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ABSTRACT

We study the structure of semiperfect, CS-Modules with essential socle. We call
the module M CSSES-module if M is semiperfect, CS-module with essential socle.
We will call the ring R right CSSES-ring if the right R-module Ry is CSSES-
module. In this note among others we prove that [i] If R is right CF and left GIN-
ring, then R is QF-ring if and only if R is right CS-ring if and only R is CSSES-
ring. [ii] Every left Kasch right CF-ring is right CSSES-ring. [iii] If R is left Kasch
and right IN-ring with equal left and right socles, then R is CSSES-ring.

Key Words: CSSES-module and ring, QF-ring, Kasch ring, CEP-ring, semiperfect
module and ring, CF-ring.

CSSES-MODUL ve CSSES-HALKALARI

OZET

Bu caligmada has destegee sahip yaritam CS-modiillerin yapisint arastiracagiz.
Eger M modiilii has destege sahip yaritam CS-modiilse M modiiline CSSES-modiil
denir. Sag R-modiil R CSSES-modiil ise R halkasina sag CSSES-halkas1 denir.
Bu ¢aligmada, diger ispatladiklarimiz yaninda, asagidakilari de ispalayacagiz: [i]
Eger R halkasi sag CF ise ve sol GIN-halka ise, o zaman R bir QF-halkadir ancak
ve ancak R bir sag CS-halkadir ancak ve ancak R bir sag CSSES- halkadur. [ii] Her
sol Kasch ve sag CF-halka sag CSSES-halkadur. [iii] Eger R sag ve sol destekleri
esit sol Kasch sag IN-halka ise , 0 zaman R CSSES-halkadir.

Anahtar Kelimeler: : CSSES-modiil ve halka, QF-halka, Kasch halka, CEP-halka,

yaritam modiil ve halka, CF-halka.

1. GiRiS

Bu calismada halkalar birimli, modiiller de birimsel sag
modiil kabul edilecektir. M bir modiil ve R bir halka
olsun.Bir modiilun herhangi bir alt kiimesi X ise r(X) (ya
da 1(X)) ile X in R deki sag (ya da sol) sifirlayanim
gosterecegiz. M bir R-modiil, Soc(M) ile M nin destegni
ve M* ile de Homy (M,R) yi gosterecegiz. Bir R halkasi
icin, Soc(RR), Soc(zrR), Z(RR), Z(rR) ve J(R)=J ile R nin
sag destegini, sol destegini, sag tekil idealini, sol tekil
idealini ve Jacobson kokliisiinii gosterecegiz.

N<  M(N<
max has

biiyiik (=maksimal) alt modiiliinii (has alt modiiliinii, atik
alt modilini ve dik tolanan alt modiliiniinii)
gosterecektir. Eger Z(M)=M (ya da Z(M)=0) ise, M ye
tekil (ya da tekil olmayan) modiil denir. N bir M
modiiliiniin alt modiilii olsun. Eger M nin her hangi bir 6z
K alt modiilii igin N+K, M den farkli oluyorsa N ye M de
atik alt modiil denir.Bir R-modiil M injektif kabugunda
atik ise M ye atik modiil denir.

Bir R-modil M, R halkasinin kopyalarinin dik
toplananlari i¢ine gdmiilebilirse M ye burulmasiz denir. T,
R nin bir sag ideali ise kolayca ispatlanabilir ki, R/T
burulmasiz sag R-modiildiir ancak ve ancak rl(T)=T dir.
Boylece bir devirli sag R-modiil M=mR burulmasizdir

M, N<<M ve NSdM) ile N M nin

1. INTRODUCTION

Throughout the paper all rings have unity and all
modules are unitray. The right (resp. left) annihilator of a
subset X of a module is denoted by r(X) (resp. 1(X)). [f M
is an R-module, we write Soc(M) and M" =Homg (M,R),
for the socle and the dual of M. If R is a ring, we denote
by Soc(Rgr), Soc(rR), Z(Rgr), Z(rR) and J(R)=J, for the
right socle, the left socle, the right singular ideal, the left
singular ideal and the Jacobson radical of R, respectively.
The notations

N< M, N<
max €SS

is maximal (essential, small, and direct summand)
submodule of M, respectively. If Z(M)=M (or Z(M)=0),
then M is called singular (or non-singular) module. Let N
be any submodule of the module M. N is said to be small
in M if N+K # M for any proper submodule K of M. An
R-module M is said to be small module if it is small in its
injective hull, and M is said to be a non-small module if it
is not a small module.

M, N<<M and N Sd M mean that N

A right R-module M is called torsionless if M is
embedded in a direct product of copies of R (if and only if
M is embedded in a free right R-module). For any right
ideal T of R, R/T is torsionless as a right R-module if and
only if rl(T)=T. Hence A cyclic right R-module M=mR is
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ancak ve ancak herhengi bir sag ideal T i¢in sag R modiil
olarak R/T burulmasizdir. Ayrica R sag yaniiretendir
ancak ve ancak her sag R-modiil burulmasizdir.

R halkas1 sag mininjektif dir ancak ve ancak herhangi
bir sag basit T ideali i¢in her R-doniisiimii y : T — Ry nin
Rr — Ry genislemesi vardir. R halkas1 sag basit injektif
dir ancak ve ancak herhangi bir sag basit T ideali i¢in her
R-doniisiimii vy : T— Ry nin Ry den???0k Ry ye bir
geniglemesi vardir. R halkas1 sag temel injektif (ya da sag
P-injektif ) dir ancak ve ancak herhangi bir sag temel T
ideali ig¢in her R-doniisimii T — Rz nin Rg —Ry
geniglemesi vardir. R nin her vefali M modiili Mod-R
toplulugunu iretirse R ye sag PF-halka denir. R halkasi
PF-halkadir ancak ve ancak R sag yaniiretecdir ve sag
kendi-injektifdir ancak ve ancak R yari tam, sag kendi-
injektif ve sag destegi has sag idealdir. R yar1 tam, sag
mininjektif ve sag destegi has sag ideal, her yerel ¢® =
e R ve K < Re olan her basit sag K ideali i¢in Ir(K)=K
saglanirsa R halkasi na sag min-PF halka denir. Her sonlu
iiretegli vefali modiil Mod-R yi {iiretirse R ye sag FPF-
halka denir.

