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ABSTRACT

In this study it is obtained some properties of b-weakly compact operators.
Moreover, it is given a characterization of quotient Riesz space with b-property.
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b-ZAYIF KOMPAKT OPERATORLERIN BAZI OZELLIiKLERI

OZET

Bu ¢alismada b-zayif kompakt operatdrlerin bazi 6zellikleri elde edildi. Ayrica
b-ozelligine sahip boliim Riesz uzaylari igin bir karekterizasyon verildi.

Anahtar Kelimeler:
operatdrler, KB-uzaylari.

1. GIRiS

E bir Riesz uzayi, E™ ise E uzaymin ikinci sira duali
olsun. E uzayindan E™ uzay: igine kanonik gomme Qg :
E—> E, Qx)= X; X(H=fx),f€ E,x€EE
bi¢iminde tanimli Qg operatorii her zaman bir Orgii
homomorfizmast olur (1 Teorem 5.4). Ayrica bunun
yaninda Eger E”, E’ nin noktalarin1 ayiriyor ise Qg’ nin
birebir oldugu goriiliir. Bundan dolay1 E Riesz uzayina
E™ Riesz uzaymin Riesz altuzayir olarak bakilir. Bu
calisgmada E” nmm  E’ nin noktalarinm1 ayirdigi kabul
edilecektir. Riesz uzaylar ile ilgili temel tanim ve
notasyonlar (1) de bulunabilir.

Tammm 1.1 E bir Riesz uzayr ve ACE olsun. Eger A
kiimesi E™ icinde sira siirl oluyor ise A kiimesine E
iginde bir b-sira sinirli kiime denir. E Riesz uzayinin her b-
sira sinirlt kiimesi E ic¢inde sira smirli oluyorsa da, E
uzayina b-6zelligine sahip Riesz uzay1 denir (2).

E bir Riesz uzay1 olsun. E’nin b-6zelligine sahip olmasi
icin  gerekli ve yeterli kosul, E i¢indeki
0<x, T<x"x"eE™ kosulunu saglayan her bir

{ X, } agmin E uzay1 iginde Ustten sinirl olmasidir (2).

Bu c¢ok kullanigli olan sonu¢ Onerme ve iddialarin
ispatinda kolaylik saglar.

Ornekler 1.2 Bir E Riesz uzaymin sira duali b-6zelligine
sahiptir, biitiin KB-uzaylart b- o6zelligine sahiptir, K
kompakt, Hausdorff topolojik uzayr olmak iizere C(K)
uzay1 b-0zelligine sahiptir. Diger taraftan sifira yakinsak
reel terimli dizilerin uzay1 ¢y b-ozelligine sahip degildir

Q).

Banach orgiilerinin yonlendirilmis kiimeler i¢in zayif
Fatou ozelligi b-6zelligini gerektirir, Frechet orgiilerinde
Levi oOzelligi ve Zaanen’in B-ozelligi’de b-6zelligini

b-6zelligine

sahip Riesz wuzaylari, b-zayif kompakt

1. INTRODUCTION

Let E be a Riesz space and E™ be bidual of E. The
canonical embedding Qg : E— E™ defined by Qg(x) =

X; X() = fix) , f€ E , x€E is a lattice
homomorphism (1 Theorem 5.4). If E~ separates of E,
then Qg is also one-to-one and hence, E can be
considered as a Riesz subspace of E7~ . We will assume all
Riesz spaces considered in this note have separating order
duals. In all undefined terminology concerning Riesz
spaces we will adhere to (1).

Definition 1.1 Let E be a Riesz space and ACE. If A'is
order bounded in E™ we call A, b-order bounded in E. A
Riesz space E is said to have b-property if each subset A
of E which is order bounded in E™ is order bounded in E
2.

