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ABSTRACT

This paper is devoted to investigating a class of linear singular integral equations with a negative index on a
closed, simple and smooth curve. In this paper, we propose the quadrature method for the approximate solution
of the linear singular integral equations with negative index. Sufficient conditions are given for the convergence

of this method in Holder space.
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1. INTRODUCTION

It is well-known that singular integral equation theory
has broad applications to theoretical and practical
investigations in mathematics, mathematical physics,
hydrodynamic and elasticity theory [1- 3]. This fact has
not only given rise to multiple studies of singular
integral equations (SIE), has also developed many
effective approximate solution methods [4-24]. The
doctoral thesis of V. N. Seychuk is about the
approximate solutions of SIE with zero index [22]. In
the studies of N. Mustafaev approximate solutions of
SIE’s with non-negative index were investigated by the
collocation method [10], [11]. In the article of N.
Mustafaev the quadrature method was applied to the
solution of linear SIE (LSIE) with non-negative index

[11].

The purpose of this study is to examine of the
quadrature method to identify an approximate solution
of the SIE’s with negative index.

In this present study, we investigate the following type
of LSIE:

*Corresponding author, e-mail:nizamimustafa@mynet.com.

Ko() =K p(t)+ A-ko(t)= (). tey.(1)
Here,

K%p(t) = a(t)ep(r) + b(£)Se(r),

Se(r) = j‘L(r) dr.

1
mit, T—t

k() = Jk(r’. De(t)dr. te .

where v is a closed, simple and smooth curve in the
complex plane, the functions), a(?), b(¢), f(¢) and ) , k(t,7)
are known functions in Holder space, and
a B -P D=0

in y, and A is a complex parameter and gﬂ(?‘) is the
unknown function.

We will denote the complex numbers by C. .

The present studies about the approximate solution of
SIE’s of type (1) are improved in two ways. In our
paper the quadrature method is applied for the
approximate solution of SIE’s with negative index
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defined on an Alper curve. Consequently, it is shown
that the idea which was given from B.I. Musaev in his
studies [25-27] can be applicable to more broad class of
SIE’s. In the second section of the paper, we introduce
some concepts needed to prove their main results. Then,
in the third section, we show the convergence of the
quadrature method applied to SIE (1).

2. BASIC ASSUMPTIONS AND AUXILIARY
RESULTS

In this section of the paper, we will introduce some
necessary information for proving the main results.

We consider a closed, simple and smooth curve y with
equation ¢ = #(s), 0<s <{ in the complex plane, where,
s is the arc length calculated from a fixed point and

—|y| is the length of the curve y. The 1nter10r and
exterior of curve y are denoted by y' and 7y,
respectively. Let the origin 0 e y".

Definition 2.1 [28]. Let the function 6 (s) be the slope
angle of the curve v at the point # (s) and let © (x,0) be
the continuity modulo of this function. If the condition

'r .rflto(éi‘_.\‘)lhl .Yl(?.\' = on
)

is satisfied then the curve v is called as Alper curve. We
will denote the class of Alper curves with (4) . With d,
d, we denote positive real numbers.

Let C (y) be the set of continuous functions, which are
defined on the curve y. For 0 <a < 1, let us take

(feC():H(f:a)= ]
‘ i )ff(rgjl.} \
=sup- |r'17r3“ ’ < of [
lfl-rzef’-flzf:[ J

as given above [1-3].

H (=

Let 7= 2 be the set of /" derivatives of functions

from the H,(y ). Here, r is a natural number.

Definition 2.2 [1-3]. The integer number

v =_%[arg{D{r] C ':-"3:']_.-

is called the index of the SIE (1) (or of the operator K).

Here, D(¢)=a(¢)-b(¢) and C(¢)=a(¢)+b(z).

In the LSIE theory the following equation
K'oif)=f(f). rey (2)

is called as the characteristic equation of the SIE (1) [1-

3]. The sufficient conditions for the solution of the SIE

(1) can be derived from the existence of the solution of
the characteristic equation (2).

ad e H (7

Theorem 2.1 [1-3]. Let 0<a<l,and

v is index of the SIE (1).
1. If 0 > v and the condition ,

[ p(r)dr=0. p=12.--v (3)

¥

is satisfied, then for every f (t) the characteristic

@(t) =R ()
equation (2) has the unique solution ™** "% *

H.(1).0<a<l.
space “"at

in the

Here,

Z(1) = e
BN =——o K" F{r)/ Z{r)).
i D(C(n) ; s

()
B Z(0) = a(t) 2~
0/ Z@) =atyZ
—B(OVS L) 2N,

Z(5) = C(rwr™ (1) =17 DN~ (1),

L

wr = (1) =e:=cp[ ={r}J,
. JnrrGin ]
Nzl=——|———=dr.z gy
=TT v r—2z
Gty =D/ C).I (1) =
- (4)
=T(N+—In[r G |.rey

2.If 0 =v, then characleristic equation (2) has the

. @) = R0
unique solution

SR .
H (.0<a<l.