GPF-halka ise yar1 tam, sag P-injektif ve sag destegi
has olan halkadir. Her sonlu modiilii bir serbest modiil
icine gomiilebilen halkaya sag FGF-halka denir. Bir R
halkast sag FGF-halkadir ancak ve ancak her sonlu
iiretecli modiil bir projektif modiil i¢ine gdmiilebilir. Bir R
halkas1 sag CF-halkadir ancak ve ancak her devirli sag R-
modiil bir serbset modiil i¢ine gémiilebilir. R sag CEP-
halkadwr ancak ve ancak her devirli sag R-modiil has
olarak bir projektif modiil i¢ine gomiilebilir. Her sag FGF-
halka sag CF-halkadir. Tersi dogru degildir (bakiniz, [13,
Ornek 2.5 ve 7.3]). Her sag CEP-halka bir sag CF-
halkadir, ve her sag CEP-halka sag artindir (bakiniz, [16,
Sonug 3.3]) ve boylece her CEP halka yar1 tamdir. M nin
herhangi bir N alt modiilii has olarak bir dik toplanan
icinde kapsanirsa M ye CS-modiil, C, ya da genisleyen
modiil denir. Her injektif modiil bir CS-modiildiir. Kendisi
lizerinde sag modiil olarak sag CS-modiil olan bir
halkaya sag CS-halka denir. Eger bir M modiili niin bir
dik toplananina izomorf olan her alt modiilii dik toplanan

ise M ye C, modiil denir. M nin M,;[] M, =0 olan
Mlng and M2£d
M, @ M, de dik toplanan olursa M ye C; modiil denir. M
CS ve (C,) yi saglarsa sirekli, CS ve (C3) yi saglarsa
vari-siirekli modiil denir. M keyfi ve P projektif modiiller
olsun. ¢ekirdegi atik olacak sekilde bir p: P—> M orten
doniisti mii varsa P ye M nin projektif ortiisti denir. M
yart tam modiildiir ancak ve ancak M nin her M/N bdlim
modiiliiniin projektif Ortiisii vardir. M nin her N alt
modiilii icin A <N, M=A@® B ve N [] B<< B olacak
sekilde A ve B varsa M ye yiikselen modiil, B ye de N nin
tamlayan denir. [10] dan , M bir projektif modiil ise, M
yar1 tamdir ancak ve ancak M yiikselendir. M de bir X alt
modiilii alalim X[ Y=0 6zelligine gore maksimal olan Y
ye X in M deki bir tiimleyeni denir.

M dik toplanan alt modiilleri igin

TANIM M bir modiil olsun. Eger M yar1 tam, CS ve M
nin destegi has ise M ye CSSES-modiil diyecegiz. Sag
modiil olarak CSSES olan bir halkaya sag CSSES-halka
diyecegiz. Yart basit modiller CSSES dir, projektif

torsionless if and only if R/T is torsionless as a right R-
module for any right ideal T of R. R is right cogenerator
if and only if every right R-module is torsionless.

Recall that a ring R is right mininjective if and only if
every R-homomorphism 7y : T — Rg can be extended to
Rr — Ry for every simple right ideal T of R. A ring R is
called right simple injective if for the same R-
homomorphism y with (T)simple extends to R. A ring R
is called right principle injective (or right P-injective) if
for the same R-homomorphism y with T principal right
ideal extends to R. R is right PF if every faithful right R-
module M generates the category Mod-R of all right R-
modules (if and only if it is right cogenerator and right
self-injective if and only if it is semiperfect, right self-
injective and right socle is ssential right ideal).
Accordingly, we call a ring R a right min-PF ring if R is a
semiperfect, right mininjective ring in which Soc(Rg)
< Ry and Ir(K) = K whenever ¢’ = e R is local and

ess
K c Re is a simple left ideal. A ring R is right FPF if
every finitely generated faithful right R-module M
generates the category Mod-R of all right R-modules.

A ring R is right GPF if it is semiperfect, right P-
injective and Soc(Rg) < Rg. R is right FGF-ring if
ess

every finitely generated right R-module can be embedded
in a free right R-module. R is right FGF-ring if and only if
every finitely generated module embeds in a projective
module, More on this can be found in [13]. A ring R is
right CF-ring if every cyclic right R-module embeds in a
free right R-module. R is called right CEP-ring if every
cyclic right R-module is essentially embeddable in a
projective right R-module. Every right FGF-ring is right
CF-ring. The converse is not true, (See, [13, Example 2.5
and 7.3]). Every right CEP-ring is right CF-ring, and every
right CEP-ring is right artinian by [16, Corollary 3.3] and
hence semiperfect. The module M is called CS-module if
for any submodule of M is essential in a direct summand
of M. CS-module is also said to be C; or extending
module in the context. Every injective module is CS-
module. A ring R is called right CS-ring if the right R-
module Ry is CS-module. A module M is said to satisfy
C, condition if every submodule that is isomorphic to a
direct summand of M is itself a direct summand, and is

M and
d

MzSdM with M]ﬂ M2 :0, then M]@Mz SdM A

said to satisfy C; condition if for any M, <

module M is called continuous if it is CS and (C,); M is
called quasi-continuous if it is CS and (C;). Let M be any
module. If there exists an epimorphism p : P> M such
that P is projective and Ker(p)<< P, then it is said that P is
a projective cover of M. Let M be a module. M is said to
be semiperfect if any homomorphic image of M has a
projective cover. The module M is called lifting module if
for any submodule N of M there exists a submodule A of
N such that M=A @ B. B is also said supplement of N in
M. By [10], for any projective module M, M is
semiperfect if and only if M is lifting module. A
submodule X of M is a complement if it is maximal with

respect to X[ Y=0, for some submodule Y. We call M
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diizgiin modiiller CSSES dir, Kendi {izerinde modiil olarak
goriilen her tamlik bolgesi CSSES dir, Kendi iizerinde
modiil olarak goriilen her yari-Frobenuis halkalar CSSES
dir.

