following definition can be obtained,

im 1 (F,) = lim (1) 6 (F) £G = g (F).
(24a)

=0

In a similar way for any ’th moment, the equation
(24a) can be generalized as

lim g1, (F,) =, (F).

As a result, for the symmetrical distributions where
s (F )= 0, equation (21) can be rewritten, using

equations (19), (22a) and (24a). Thus the influence
function for the skewness measure (y;) functional can
be obtained as follows:

IF[x,F,y,(F,)]=x" - 3x.

(24b)

(25)

The influence function of the skewness functional
defined by equation (14) is more complex for an
asymmetrical F. The reason for this is the contribution
of the scale functional ¢ present in the denominator of
v1, to the influence function. In order to be able to use
equation (21), the contribution done by ¢ can be defined
as,

[F‘:x,F,[GZT/Z} :L;; o’ (FE)TZ} :j—g[a(xz 1)+1]”
:%[s(xz 71)+1T 2(x2 71) :%(x2 71)'

(26a)

This result can be generalized for odd moments as,
rl d r d /2
IF[X,F,[O'ZJ 2} = {d&[o‘2 (FJ} 2} = E[g(xz —1)+1J

= [e( )] () =S¢

=0

(26b)
and even moments as,
” d ”
IF[x,F,[JZ] } = d_a[az (F.)]
= r(x2 —1) . (26¢)

As a result, equations (20), (22a), (24a) and (26a) can
be replaced in equation (21) for the asymmetrical

distributions, [/, (F ) # 0, and the influence function

for the skewness measure (y;) functional can be found
as in [6],

IF[x,F,y,|=x=3x— (F)—%u3 (F)(x*-1)-

@7

&=0

=0
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Now consider the unitless functional of kurtosis in
equation (28),

B, = ﬂ—j (28)
(o2

which uses moment estimators. Assuming that p(F,)=0
and O 2 (F ) =1, [7] defines the symmetrical

influence function,

SIF[x,F,logﬂz]=w—2(x2 -1)

ﬂ4(F)

for the conditions where F and the contaminated
distributions in equation (2) are symmetrical. The
influence function of kurtosis measure which is defined
in equation (28), for both the symmetrical and
asymmetrical conditions can be obtained by the
following approach: First using equation (15) it can be
written that:

p4(F,)= 1, (F, )= 4u(F, )y (F, )+ 64° (F, s (F, )= 3u* (F,)
(30)

29

All the components of this equation except ,Ll;1 (F 5)

are defined in equations (6), (13) and (17a). By
equation (17b) we have,

H(F,) = (- e)u, (F)+ & G1)

and when the results are replaced in equation (30), we

obtain

wo(F,) = el =, (P)]+ 22, (F) - davps (F) - 42l = gy ()] + 6272 [ =1)+1]- 32
(32)

()= 0, Hy (F) = Hy (F)

and ,u; (F ) = U (F ) the following equations can be

written:

Since

For symmetrical distributions,

/‘A(Fg): £[x4 —/IA(F):I+ /14(F)—452x4 + 652x2[g(x2 —1)+ 1]—3€4x4
; (33)

and for asymmetrical distributions,

u,(F,)= a:[x4 —u, (F)]+ 1, (F)—4exp, (F)—éh:zx[x3 — (F)]+ 6e°x? [s(xz - 1)+ 1]— 3gtx?

(34)

Hence the influence function for B, becomes

IF[X,F9ﬂ2]:liTOﬂZ(F;);ﬂZ(F)= i

e e e

lo* (F)f

(33)

In order to use equation (35) for symmetrical
distributions,

4 Fg s F d
= x* -, (F) (36)
is obtained by equation (33) and,
17| % P[0 ] |=2(x 1) @7

is obtained by equation (26¢). By substituting the
results obtained from equations (22b), (24b), (36) and
(37) in equation (35) the influence function for
symmetrical distributions can be defined as

]F[X’Faﬂ2]=lim ﬂz(F"“)_ﬂz(F)

&0 P

—x' =y (F)=2u,(F)\x> =1); )

and for asymmetrical distributions,

&0 P dg+

=x* = 1, (F)=4xu, (F)  39)

IF[x,F,p,)=1im M:{LM(E)}

=0

which is completely written by using equation (34).
Also by replacing the results obtained from (225),
(24b), (37) and (39) in equation (35), influence function
for asymmetrical distributions can be written as;

IF[X,F,,BZ]:I im B, (Fs)_ﬂZ (F)

&0 £

:x47/14(F)74x,u3(17)721u4(17)(x2 71)'
(40)

The obtained results for skewness and kurtosis can also
be generalized for higher order scaled moments.
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5. INFLUENCE FUNCTIONS FOR SCALED
MOMENTS

Scaled moments for the statistical distributions are
defined by the equation,

H,

The influence function of scaled moments are examined
separately for odd and even moments for distributions

which satisfies p(#)= 0 and O'2 (F) =1. As it can be

®. = r=5,0,... . (41a)

seen from equation (4la) whenO 2 (F ) =1 the

equation is simplified as,

First, the condition where the moment degree r is an
odd value will be taken into consideration. The
influence function for scaled »’th moment is,

d__#(F)
de, [Jz (F;):IV/Z
[ (E)] [ ()] |- () £ ()]
[o*(F)]

IF[x,F,p,]|=

(42a)

Using equations (22b), (24b) and (26b), equation (42a)
reduces to,

Pl Fo )| ()] (P

de, e

(42b)

For the condition of having an even value of r, using
equations (22b), (24b) and (26¢), the equation (42) can
be defined as,

IF[x,F,(or]z{i,ur(F;)} ] —,ur(F)r(x2 —1)-

de,

(42¢)

The first term on the right hand side of equations (42b)
and (42¢) can be obtained by using equation (15).

6. CONCLUSION

The influence functions for skewness measure y; are
defined for both symmetrical and asymmetrical
distributions in the previous papers. However, the
influence function of kurtosis measure B, is only
examined for symmetrical distributions, and the
asymmetrical distributions are neglected. In this study
the influence function of B, for the asymmetrical
distributions is defined. And a general approach is

proposed for the influence functions for the moments of
order five or more for the standard random variables.

While defining the distribution, by the method of
moments, the standard error of the third or higher
moments can be overestimated, especially in situations
where the sample sizes are small. In these situations
another way to understand how the extra data added to
the original data set will affect the estimated
distribution is to investigate the influence functions of
the third and higher moments.
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