“in the space

3. If 0 < v, then existence of the unique solution

@) =Rr(1) . I e
TN 0 the space H,().0<a<l depends upon

meeting the following condition:

Using the Theorem 2.1, can easily prove the following
theorem.

Theorem 2.2. Let v be a closed, simple and smooth

curve, ), - b.feH,(y) O<a<lygyy suppose that the
index of the SIE (1) is v <0. In this case, the following
equation has the unique solution

PR W
Here, the "l'li {__. 1= I J 1 .

I = 7 Sp——— . . .
F=L2- =V ye linear independent solutions of the
Rhif)=0.

functions

equation

Now suppose that the index of the SIE (1) is v <0 In
this case, the SIE (1) together with the following
conditions
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(]
iy
-
8
1

Zl.
—1 (7

’1:-\.

is equivalent to the following Fredholm integral
equation

Fop(r) = @)+ A[ F(t.D@(r)d T =
= RF (1.

in the subspace

feH ()L (f.ke)=0
fﬁlr’;— ’ v
p=12-- = ]
0=l
Here

Tt 1) = a(t)k(i.r) &) .r..
LT D(nCin D{‘. (N
| (k(Z7) dZ
_[ ZI_’j' f—."

Really, if (1) has a solution @ then, due to (5) this
solution automatically satisfies (7). Then, by (4) it

follovls that @ is a solution of (8). Conversely, if
0B, . @

then is a solution of (1). Hence,
problem (1) is equivalent to problem (7)-(8).

Moreover, the

—
1+ e h =70 (9
]

- -

K _x(it) =Ko
is equivalent to the Fredholm integral equation (8)
together with the following conditions

=
”JL \‘ ) I_.-.—'_ ir=J ¥ k

g, : (f.
= [ Z(1)
p=12- = (10}

in the subspace

_.._'E_ j‘_', (f.ka)= }
_TP=<' - hiry .

=3 e [ p=12 -

! ol ler)'

Indeed, if M/ =955 £+) is a solution of 9),
then (10) is automatically satisfied.

) ={w.8.8.- &)

Conversely, if ©1is a solution of

(8), then ¥ is the solution of (9).

Note 2.1. We call equation (9) as the “regularization” of
the SIE (1). I also want to indicate that previously in the
studies of V.V. Ivanov [8] the idea of presenting the

£.8,, & .
unknowns V¢ = (regularized parameter) was
given.Afterwards this idea was used by B.I. Musaev
[25-27].

We now provide certain pertinent information regarding
the Fredholm integral equation theory. Let us take the
following homogeneous Fredholm integral equation in
the space

Hy(r) 0= fea=l

Fophi=en+1 [ Fii.ne(rdr=0. (11)

Definition 2.3 [1, 2]. If, for a value of the A parameter,
there exist a non-zero solution of the homogeneous
Fredholm integral equation (11), then we will call this
value of the parameter an eigenvalue of the kernel F

().

Theorem 2.3 [1, 2]. If the parameter A is not an

eigenvalue of the kernel ) , ° YT then the non-

homogeneous Fredholm integral equation (8) has only
one solution for every

freH (7).0<a <l

In this study, we assume that the homogeneous equation
(11) has only the zero solution. In this case, according
to Theorem 2.3 and Theorem 2.2, equation (9) has the
unique solution

X ={@.&.8.-.5,)
for every

FeH_ (). 0o <l.
Here, the function

l;-mi.*‘n=R*’L"]—| F(t.0Rf(Ddr

is the solution of the non-homogeneous Frdeholm
integral equation (8). D is the resolvent kernel of
the equation (8) and can be clearly expressed with the

Y
Lr )

help of the function ) , oL [1] . The components ,

g. k=12 —v .
t are found from the equation (10).
We will denote set of natural numbers using ™. For

every function ) ~ €€ ] 1M Jet us define the

Lagrange interpolation polynomial using the following
formula [29],

f.i)= 7*"!%!

rey. (12)

Here,
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2
P = ;.0-[‘-1"_ ) W, =expl — =51
2n+1

it=-1 j=01--2n (13)

N
]

Z =g . . .
P s a conform transformation which

and

. .. (o) = B (o) =
satisfies the conditions p(m) = >, ¢(x)>0 and

transforms the region outside the unit circle centred at
the origin to the region y . As it can be seen from the
formula (13),

we can write

[ =3 AV j=01---2n,
Ay
tey. (14

Here the coefficients

Ny fF—1 )

EF=—pn---01-- 0. ij=01,---2n

can be clearly expressed by the points #.The points #; are
defined by formula (13). Therefore, we can write
formula (12) as it given below

H
Tr o Spen _TT o o r r{n)ck ——
Ufin=U(fn="3 UM, (15}

drm—i

Note 2.2. The formula (15) is called as the “quadrature”

£ = (i
formula for the function + = Ci)

Lemma 2.1. (see [11, Corollary 1.2.1]) Ler » ().
FfeHY (), 0<f<a<l
and * B (0 <r-is an integer).