2. CSSES-HALKA ve MODULLERI

Bu boliimde CSSES-modiil ve halkalar kavramlarim
tanimlayacak ve bu tiirlerin  genel Ozelliklerini
belirleyecegiz. Bazi drnekler vererek ¢ok iyi bilinen diger
modiil ve halka smiflan1 ile kiyaslayacagiz. once bu
caligmada kullanacagimiz iyi bilinen sonuglar1 siralayalim.
Bir M projektif modiilii yar1 tamdir ancak ve ancak M nin
her alt modiiliiniin tamlayan1 M de vardir (bakiniz, drnegin
[10, Sonu¢ 4.43]) M bir projektif modiil olsun. M yar1
tamdir ancak ve ancak [i] Rad [M] << M [ii] M/Rad[M]
yar1 basitdir [iii] M/Rad[M] nin dik toplananlart M ye
yiikselir (bakiniz, [10, Teorem 4.44]).

R bir halka olsun. Eger her R-modiiliin (ya da her basit
R-modiiliin) projektif ortiisii varsa R ye fam (ya da yar
tam) halka denir. [20] de R yar1 tamdir ancak ve ancak R
yiikselen halka ve bir projektif M modiili yar1 tamdir
ancak ve ancak yiikselendir, ayrica M projektif modiilii
yiikselendir ancak ve ancak M nin herhangi bir N alt
modiilii icin M/N modiiliniin projektif ortiisiiniin  var
olacag: ispatlanmistir. Bu bolimde yiikselen modiillerin
bir tiir genellemelerini inceleyecegiz. Bir M modiiliiniin N
alt modiilii i¢in M de bir X alt modiilii var ve N ile M/X
izomorf ise N ye M nin M-devirli alt modiilii denir. Bir R-
modiill N alalim. M nin her M-devirli alt modiiliinden N
ye olan doniisiim M ye yiikselirse N ye M-devirli injektif
modiil denir. N M-devirli injektifdir ancak ve ancak M
nin herhangi bir s doniisiimii i¢in s(M) den N ye taniml
her doniisimii M den N ye genisler. Eger M M-devirli
injektifse M ye yari-injektif denir. Bir N modiilii R-
devirli injektif ise N ye devirli injektif denir. R sol tam

halka ise, R yar1 tamdir ve Soc(Rg) < h Ry dir.
as

Bir M modiiliiniin her basit alt modili bir dik
toplananda has alt modiil ise M ye bas-CS denir. Bir R
halkast sag modiil olarak kendi iizerinde sag bas-CS
modiil ise R ye sag bas-CS-halka denir. Her basit modiil R
nin bir basit sag idealine izomorf ise R ye sag Kasch halka
denir. R bir sag Kasch halkadir ancak ve ancak R nin her
bilyiik sag ideali I i¢in I = rl(I) dir ancak ve ancak her sag
ideal T i¢in 1I(T) # O dir.

Tanim 2.1 R halkasi sol ve sag artin, sol ve sag kendi-
injektif ise R ye yari-Frobenius (ya da QF-halka denir).

Her yar1 basit artin halka QF dir. R bir temel ideal
bdlgesi a R nin tersinir olmayan sifirdan farkli bir elemam
ise R/Ra QF dir. QF-halkalar detayli olarak icelenmis ve
degisik yonlerden belirlenmeleri yapilmistir(bakiniz, [1,
7,9, 13, 14)).

Sonug 2.1 Her sag QF-halka sag CSSES-halkadir.

Kamt R bir QF-halka olsun. R sag artin oldugundan, R
yar1 tam halkadir ve sag destegi R nin has sag idealidir. R
sag kendi-injektif oldugundan sag CS-halkadir. Béylece R

CSSES-module if M is a CS, semiperfect module with
essential socle. CSSES-modules generalizes semisimple
modules, projective uniform modules, any domain
considered as a module over itself, quasi-Frobenius rings
considered as a module over themselves. We call the ring
R right CSSES-ring if the right R-module Ry is CSSES-
module over R.

2. CSSES-MODULES and CSSES-RINGS

In this section we introduce CSSES-modules and
produce some examples in order to compare CSSES-
modules with other well known module classes. We
record some well known results that we use extensively in
this work. A projective module M is semiperfect if and
only if M is discrete if and only if every submodule of M
has a supplement (See namely, [10, Corollary 4.43]).

A projective module is semiperfect if and only if [i]
Rad [M] <<M [ii] M/Rad[M] is semisimple and [iii]
Decompositions of M/Rad[M] lift to decompositions of M
(See namely, [10, Theorem 4.44]).

R is called perfect (or semiperfect) if every R-module
(or simple R-module) has a projective cover. It is proved
in [20] a ring R is semiperfect if and only if R is lifting,
and that a projective module M is lifting if and only if for
any submodule N of M, M/N has a projective cover. In
this section we study lifting modules with some of their
generalizations.

A submodule N of M is called M-cyclic if it is
isomorphic to M/X for some submodule X of M. A right
R-module N is called M-principally injective if every R-
homomorphism from an M-cyclic submodule of M to N
can be extended to M. Equivalently, for any
endomorphism s of M, every homomorphism from s(M) to
N can be extended to a homomorphism from M to N. M is
semi-injective if it is M-principally injective. N is called
principally injective if it is R-principally injective. Let R
be a left perfect ring, then R is semiperfect and Soc(Rg)
< R

ess

A right R-module M is min-CS if every simple
submodule of M is essential in a direct summand of M. A
ring R is right min-CS if the right R-module Ry is min-CS
module. R is called right Kasch if every simple right R-
module is isomorphic to a right ideal of R. It is known that
A ring R is right Kasch if and only if for every maximal
right ideal I of R, I=rl(I) if and only if for every right ideal
Tof RI(I) # 0.