A Riesz space E has b-property-b if and only if for
each net (X} in E

0<x, T< x" x" e E " is order bounded in E (2).

satisfying

Examples 1.2 Every order dual of a Riesz space has b-
property, every KB-space has b-property, for an arbitrary
compact Hausdorff space K, C(K) has b-property. On the
other hand ¢, , Riesz space of all real convergent
sequences to zero, does not have b-property (2).

The weak Fatou property for directed sets of Banach
lattices imply the b-property. The Levi property and
Zaanen’s property imply the b-property in Frechet lattices

@).

Definition 1.3 An operator T : E—> X, from a Banach
lattice into a Banach space is said to be b-weakly compact
operator whenever T carries the each b-order bounded
subset of E into relatively weakly compact subset of X (2).
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gerektirir (2).

Tanim 1.3 E bir Banach 6rgiisii, X bir Banach uzayive T
: E—> X bir operatdr olsun. Eger T operatdrii E uzaymin
b-sira siurlt kiimelerini X uzaymin relatif zayif kompakt
alt kiimesine doniistiiriiyorsa T operatoriine bir b-zayif
kompakt operator denir (2).

Bir E Banach orgiisinden X Banach uzayi igine
tanimlanan biitiin b-zayif operatdrlerin uzaym Wy(E,X),
sira zayif kompakt operatdrlerin uzaym Wy(E,X) , zayif
kompakt operatdrlerin uzaym: W(E,X) ile gosterecegiz.
Ayrica E uzaymdan X igine siirekli operatorlerin uzayi da
L(E,X) ile gosterilecektir. Bu durumda
W(E,X) & Wy(E,X) & W,(E,X) kapsamalar1 saglanir (2).

Asagidaki  6rnek  yukaridaki
olabilecegini gosterecektir.

kapsamalarin 6z

Ornek 1.4 (a) 1 Li[0,1]— L,[0,1] ozdeslik
doniisiimiinii gbéz Oniine alalim. I bir b-zayif kompakt
operatér olmasina karsin bir zayif kompakt operatdr
degildir.
(b) I: cp — ¢y 6zdeslik doniisimil bir sira zayif kompakt
operatér olmasina karsin bir b-zayif kompakt operator
degildir (2).

E ve F iki Riesz uzay:1 T,S : E—>F iki operatér olsun.
Her bir x€E igin ‘S(x)‘ < T(‘x‘) saglaniyor ise T
operatoriine S operatdriinii sinirliyor denir.

2. TEMEL SONUCLAR

co uzay1 lizerinde tanimli 6zdeslik doniisiimil bir siirekli
operatér olmasma karsin bir b-zayif kompakt operatdr
degildir. Asagida 6nerme siirekli operator uzay ile b-zayif
kompakt operatdrler uzaymin ne zaman ¢akisacagini
karakterize edecektir.

Onerme 2.1 E bir Banach orgiisii olsun. Asagidaki
ifadeler birbirine denktir.

(6] E bir KB-uzayidir.

(i1) Her F
L(E,F) =W, (E,F) olur.

Banach orglisii icin

Ispat. E bir KB-uzay1, T : E — F bir siirekli operator ve
A, E uzaymm bir b-sira siurh alt kiimesi olsun. Her bir
KB-uzay1 b-6zelligine sahip oldugundan E uzay1 b-
ozelligine sahip olur (2). Bdylece A —[—x,x] olacak
sekilde E uzaymn bir pozitif x eleman: vardir. E uzay:
sira siirekli norma sahip oldugundan [—x, x] sira aralif1 E
uzaymnim bir zayif kompakt altkiimesi olur.(1 Onerme
12.9). T:E —> F nin zayif siirekli operatér oldugu
dikkate alinirsa, T(A) kiimesinin F uzaymin bir relatif
zay1f kompakt alt kiimesi olacagi sonucuna varilir (1
Teorem 17.1). Yani L(E,F) c W, (E,F) dir. Diger

W, (E,F) c L(E,F) kapsamasi her zaman
gergeklestiginden L(E,F) = W, (E,F) elde edilir (2).

taraftan

$imdi her F Banach orgiisii icin L(E,F) =W, (E,F)
esitliginin saglandigini kabul edelim. O zaman [:E — E
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The collection of b-weakly compact operators will be
denoted by Wy(E,X), the collection of order weakly
compact operators will be denoted by Wy(E,X) , The
collection of weakly compact operators will be denoted by
W(E,X) and collection of continuous operators from E
into X will be denoted by L(E,X). Clearly, we have
W(E,X) C WH(EX) C Wo(EX) (2).