. =R
In this case, for every " =™ we have

lr-v.rl=

=(dy+d,-Inn)-H{fa)-a7"". (16)

3. QUADRATURE METHOD FOR THE SIE (1)

Let us take

o

X={x=(@.c.6. . ) ocH ()¢ &
C k=12 -1},

and define the norm in X with

. =1l

+‘_>_ |s.].0<B<a<l.
PR

Here, v < 0 is the index of the SIE (1). We can write
equation (9) in the space X, as following linear operator
equation 1

C{ry-Pop(t)+ D) - O +

. = (17
+A- k@) + 2 g (= F(0.
1. 1 .
P=—(I+5) QO==—(I-5)
l - g

where = are projection
T P
. . . i LF .
operators, [ is the identity operator on ~~=*' < and S is
the linear singular integral operator with Cauchy kernel

that is defined by (1).

We will seek the approximate solution of equation (9)
in the form

=|: Foms E'..-. e o l

-
- 2.m

L'

Here,
=1
e - Y _—
Py = oy =@, O, (D=2 a,t" .
_ =1
g, (== et

. O . 8B,
We will find the " ’ ! * unknown

values from the following linear equation system
(LES):

-t
ck Ty 4k
C-Yat;+D, - ot +
deml) Jome— i
{1} . -
+2mid- 3 k(e W Pe (1)+2 8 b ()

Emi] o]
=f.j=0L-2n-vL

o

(18)

Here, C;, D; and f; are the respective values of the
functions ) C (#), D (#) and f'(¢) at the points ¢ = #,. The
|\I

i= e MW= .
f=0.1--2(n-v) are points that are

points #.
defined by (13).

In the space X, we can write equation (9) in the form of
a linear operator equation:

Ex=sy Po+t'uw Qo+ id ko+

. (19
('Il -

+
[

g =g,

,_
L

where the functions * are the functions that are
defined in formulas 4) and

x=(@.6.6y. 6 )eX. d=y IC,

g=d-f.

Now we take the following theorem about the existence
of the approximate solution of the equation (9) and the
convergence of the quadrature method.
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Theorem 3.1. Let ' © (4) The functions a(t), b(t), ff)
and k(t t) (for every two variable) are of the class

H () A O<e<l (0 <r-is an integer). For every

tey, a’ @) -b" ) =0

an index v <0 .

If the homogeneous Fredholm integral equation (11)
has only the zero solution,

then, for every n> ny,
"/{fj +d,In(n—v)+)
| +d, In*(n—v)
|& <1 3

) e
(n—v) .

the LES (18) has the unique  solution

* = £ =

(_ a—u.‘ 57" a_-i—r * 81__” 27" 6—:-‘;.' ) '
The approximate solution
Xy = Prrs B E :
1—1 [ - 1.n VR } Of equatlon (9)
converges to the unique solution

ES

= f *
x=(¢.g. e,

), and the following estimate is
correct:

(n—v)™ " 0<p<a<1

(dy+dy-In(n—v)+
S = o :
ol +dy-Int(n—v) |

* =

X, ., —X

n=y

50:—1'(” = i a’;rk .

where,

Proof. Let the index of the SIE (9) be v < 0 Let us take

points Ly '/ J= 0.1 (H—] J as the points
that are deﬁned by formula (13), and the operator

Uy is the operator that is defined by (15).

Let us denote

'F Cy - 1
X.I|—1 { n—i " '1‘:1.1—[- - (mﬂ—l"él..ll' 52.:!' ”' 5—1 n )f

finite dimensional subspace of X .

Let us write the LES (18) in the space R

as a linear operator equation:

K, X . =U,_ (v Pp,_ +t'wv 0@, )+

HE"R—&

AU, | d®)- (U, k. D@, (e)d r} +

1

+U,_, | d(r)- Za, il (f) - A e

From (19) and (21), we can  write:
Kﬁ‘ EH—V K
_ - ( Vo =¥ ) PO,.,
=(/-U_) -
|+ (v, —vT) 0o,

—

[c {d(r) N U k(D)@ (2)dT ||

). It
{—rf(f) [kt 00, ()dE

+i En| Unr (d ()R (1)) —=d (1) - I (1) ].
k=1 - -

Here,

Voo = l?y.'T—[ - lfr'/?:_l_ ( Ur?—l('f) = Zﬁkrk
k=0

-1
;r'ym:—l (F) = Z ABJ\"(III- )

el
is the best approximation to the function
W=y -y
with rational polynomials whose
degree do not exceed n—v.