Definition 2.1 A ring R is called quasi-Frobenius (or
QF-ring) if it is left and right artinian and left and right
self-injective, equivalently, R is right artinian and right
self-injective.

Every semisimple artinian ring, the rings R/aR, where a
is a nonzero, nonunit in a principal ideal domain R are
QF-rings. Quasi-Frobenius rings are extensively studied
and characterized in terms of different structures in
module theory and rings (See namely,[1,7,9,13,14]).

Corollary 2.1 Every right QF-ring is right CSSES-ring.
Proof Let R be a QF-ring. Since R is right artinian, it is
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CSSES-halka olur. o

QF-halka olmayan, Kasch halka olmayan fakat CSSES-
halka olan bir 6rnege bakalim.

Ornek 2.3 F bir cisim ve R halkas: F bilesenli iist {iggen
) F F
matrisler halkasi o Fl M de sag R-modiil Ry olsun.

O zaman

(1) M CSSES-modiildiir.

(2) M mininjektif modiil degildir.

(3) R min-PF halka degildir.

(4) R QF-halka degildir.

(5) R sag Kasch halka degildir.

(6) R sag basit injektif halka degildir.

0 F .
Kamt (1). Soc(M) |:0 F:lghaSM dir. [10, Ornek

2.9] dan, M CS-modiildiir, [20, Ornek 4.3] den, R sag
tamdir. Béylece M yar1 tam modiil ve bir CSSES-modiil
olur.

2 3 Eger I, = 0 a F !
2) ve (3). ger I, = 0 0 |ae ve I,

0 b
={‘:O b:l |be F} ise 0 zaman I; and I, R nin basit

0 a 0 a
sag idealleridir. f: [} > I, £ M ve f =
00 0 a

ile taniml1 f doniistimii bir g : R — M ye genislemis olsun.

10 x 0
Bu halde bir X € F i¢in g = olacagini
00 0 0

gormek kolaydir. O

IR
oo olello o)[o o5 oll6 3]

Boylece a = 0 olur. Bu bir ¢eligkidir. Bu da R nin sag min-
PF halka ve mininjektif olmamasi demektir.Boylece (2) ve
(3) tin ispat1 biter.

zaman

(4). Rg nin injektif kabugu F bilesenli 2 x 2 matrisler
halkast oldugundan R kendi sag injektif dolayisiyla QF-
halka olamaz.

0 F
(5). I = |:0 F:l sag idealini alalim. 1(I)=0 oldugu

kolayca goriiliir. Boylece R sag Kasch halka degildir.

(6). [12, Onerme 1] de, her yari tam, sag destegi has olan
sag basit injektif halkanin sag Kasch halka oldugu
ispatlanmigtir. (5) den, R sag Kasch degildir. Bdylece R

semiperfect ring with Soc(Rg) <
es

Rg. Since R is right self-injective, it is right CS-ring.
Hence R is right CSSES-ring. o

We prove in Example 2.3, among others, there are
CSSES-rings but neither QF nor right Kasch.

F

of upper triangle matrices over F, and M the right R-
module Rg. Then

(1) M is CSSES-module.

(2) M is not mininjective.

(3) R is not right min-PF ring.

(4) Risnot QF-ring.

(5) Ris not right Kasch ring.

(6) R is not right simple injective ring.

F F
Example 2.3 Let F be any field and R the ring |:0 }

M. By [10,
€SS

Proof  (1). For Soc(M) 0 Fl
roo . or >OcC = =
0 F

Example 2.9], M is CS-module, and by [20, Example 4.3],
R is right perfect. Therefore M is semiperfect module and
hence a CSSES-module.

2 If I, = 0 a F d I
() 1 = 0 0 |a€ an 2

0 b
_{[0 b} |be F} Then I; and I, are simple right

ideals of R. Assume that the homomorphism f: [} - I,

0 a 0 a
< M defined by = extends to a g from
0 0 0 a

) 1 0 x 0
R to M. Itiseasytoseeg = for some
0 0 0 0

FTh[g }f{g 0}
= (P e R | O

Hence a = 0. A contradiction. Thus R is not right min-PF
ring and hence is not mininjective and (3) follows.

(4). The injective hull of Ry is the ring of 2 x 2 matrices
over the field F. Hence R is not right

self-injective ring and so is not QF-ring.
. 0 F| .
(5). LetI denote the right ideal I = 0 Fl° It is easy to

check that 1(I)=0 . Hence R can not be a right Kasch ring.
(6). In[12, Proposition 1], it is proved that every



CSSES-Modules and CSSES-Rings / CSSES-Modiil ve CSSES-Halkalar: 385

sag basit injektif halka olamaz. o
Onteorem 2.4 de verilen sonuglarm cogu iyi bilinir.
Biitiinliigii saglamak agisindan tiimiiniin ispatin1 burada
yapacagiz.

Onteorem 2.4 R bir CSSES-halkasi olsun. O zaman

(1)  Eger Soc(Rg) < has rR ise, R sag Kaschdir.

(2) R sag (ya da sol) Kaschdir ancak ve ancak her yerel
e’=¢ i¢in Soc((Re)p)# 0 (ya da Soc(r(eR))# 0 dir).

(3)  Eger Soc(zrR) < h rR ise, R sag Kaschdir.
as

“) R sol Kaschdir ancak ve ancak Soc(Rr) < Soc(zR)
dir.

Kamt (1). [13, Onteorem 1.48] den kolayca goriiliir.

(2). Gereklilik: e € R nin bir yerel kares elemani olsun.
O zaman eR/eJ basit sag R-modiildiir. e yerel ve R sag
Kasch oldugundan, eR/eJ, R nin bir minimal sag idealine
izomorftur, buradan (eR/eJ)* # 0 olur. (eR/e))* = I(J)e =
Soc(Rr)e = Soc((Re)r) oldugu icin, Soc((Re) R) # 0
buluruz.