We give examples to show that these inclusions may be
proper.

Example 1.4 (a) Consider the identity operator I :
L;[0,1]— L4[0,1]. I is b-weakly compact . But it is not
weakly compact.

(b) Consider the identity operator 1: ¢y —>co . [ is an
order weakly compact .But it is not a b-weakly compact
operator (2).

Let E,F be two Riesz spaces and let T,S be two
operators from E into F. It is said that S is dominated by
another operator T if \S(x)\ < T(\x\) for each x € E.

2. MAIN RESULTS

Although the identity oiperator on ¢ is continuous, but
it is not b-weakly compact. The following proposition
characterizes when the vector space of all continuous
operators from a Banach lattice into Banach space equals
to vector space of all b-weakly compact operators.

Proposition 2.1 Let E be a Banach lattice. Then the
following statements are equivalent:

>i) E is a KB-space,
(i) L(E,F) = W, (E,F) for each Banach space
F.

Proof. Let E be a KB-space, let F be a Banach space and
let T be a continuous operator from E into F, and A be a b-
order bounded subset of E. Since every KB-space has b-
property A is order bounded in E (2). So, there exists a
positive element x in E with A < [-x,x]. From E has

order continuous norm the order interval [—X,x] is a

relatively weakly compact subset of E (1 Proposition
12.9). Since T is a continuous operator, T(A) is a
relatively weakly compact subset of F (1 Theorem 17.1).

So, L(E,F)c W,(E,F). On the other
hand, W, (E,F) c L(E,F) is satisfied (2).
L(E,F) = W, (E,F)-

Hence,

Now we assume that L(E,F) = W, (E,F) for every

Banach space F. Then the identity operator [:E — E isa
b-weakly compact operator. So, E is a KB-space (2
Proposition 2.10).
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ozdeslik doniigimii bir b-zayif kompakt operatdr olur.
Boylece E bir KB- uzayi olur (2 Onerme 2.10).

Onerme 2.2 E ve F iki Banach orgiileri, S,T:E—F

operatorler ve T operatdrii S operatoriinii sinirlasin. Eger T
operatorii bir b-zayif kompakt operatdr ise S de bir b-
zay1f kompakt operatdr olur.

Ispat. E uzayinda herhangi bir b-sira siirl dik dizisi {x,}
olsun. Her bir n dogal sayisi igin x, = x, -x, olur (1).
Ayrica { x,"} ve {x,’} dizileri de dik ve b-sira smirl olur.
Ayrica T operatorii S operatoriinii  sinirladigindan

0<[S(x;)|<T(x;). 0<[S(x;)|<T(x;)  bagmtlar
elde edilir. 0< ‘S(x“) - ‘S(X: —x)

bulunur.

Boylece,

< ‘S(X ) Bunun

yaninda

80, < T(x)+ T(x )

T operatorii b-zayif kompakt operator
oldugundan lim T(x})=0 ve lim T(x,)=0 bulunur
(2 Onerme 2.8). Bu ise lim, ‘S(Xn )‘ = ( oldugunu gosterir.

Boylece S nin bir b-zayif kompakt operatdr oldugu elde
edilir.