From the bounded operators P and Q in Hdolder space
[1-3], and the following estimates (see [11, Corollary
1.1.5))

+ B—c—r

e, < (v

|-

and (see [29, Lemma 2.1]).

it can be seen that the following evaluation is correct:

(v, -v)Po, +
[‘! _Llr:l.‘—'l' }
+'fl t W;.- - {-‘V_ }—-.O-CD_'I*I

<(dig+dp In(n—v))( ?E—V:] ||¢'JH .

- p i B-a—r
- H; <dy-(n-v)

L."

n-vilg

<dy+d;s-In(n-v) (23)

(24)
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From the following

U, | d@)-[U,., (k(t.Dp,.(0))dr i—

~d()- [k(t.0)p,., (r)dr =

;\ Ft T B
(t.D)o, (D) |dg-|>.+

'I| IJ () '.[__R.(I( )({Jﬂ_[_(r) i ]

+U,, | d@0)-[k@. 1), (1)dT
—d(1)- J‘f’r(r. D, (ndrt

equality, and from Lemma 2.1 and inequality (23) we
have

U,,_,.i A [ U, (k. D@, (T)d7) ‘—

—d(@®)- [#(r. D), (DdT

=(dg+dg - In(rn—v)+dy-In*(n—1))-
(12 —v i -||¢)“7‘ ||e i

@

Furthermore, the following inequality is obvious

(U, (d-1)—d -0, ]

k.n

i (26)
L'r.ll—r [d ' hi\' ] —d- hi‘ g’

< _Z 55.'_.??

=1
Thus, according to inequalities (24), (25), (26), Lemma
2.1 and the equality (22) we obtain the following
evaluation:

||E x,_, —K_x

& TR & Pl‘_l.||ﬁ -_
< (_d«_l +dy,-In(n—v)+dy,-In (n—1))-
l n—v ]Jg - ||'\'-JI—I'||_"-: -

(27)
Conversely, according to Lemma 2.1, the following is
true:

o — o =
Sn—r Sllg =

. . VB (28)
Z(dytdys-In(mn—v))(n—v)

——7

Thus, from inequalities (27) and (28) (according to
Theorem 7  [5], there exist a unique solution

‘1‘-:—1' = X'I—[' . .
~ for operator equation (21) that satisfies

nemN:

the following condition for every

n>ny=min{n N :
8,y =(dy+dy In(n—v)+dy-In*(n—v))-
(n— V:]ﬁ—-x_;- . K,e_1| < 1}_

\ eX

In this case, for the to be the solution of
operator equation (19), then following estimate is
correct:

) | dy +dy-In(n—v)+)

N | +ds, In” (n—v) ! (29)
(n—v ]’3 I

Thus, the LES (18) has a unique solution. Therefore,
equation (9) can be solved approximately. Furthermore,
the solution of equation (21) is the approximate solution
of equation (9). Besides, the efinite solution of equation
(19) is the definite solution of equation (9).

The theorem has been proved now.

Now let us propose the following theorem in order to
discuss the approximate solution of the SIE (1). This
theorem can easily prove.

Theorem 3.2. Let us suppose that the parameter \ is
not an eigenvalue of the homogeneous Fredholm
integral equation (11) and let v <0 . Let the definite
solution of equation ) be
X =(¢.&.6.E,)

) * and the approximate solution

Xpy = [@;—l"gltll' E;:_J.“ " 5‘* r } d

be "' S The  necessary

*
and sufficient condition for the function @ 10 be the
lime,, =0

n—=mw

unique solution of the SIE (1) is
1,2,,k=1,2,..., -v.

4. CONCLUSIONS

for every

Essentially, in this study we apply the quadrature
method to the “regularization” equation (9), not to the
equation (1). We proposed the quadrature method in the

context of the SIE (9) and we derived sufficient
conditions for the convergence of this method. As
evidenced by Theorem 3.2, if the vector
x =(0.8.6. 6,
[';) b - } is the definite solution of
equation ) and the vector
_{':)?’.‘I 5..__---_‘5‘:__”} . .
’ is the approximate
solution, and if condition (7) is satisfied for the

@ then

function " Therefore,

the function is the unique solution of SIE (1). In
this case, for sufficiently large values of the natural
number n, we can take the rational polynomial

n—

o, ()= Z a,t

as the approximate solution of the
SIE (1).

Furthermore, according to the Theorem 3.1, the
following estimate is true:
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el - o f-a-r
oo, <(n-r)

< (dy+dyIn(n—v)+dy, In*(n—v))-
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