Yeterlilik: Her yerel kares eleman i¢in Soc((Re)r) #0
oldugunu kabul edelim. V bir basit R-modiil olsun. R yar1
tam oldugu i¢in bir yerel kares elemani ve V den eR/e] ye
bir h izomorfizmasi vardir. Diger taraftan r(J) = Soc(zxR)
1J) = Soc(Ry) ve (eR/e))* = 1(J)e= Soc(Rg)e = Soc((Re)r)
oldugundan, kabul Soc((Re)r) # 0 yi verir. f, (eR/eJ)* nin
sifrdan farkl bir elemani ise, o zaman fh da V den R ye 1-
1 olur. Boyelece R sag Kasch olur.

(3). Kabuldan her yerel ¢ = e igin Soc(r(Re))=
(Re)N Soc(zrR) # 0 olur. (2) den R sag Kasch buluruz.

(4). R sol Kasch olsun. I de bir basit sag ideal olsun. R
sag CS oldugu icin, bir e kares var ki I eR de has olarak
kapsanir. O zaman eR bir yerel modiil olur ve e de yerel
kares olur. (2) den, Soc(zr(eR)) # 0. Soc(z(eR)), eR de
sifirdan farkli oldugundan, I [ Soc(r(eR)) # 0, bdylece I
< Soc(g(eR)) bulunur. Yani Soc(Rr) < Soc(zR) olur.
Tersine gelince, Soc(Rg) < Soc(zR) olsun. O zaman

Soc(rRR) < h Ry olur. [13, Onteorem 1.48] dan, R sol
as
Kasch buluruz. m]

Herhangi bir cisim iizerindeki {ist icgen matris halkasi
kendi itizerinde CSSES-modiil oldugunu o6rnek 2.3 de
gormiistiik. Eger bu ornekteki cisim, cisim olmayan bir
halka ile yer degistirirse 6rnek dogru olmayabilir.

Ornek 2.5 Z 4= Z/47Z halkas1 {izerinde
. {24 24} halkasini ele alalim. O zaman
0z,

(1) R sag artindir.

(2) Ryaritam ve Soc(Rg) < Ry dir.
has

semiperfect, right simple injective ring having right socle
essential is right Kasch. By (5), R is not right Kasch and
hence R is not right simple injective ring.

O

We first prove Lemma 2.4, most of which is very likely
known, but whose proof we include for the sake of
completeness.

Lemma 2.4 Let R be a CSSES-ring. Then

(1) If Soc(Rg) Sess rR, then R is right Kasch.

(2) R is right (or left) Kasch if and only if Soc((Re)gr)
# 0 (or Soc(r(eR)) # 0 for each local

idempotent e.

(3) If Soc(rR) Sess rR, then R is right Kasch.

(4) Ris left Kasch if and only if Soc(Rg) < Soc(zR).
Proof (1). Clear from [13, Lemma 1.48].

(2). Necessity: Let e be a local idempotent in R. Then
eR/eJ is simple right R-module. Since e is local
idempotent and R is right Kasch, eR/eJ is isomorphic to a
minimal right ideal of R, and therefore (eR/el)” # 0. Since
(eR/el)" = 1(J)e= Soc(Rp)e = Soc((Re)r), Soc((Re)r) # 0.
Sufficiency: Suppose that Soc((Re)gr) # 0 for each local
idempotent e. Let V be a simple right R-module. Since R
is semiperfect, there exists a local idempotent e and an
isomorphism h from V to eR/eJ, and also r(J)= Soc(zR)
and 1(J)=Soc(Rgp). Since (eR/e))” =1(J)e = Soc(Rp)e =
Soc((Re)r), by assumption Soc((Re)gr) #0. Let f be a
nonzero element in (eR/eJ)”, then fh is an embedding of V
into R. It follows that R is right Kasch.

(3). By hypothesis Soc(z(Re))= Re[)Soc(zrR) # 0 for
each local idempotent e. By (2), R is right Kasch.

(4). Suppose that R is left Kasch. let I be a simple right
ideal in R. Since R is right CS, there exists an idempotent
¢ in R such that I is essentially contained in eR. Then ¢eR is
local module and therefore e is local idempotent. By (2),
Soc(r(eR)) # 0. Since Soc(z(eR) is a nonzero right ideal
in eR, I () Soc(r(eR)) # 0, and so I<Soc(z(eR)). Thus
Soc(Rg) < Soc(zxR). Conversely suppose that Soc(Rg) <

Soc(gR). Then Soc(zrR) <  Rg. By [13, Lemma 1.48], R
ess
is left Kasch. o

The ring of upper triangular matrices over any field is
always right CSSES-module over itself as it is seen in
Example 2.3. This is not the case when the field is
replaced by some rings.

OZ4

—7/4z. Then

Example 2.5 Let R denote the ring R = {24 Z4}0f

upper triangular matrices over the ring Z4

(1) Ris aright artinian.
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(3) Rsag bas-CS dir.
(4)  Rsag CS degildir.
(5) Rsag CSSES-halka degildir.

OZ4

halkadir. R sonlu oldugundan, artindir ve boylece yari

tamdir. U= 0 ZZ4 ve V= 0 0 sag
0 0 0 2Z4

alalm. j < Z4 Z4 ve
“has

(z, z
Kamt Bilinen matris islemlerine gore g - | 4 4} bir

0 0

ideallerini
0 0 g . .
V< oldugunu gormek kolaydir. Boylece
has | 0 4

Soc(Rg) = U@ V ve Soc(Rg) Sh Ry dir ve R bir sag
as

bas-CS-halka olur.
gorelim.