Onerme 2.3 E, F iki Banach orgiisii, E sira siirekli norma
sahip, T:E — F bir b-zayif kompakt operatér ve B ise
E uzayinin E" uzaymin i¢inde dogurdugu band olsun. Bu
durumda T': (F',w") — (E',o(E’, B)) operatorii siirekli
olur.

ispat. F'uzayl i¢inde w'-topolojisine gére x! =0

yakinsamasini saglayan  bir {X;} dizisi ile

x" € Balalim. T bir b-zayif kompakt operatér ve E sira
siirekli norma sahip oldugundan T"(B)cF olur (2

Onerme 2.11). Boylece
X"(T(x))) =<T'(x,),x" >=<x.,T"(x") >> 0,
saglanacagindan (E',o(E',B)) topolojik uzayinda
T'(x!) >0 yakinsamasi saglamr. Bu da ispati
tamamlar.

Onerme 2.4 Eger bir E Riesz uzay1 b-6zelligine sahip ise
¢y , E uzaymin bir sira kapali Riesz uzayma Riesz
izomorfik olamaz.

Ispat. E Riesz uzay1 b-ozelligine sahip ve ¢, inda, E
uzaymin bir U sira kapali Riesz uzayina Riesz izomorfik
oldugunu kabul edelim. Bu durumda U Riesz alt uzayi’da
b-6zelligine sahip olur (3). Dolayisiyla ¢, uzayinin b-
ozelligine sahip olacagi c¢eliskisine ulasilir. Yani ¢y , E
Riesz alt uzayimna Riesz izomorfik olamaz.

E bir Riesz uzay1 ve A, E nin bir sira ideali olsun. E/A
bolim uzayr E igindeki x elemanlarmin X = x+A
bigimindeki denklik siniflarindan olustugu biliniyor. E/A
boliim uzayi,

V X,y e E/A¢iftiiginx <y < 3x, €X,Jy, €ydx, Jy,
siralamasi ile bir Riesz uzay1 olur (1 Teorem 7.10).

Simdi bolim uzaylarinin b-6zelligine sahip olmasini
karekterize edecek olan asagidaki dnermeyi verelim.

Onerme 2.5 E bir Riesz uzay1 B ise E Riesz uzayinin bir

Proposition 2.2 Let S, T:E —>F be two operators

between two Banach lattices and let S be dominated by T .
If T is a b-weakly compact operator, then S is also a b-
weakly compact.

Prof. Let {x,} be a disjoint sequence of E . We have x,=
Xy X, for eachneIN. So { x,} and {x,} are two disjoint

sequences. Since S is dominated by T,
0 <[S(e)[ < T(x;),

0 <[S(x;)| < T(x;),

0<[S(x,)| =[S(x; —x,)| €[S D[ +[S(x,)| < T(x )+ T(x,)

are obtained. On the other hand, Since T is a b-weakly
compact  operator, we have lim T(x)=0 and

lim, T(x,)=0 2.8).
S(Xn)‘ =(. Hence, we obtain S is a b-weakly

(2 Proposition Therefore,

lim

compact.

Proposition 2.3 Let E, F be two Banach lattice with F has
order continuous norm and let T be a weakly compact
operator from E into F, and B denote the band genarated
by E in E" then T':(F,w")— (E,o(E,B))is
continuous.

Proof. Let x! _ " y0in F' andlet X" € B. Since T

is b-weakly compact and E has order continuous norm, we
have T"(B)cF (2 Proposition 2.11). Therefore,

x"(T(x!)) =<T'(x}),x" >=<x/, T"(x") >> 0. It gives
us T'(x.)—>0 (E,o(E,B)) and the prof of the
proposition is finished.

Riesz spaces with b-property does not contain any order
cosed sublattice isomorphic to ¢,

Proposition 2.4 Let E be a Riesz space with b-property.
Then ¢, is not Riesz isomorphic to any order closed Riesz
subspace of E.

Proof. Let E has b-property and c,is a Riesz isomorphic
to an order closed Riesz subspace U of E. Then U has b-
property (3). Hence, ¢, has b-property. We have thus
arrived at a contradiction.

Let E be a Riesz space and let A be an order ideal of E .
It is well known that the quotient vector space E/A is a
Riesz space under the order relation

x<yeo Ix, €%y, ey>sx, <y, (1 Theorem 7.10).