Eger I:H:O 0:|, |:0 2:|} ve K:{Z4 24} ise o
00 0 2 0 0

zaman I[NK =0 ve I, R de INK =0 ye gore bir
biiyiik sag idealdir. Yani I, R de bir tamlayandir. I kares

eleman bulundurmadigi i¢in I, R nin dik toplanani olamaz.
Boylece R sag CSSES-halka olamaz. a

R nin sag CS-halka olmadigini

Her CF-halkanin sag artin olup olmadig1 CF-sorusu olarak
bilinir. Pardo G. and Asensio G in [15] de, R bir sag CS,
sag CF-halka ise, R nin sag artin oldugunu gérmiislerdir.
Sonra [16] da her sag CF-halkanin sag artin oldugunu
ispatlamiglardir. Eger R bir sag CF-halka ise, her T sag
ideali i¢in, R/T bir serbest modiil igine gdmiilebilir, yani
R/T burulmasizdir ve boylece T = rl(T) olur. R nin her I ve
K sag idealleri igin (I NK)=1(I)+1(K) oluyorsa R ye sag
Ikeda Nakayama (kisaca IN) halka denir. Eger 1(In
K)=1(I)+1(K) sart1 her I sag temel ideali ve her K sag ideali
icin gerceklesirse R ye sag Genel lkeda Nakayama (kisaca
GIN) halka denir.

Teorem 2.6 R bir sol Kasch sag CF-halka olsun. O zaman
(1) R sag Kaschdur.

(2) R sol P-injektifdir.

(3) R sag yari-siireklidir.

(4) R sag siireklidir.

(5) R sag artin ve sag noetherdir.

(6)  Ryaryerel, Z(Rg) =J, 1(Soc(Rg)) = 1(Soc(zrR)) = J.
(7) R sag CSSES-halkadur.

Kamt (1) ve (2). T, R nin bir sag ideali olsun. R sag CF
oldugu i¢in R/T devirli sag R-modiilii, bir sag serbest R-

modiil F= @R icine bir o ile gomiilebilir.
G(l + T) =(a;, az,...... , a,) olsun. O zaman T=r (aj, a,
yeerenn , a,) olur ve buradan rl(T)= rlr(ay, a, ,...... ,a) =T

(2) R s semiperfect with Soc(Rg) <  Rg.
ess

(3) Risright min-CS.
(4) Risnot right CS.
(5) Risnot right CSSES-ring.

2y 72y

0
4
matrix operations. Since R is finite, it is right artinian, and
so semiperfect. It is easy to check that Soc(Rg) = U D V,

U- 0 224 < Z4 Z4
0 0 ess | 0 0

V = 0 0 < 0 0 . and SOC(RR) < RR LIt
0 224 ess |0 Z4 ess

follows that R is right min-CS ring. Next we prove that R
is not right CS.

For if 1299’9§ andK=Z4Z4.
00 0 2 0 0

Then InNK =0 and ] < R as aright ideal with respect
max

to INK =0. Hence I is a complement in R. Since I does

Proof Let R denote the ring R = with usual

where

not have any nonzero idempotents, I can not be a direct
summand of R. Hence R is not right CS-ring. Thus R is
not right CSSES-ring. o

The CF-conjecture is whether or not every right CF-ring
is right artinian. Pardo G. and Asensio G in [15] proved
that, if R is right CS, right CF-ring, then R is right
artinian. But they proved later in [16] that every right CF-
ring is right artinian. If R is right CF-ring, then for every
right ideal T, R/T is cyclic right R-module and so it is
embedded in a free module and then R/T is torsionless and
therefore T = 11(T). R is called right Ikeda Nakayama (IN
for short) ring if I(INK) = 1(I) + I(K) for each pair of right
ideals I and K of R. R is called right Generalized Ikeda
Nakayama (GIN for short) ring if 1(1nK) = I(I) + I(K) for
each pair of right ideals I and K of R with I principal.

Theorem 2.6 Let R be a left Kasch, right CF-ring. Then
(1) Risright Kasch.

(2) Ris left P-injective.

(3) R is right quasi-continuous.

(4) R is right continuous.

(5) R isright artinian and so right noetherian.

6) R is semilocal with Z(Rg) = J and
1(Soc(RR))=1(Soc(zR))=J.

(7) Risright CSSES-ring.

Proof Let T be a right ideal in R. Since R/T is cyclic
right R-module and R is right CF, it is embedded in a free
right R-module ® R by a map o . Let o(1+T)=(ay, a,
peeenen ,ay). Then T=r(a}, ay,...... , a,). Hence rl(T) =
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idaeli icin T= rl(T) bulunur. Buradan R sag dual, sag
Kasch ve sol P-injectif olur, (1) ve (2) saglanir.

(3). IveK, Rnin INK =0 olacak sekilde iki sag
ideali ise 0=INK =(l(D)N(l(K))= r1(I)+1(K))
olur. R sol Kasch oldugu i¢in, R nin her 6z sol N ideali
icin r(N) # 0 saglanir. Béylece 0 = r(1(I)+1(K)) dan R =
I(DH+(K) buluruz. [13, Teorem 6.31] den, R sag yari-
siirekli olur.

(4). (3) den, R sag CS-halkadir. Kabuldan ve [13,
Teorem 4.10] den, R yar1 tam, sag yari-siirekli ve Soc(zR)

< Rg olur. Boylece R sag siireklidir.
has

(5). R sol P-injektif ve sol Kasch oldugu igin, [13,
Onerme 5.19] den, Soc(Rg) Sh Ry dir. [13, Teorem
as

4.10] ve (4) Un ispatindan, R yar1 tam sag siirekli ve
Soc(RR) Sh Ry dir. [13, Onteorem 4.11] den, R sag
as

sonlu yaniireteclidir. Ayrica R CF-halka oldugu i¢in her
devirli R-modiil sonlu yan {iireteglidir. Boylece R nin her
orten goriintiisii sonlu yaniiretegli olur. [13, Onteorem
1.52] den, R sag artin ve sag noether olur.

(6). Soc(Rp) < Rr ve Soc(rR) < Rr dan
has S

ha
Soc(Rg) < has Soc(zR) buluruz. [13, Onteorem 8.1] den,
R yariyerel olur (yani, R/J yar1 basit artin halka) ve Z(Rg)
=J ve 1(Soc(RR)) = 1(Soc(rR)) = J bulunur.

(7). (5) den, R sag artindir. Boylece R yaritamdir. Ayrica
R CS ve Soc(Rg) Shas Ry oldugu icin, R sag CSSES-

halka olacaktir. O
Sonug 2.7 Her sag CEP-halka sag CSSES-halkadir.

Kamt R bir CEP-halka olsun. O zaman R sag CF-
halkadir. Béylece R Teorem 2.6 dan sag Kasch ve sol P-
injektifdir. R CEP oldugu igin, [16] dan sag artindir. R sag
CF oldugundan, her sag ideali bir sag sifirlayandir. [13,
Teorem 8.9, (4) = (8)] dan R sol Kasch ve sag CF dir.
Boylece Teorem 2.6 dan R sag CSSES-halkadir. m]

Onteorem 2.8 [13, Onerme 6.35] R sol Kasch, sag IN-
halka ise R yar1 tamdir, sag siirekli halka ve Soc(zR)

< Ry dir.
has *

Sonug¢ 2.9 R sol Kasch, sag IN-halka ise Soc(Rg)

< Soc(rR) < Ry dir.
has &R) has *

Kamt R sol Kasch, sag IN-halka olsun. dnteorem 2.8 den,
Soc(zrRR) < h Ry olur. I, R nin sifirdan farkli basit bir
as

sag ideali olsun. Soc(zR) () I#0, I = SocxkR) N 1 <

Soc(rR) ve Soc(Rg) <

boylece <
Y ha

g Soc(zkR) olur.
o

Teorem 2.10 R bir sol Kasch, sag IN-halka ve Soc(Rg) =
Soc(zrR) ise R CSSES-halkadir.

rir(a, a;,...... ,ap) =r(a;, ax,...... ,a,) =T . Hence for all
right ideals T of R, T = rI(T). It follows that R is right
dual, and therefore right Kasch and left P-injective. So (1)
and (2) hold.

(3). LetI and K be right ideals of R such that [NK =0.

Then 0 =INK = (rl(1)) N (rl(K)) =

r(I(I) +1(K)) . Since R is left Kasch, for each proper left
ideal N of R, r(N)=0. Hence 0=r(I(I)+I1(K))
impliesR = 1) +1(K). By [13, Theorem 6.31], R is right
quasi-continuous.

(4). By (3), R is right CS. By hypothesis and [13,
Theorem 4.10], R is semiperfect, right continuous ring

with Soc(kR) £  Ri. Hence R is right continuous.
ess

(5). Since R is left P-injective and left Kasch, by [13,
Proposition 5.19], Soc(Rg) SeSS Rg. By [13, Theorem

4.10] and the proof of (4), R is semiperfect, right
continuous and Soc(Rg) £  Rg. By [13, Lemma 4.11],
ess

R is right finitely cogenerated. Thus every cyclic right R-
module is finitely cogenerated, since R is right CF-ring.
Hence every homomorphic image of R is finitely
cogenerated. By using [13, Lemma 1.52], R is right
artinian, and so R is right noetherian.

(6). Both Soc(Rg) < Ri and Soc(zR) < Ry imply
ess ess

Soc(RR) Se Soc(rR). By [13, Lemma &8.1], R is
Ss

semilocal (i.e. R/J is semisimple artinian) with Z(Rg) =J
and I(Soc(Rg)) = 1(Soc(zR)) =J.

(7). By (5), R is right artinian. Hence R is semiperfect.
Since it is right CS and Soc(Rg) < Rg, R is right
€SS

CSSES-ring.

Corollary 2.7
ring.

Proof LetR be a CEP-ring. Then R is right CF-ring. It
follows that R is right Kasch and left P-injective by
Theorem 2.6. Since it is CEP, it is right artinian by [16].
Since it is right CF, every right ideal is an annihilator. By
[13, Theorem 8.9, (4) = (8)], R is left Kasch and right
CF. Hence R is right CSSES-ring by Theorem 2.6. o

Lemma 2.8 [13, Proposition 6.35] Let R be a left Kasch,
right IN-ring. Then R is semiperfect, right continuous ring

with Soc(rkR) £  Rg.
ess

Every right CEP-ring is right CSSES-

Corollary 2.9 Let R be a left Kasch, right IN-ring. Then
Soc(Rg) £  Soc(rR) £ Rg.
ess ess

Proof Let R be a left Kasch, right IN-ring. By Lemma
2.8, Soc(zrR) £  Rg. Let I be any nonzero minimal right
ess

ideal in Soc(Rg). Then Soc(zrR) (] I#0 and so I =
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Kamt Onteorem 2.8 Sonug 2.9 dan, R yar tam, sag CS-
halka ve Soc(Rp)< Soc(rR) < h Ry dir. Soc(Rg) =
as

Soc(rR) dan, Soc(Rpr) <

< Rgr olacagindan R sag
has

CSSES-halka buluruz. o

[13, Teorem 3.2(2)] de yarnt tam halkalarin sag Kasch
olmalar igin yeter ve gerekli kosul her yerel ¢® = e igin
Soc(Rgp)e # 0 olmast dir. Bunu kullanarak [13,
Teorem1.48] nin degisik bir ispatin1 burada verecegiz.

Teorem 2.11 R bir yari tam halka olsun. O zaman

(a) Soc(Rg) < rR ise, R sag Kaschdir.
has

(®) Soc(zrR) < h Ry ise, R sol Kaschdir.
as

Kamit (a). R bir yar1 tam halka ve Soc(Rg) < h rR
as

olsun. [13, Teorem 3.2(2)] ye gore, her yerel ¢’ = ¢ igin
Soc(Rg)e # 0 oldugunu gérmek yetecektir. Aksini kabul
edelim ve bir e’ = e yerel kares i¢in Soc(Rg)e=0 olsun. O

zaman Soc(Rr) < I(e) olur ve kabuldan 1(e) < h rR dir.
as

1(e) = R(1-¢) and 1(e) [ Re=0 dan Re=0 and so e=0 olur.

Bu bir ¢eligkidir ve (a) nin ispat1 biter.