Now we give the following lemma characterizes when
quotient vector spaces has b-property.

Proposition 2.5 Let E be a Riesz space and B be a
projection band of E. Then the quotient Riesz space E/B
and B have b-property if and only if E has b-property.

Proof. Let E be a Riesz space and let B be a projection
band of E. Then E=B@® B! . Since every element x € E
has a unique decomposition x = x;+x, where x; € B,
X, €BY. E and BxBY are Riesz isomorphic. On the other
hand , BY and E/B are Riesz isomorphic. Now let B and
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projeksiyon bandi olsun. E/B bdliim uzay1 ve B bandinin
b-6zelligine sahip olmast i¢in gerekli ve yeterli kosul, E
Riesz uzaymin b-6zelligine sahip olmasidir.

ispat. E bir Riesz uzay1 ve B, E Riesz uzaymin bir

projeksiyon bandi olsun. O zaman E=B @ B® olur. Her bir
XEE icin x;EB, x,€BY olmak iizere x = XX,
bigiminde tek tiirlii yazilabildiginden, E Riesz uzay1r BxBY
kartezyen garpim uzayina orgii izomorfiktir. Ayrica B

Riesz uzay1 da E/B Riesz uzayma o6rgii izomorfiktir. B ve
B Riesz uzaylari b-ozelligine sahip ve E uzaymnin

0<x, P<x”, x"eE™ kosulunu saglayan bir { X}
agt verilsin. {X } agi BxB! kartezyen carpimma ait

oldugundan X = (Y, , Z,) olacak sekilde (y , ) ©B ve

(z,) cB! aglan vardir. Simdi, 0 <feB™ ve

0< ge (Bd)N verilsin. Vv z = (x,y) € E i¢in,
f:E— IR, z— f(z) = f(x),

§:E 1R, z > g(z) =1(y),

A

bigiminde tammh f ,g fonksiyonelleri (E7)" ya aittir.

0<x, T<x" bagintist E™ icinde  saglandigin

dan,
0<fly,)=fix,) <x"(f), 0<g(z,)=8x,)<x"@)

elde edilir. Buradan,

§:(B7)" > IR, f—sup,fly,) bigiminde tanimli 5‘/
doniislimiiniin  toplamsal oldugu goriiliir. Dolayistyla 3’
doniistimii B™ uzaymnin tamamina genisler(l Teorem 1.7).
Bu genisleme yine }A/ ile gosterilirse 0<vy,_ T< v

bagintist B™ da saglanir. B uzay1 b-6zelligine sahip
oldugundan B uzaymin <y, <y olacak sekilde bir y

elemam vardir. Benzer diisiince ile BY b-6zelligine sahip
oldugundan ( < z, <z olacak sekilde B¢ uzayinin bir z

eleman1 vardir. Boylece x = (y,z) elemant E uzayma ait
olur ve (< X, 1< x bagmtist saglanir. Yani E uzay1 b-

6zelligine sahip olur.
Tersine B b-ozelligine sahip ve 0<x, T<x",
0<y, T<y", y'e®B)™

saglayan {x, B ve {y,}c B¢ aglar1 ve E™ uzaymin

x"e B ve kosullarini
keyfi bir pozitif f fonksiyoneli verilsin. VX € Bigin

f:B—>IR, x — f(x)=1(x,0),biciminde tanimh f1

fonksiyoneli (B~ )" ya aittir ve 0<x, T<x"
bagmtisindan (< f(x,,0) =1, (x,) <x"(f})) < elde
edilir. Buradan vfe(E)
z:(E7)" > IR, f-osup,f(y,) bigiminde

tanimli Z nin bir toplamsal doniisiim oldugu elde edilir ve
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B¢ have b-property and given a net {X o) in E with
0<x, T<x", x"eE™. Hence there exist a net
{y,}in B and a net {Zq} in B such that X,=