(b). Sag sol goriilerek (a) nin ispati gibi yapilir.
o

Her sag IN-halkanin sag yari-siirekli oldugu ¢ok iyi
bilinmektedir (bakiniz, [13, Teorem 6.32]). Fakat IN-
halkalarmmn (C,) sartin1 saglamalar1 gerekmeyebilir.
Omegin R tam sayilar halkasi olmak iizere 2R ile R
izomorf olmalarina ragmen 2R, R nin dik toplanam
degildir.

Ornek 2.12 Sag IN-halka olmayan sol ve sag artin, sol
ve sag CS-halka mevcuttur.

Kamit Ornek 2.3 deki R halkasin1 goz oniine alalim. Bu
halka sol ve sag artin, sol ve sa§ CS-halkadir. Ornek 2.3
de gordiigiimiiz gibi R CSSES-halkadir. [2] de oldugu gibi

R nin sag IN-halka olmadigin1 gorelim. x = {0 0} ve
0 1

0 1 F F
- alalm. xRNyR =0, _ ve
y {0 J y 1(xR) [0 0}

1(yR)={[Z Oa} |aeF}

gergeklenebilir. Bdylece 1x) 1 |(y) < FFl R =10)=
10 0

olduklart  kolayca

1(xR (N yR) olur. Bu da R nin sag IN-halka olmamasi
demektir. O

Teorem 2.13 R bir sag CF ve sol GIN-halka ise, asagt
dakiler denktir:

Soc(zxR) N I < Soc(rR). Hence Soc(Rg) <  Soc(zR).
ess
i

Theorem 2.10 Let R be a left Kasch, right IN-ring with
Soc(Rg) = Soc(zgR). Then R is right CSSES-ring.
Proof By lemma 2.8 and corollary 2.9, R is semiperfect,
right CS-ring with Soc(Rg) < Soc(rR) £ Rg. By

ess

hypothesis Soc(Rgr) = Soc(zxR), we have Soc(Rg) SeSS Rg.
Thus R is right CSSES-ring. o

[13, Theorem 3.2(2)] gives a characterization of
semiperfect rings to be right Kasch and says a necessary
and sufficient condition for a semiperfect ring to be right
Kasch is Soc(Rg)e # 0 for each local idempotent € € R .
We use this fact to give a different proof to the well
known result Theorem (See namely, [13, Theorem 1.48]).

Theorem 2.11 Let R be a semiperfect ring, then

(a) If Soc(Rg) Sess rR, then R right Kasch.

(b) If Soc(zrR) Sess Rg, then R is left Kasch.

Proof (a). Let R be a semiperfect ring with Soc(Rg)

< gR. By [13, Theorem 3.2(2)], it is enough to prove
ess

Soc(Rg)e = 0 for each local idempotente € R . Assume
otherwise and let e be a nonzero local idempotent such
that Soc(Rg)e=0. Then Soc(Rr) < I(e), and by hypothesis,

1(e) Se rR. Since 1(e) = R(1-e) and I(e) [ Re=0. Hence
ss

Re=0 and so e=0. This contradiction completes the proof
of (a).

(b). Itis proved similarly by symmetry.

As it is well known every right IN-ring is right quasi-
continuous (See, [13, Theorem 6.32]). However, IN-rings
need not satisfy (C,) condition. For example, if R=7,
where Z is the integers.

Example 2.12 There exists a left and right artinian, left
and right CS-ring which is not a right IN-ring.

Proof Let R be as in Example 2.3. Then it is well known
in the context that R is left and right artinian, left and right
CS-ring. In Example 2.3 we have showed that R is right
CSSES-ring. Now we prove (as in [2]) that R is not a right

IN-ring. Indeed, let , _ |0 Oland y= O 11 Then
0 1 01
— F F
xRNyR=0 and 1(XR):[ } and
0 0

1(yR)={[g ‘Oa} | aeF}-

1(x)+1(y) c [F Fil = R . Thus R is not a right IN-ring.
10 0

Theorem 2.13 If R is right CF and left GIN, then the
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(1) R QF-halkadir.

2) J< Z(Ry) dir.

3) Soc(Rr) £ Soc(rR) dir.
(4) R sag mininjektif halkadur.
(5) R sag CSSES-halkadir.
(6) R sag CS-halkadir.

Kamt [3, Teorem 2.13] den ()& )<= 3) < @)
elde edilir. Burada sadece (1) < (5) = (6) yi
ispatlayacagiz. (1) gegerli olsun. Kabuldan R QF oldugu
icin R sol ve sag artin, sol ve sag kendi-injektifdir. R sag

artin oldugundan R yar1 tamdir ve Soc(Rg) Shas Ry dir.
R sag kendi-injektif oldugundan, R sag CS dir. Béylece R
sag CSSES-halka olur ve (5) gergeklenir.

(5) = (6). Ispatiaciktir.

(5) = (1). R yari tam, [3, Onteorem 2.11 ve Sonug 2.12
] den 1(J) = Soc(RR) < has rR buluruz. Soc(Rg) < has Rgr
dan da, Soc(xR) < Soc(Ry) olur. R sag CS ve sag CF
oldugu ig¢in, [13, Teorem 8.9 (5)= (6)= (7)] den
Soc(rR) < has Soc(Rg) ve buradan Soc(Rg) < Soc(xR),
bdylece Soc(Rg) = Soc(gR) olur. [3, Teorem 2.13 (3) =
(1)] den, R bir QF-halkadur.

(6) = (1). R sag CF sol GIN-halka olsun. R sag CS ise
[13, Teorem 8.9 (5)= (6)= (7)] den, Soc(zrR)

< h Soc(Rg) ve boylece Soc(Rg) < Soc(zxR) elde edilir.
as
[3,Teorem 2.13 (3) = (1)] den, R QF-halka olur. o
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2) I< Z(Rp).

(3) Soc(Rr) £ Soc(rR).

(4) R is right mininjective ring.
(5) Risright CSSES-ring.
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