(Yy> Z,) Given a positive functional f in B™ and a

positive functional g in (B)~. Consider two functional,

f:E— IR, defined by f(z) = f(x) and

g:E — IR, defined by g(z)=1(y) for

every

z=(x,y)€E. Clearly 1,& e(g-). Since
0<x, T<x’in B we have 0<fly,)=f(x,)
< X"(f), 0<g(z,)=g(x,)<x"(g). Hence it is seen

that §:(B™)" — IR, defined by f —sup fly,) is

additive. So, it is extends uniquely to a positive functional
from B™ into IR (1 Theorem 1.7). The unique extension

denoted by 9 again is satisfied 0 <y, T< ¥ in B .
Since B has b-property , there exists a positive element y
in B such that 0<y_ <y inE. On the other hand there
exist a positive elemmt z in B such that 0 <z, <z
in BY . So the element x = (y,z) belongs to E and satisfies

0<x, T< x . This implies E has b-property.

Conversly, let E be have b-property and given two nets
x,JcB and (yicp' with 0<x, T<x’,
x"eB-and <y T<y" y"e(B) ™. Let fbea positive
functional on E™ . Using this functional define functional
fi, by f,:B—>IR, x—f(x)=1(x,0). Thus
fie(B™ )" and from the inequalities 0 < x T<x" we
have 0<f(x,,0)="1 (x,)<x"(f;) <. So, it is seen
that z:(E7)" — IR, defined by f— sup,f,(y,) 18
additive. Hence, 0 < (x,,0) <Z in E™ . Since E has b-
property, there exists a element (x,y) in E with
0<(x,,0) < (x,y)- This implies B has b-property. Using
the same idea we obtain B® has

b-property.
Let E and F be two Banach lattices and let L, (E,F)

denote the vector space of all order bounded operator from
E into F.then the inclusion L, (E,F)c L(E,F) holds

every time (4). However the converse is not true in
general. For instance, let us consider the operator

T:C[0,1]—> ¢, defined by
T(f) = (f(1/n)—1(0)), f e C[0,1].

continuous bur it is not order bounded.

Clearly, T is

Proposition 2.6. Let E be a Banach lattice and F be an
AM-space. Then L,(F,E")=L(F,E").
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0<(x,,0) < Z swralamast E™ iginde saglanir.E uzay1 b-
ozelligine sahip oldugundan () < (x,,0) £ (x,y) olacak

sekilde E uzaymm bir (x,y) elemani vardir. Bu da B
uzaymin b-6zelligine sahip oldugunu verecektir. Benzer
diigiince ile BY uzaymun da b-bzelligine sahip oldugu
goriiliir.

E ve F herhangi iki Banach orgiisii olsun. E ve F
arasindaki sira siurh operatorlerin uzaymi L, (E,F) ile
L(E,F)
L,(E,F) c L(E,F) kapsamast her zaman

Ancak bu kapsama bazen 6z olabilir. Oregin,

T(f) = (f(1/n) - (0)), Vf e C[0,1],

stirekli ~ operatorlerin  uzay1 olmak iizere

saglanir (4).

T:C[0,1] = c,;

bi¢iminde tanimlanan T bir siirekli operatérdiir ancak bir
stra sinirli operator degildir.

Onerme 2.6 E bir Banach orgiisii ve F ise bir AM-uzay1
olsun. O zaman L (F',E’) = L(F',E’) esitligi saglanir.

Ispat. E bir Banach orgiisii ve F bir AM-uzay1 olsun.
E'=E~ ve E~ b-ozelligine sahip oldugundan E’ uzay1
b-6zelligine sahip olur. Diger yandan F' de bir AL-uzay1
olur (1). Boylece L,(F,E")=L(F,E) esitligi elde edilir
(2 Onerme2.2).

Sonu¢ 2.7 E bir Banach orgiisii, F bir AM-uzay:1 ve
T:E > F ise bir siirekli operatdr olsun. Bu durumda
T':F' — E’ siirekli eslek operatdrii sira sinirlidir.
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