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GENERALIZED PROJECTIVE CURVATURE TENSOR OF
NEARLY COSYMPLECTIC MANIFOLD

NAWAF J. MOHAMMED AND HABEEB M. ABOOD

ABSTRACT. In this paper, we concentrated our attention on geometry of gen-
eralized projective tensor of nearly cosymplectic manifold. In particular, we
studied the flatness property of generalized projective tensor. This property
helped us to find the necessary and sufficient condition that nearly cosymplec-
tic manifold is a generalized Einstein manifold.

1. INTRODUCTION

One of the important curvature tensors is the projective tensor. According to
this importance, many authors focused on its geometrical properties. Kirichenko
[I1] proved that nontrivial projective-recurrent K-space of maximal rank is 6-
dimensional manifold of constant curvature tensor. Abood [3] studied the pro-
jective tensor of nearly Kahler manifold. Abood and Mohammed [4] proved that
almost Kahler manifold is a Kahler manifold if it is a projective parakdhler man-
ifold. Shashikala and Venkatesha [20] studied the generalized pseudo-projective
&-recurrent N (k)-contact metric manifold. Later on, Abood and Abd Ali [I] found
the necessary condition that Viasman-Grey manifold has flat generalized projec-
tive tensor. Abood and Abd Ali [2] studied the projective-recurrent Viasman-Gray
manifold. Finally, Atceken, Yildirim and Dirik [6], [7], [21], [22] studied certain cur-
vature tensors including the pseudo-projective on some contact metric manifolds.

In this paper, we obtain some results on generalized projective tensor when
it’s act on nearly cosymplectic manifold. In particular, we found the necessary
and sufficient conditions that nearly cosymplectic manifold is generalized Einstein
manifold.
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2. PRELIMINARIES

Let M be a smooth manifold of dimension 2n + 1 greater than 3, X (M) be
the module of smooth vector fields on M, X¢(M) be the complexification of the
module X (M) and T;5(M) be the complexification of tangent space T},(M) at the
point p € M.

An almost contact manifold (AC-manifold) is the set (M,n,&, @, g), where 7 is
differential 1-form called a contact form, & is a vector field called a characteristic,
® is endomorphism of X (M) called a structure endomorphisim and g = (.,.) is the
Riemannian metric on M. Moreover, the following conditions are fulfilled:

nEg) =1,8&) =0,n0®=0,8*=—id+n®E,

and (PX,PY) =(X,Y) —n(X)n(Y); X, Y € X(M) [].

In the module X¢(M), define two endomorphisms o and & as follows:
o = 1(id — v/-1®) and ¢ = —3(id + v/—1®), then we can define two projections
as follows:

H=0col= —%(qﬂ —V=1®)and U =50l = %(@2 +V-19),

where c o ® = Poo = i0 and 6o P = ® oG = —ig. Therefore, If we denote
ImIl = DY ™" and Imil = Dy V™", then

X¢(M) =Dy & DyV " @ DY,

where Dq‘,ﬁ , Dy V=T and DY are proper submodules of the endomorphism ® with

proper values v/—1, —/—1 and 0 respectively [13].

At each point p € M, we can construct a frame in T;(M) by the form (p, 9,1, ..., €n,
€1, E0), Where g, = V20, (ep), €a = V25 (e,) and g9 = &, The frame (p, o, €1, -+ €n,
€1, ---,€5) Is called A-frame [16].

The principle fiber of all A-frames with structure group {1} x U(n) is called an
G-adjoined structure space.

The matrices of the AC-structure ®, and Riemannian metric g, in A-frame are
given by the following forms:

| 0 0 0 o
((I);) = 0 v-1rI, o ) (gij) = 0 I On (21)
0 0 —v—11, "

where I, is the identity matrix of order n [14].

An almost contact manifold is called a nearly cosymplectic manifold (N C-manifold)
if the equality Vx(®)Y 4+ Vy (@)X =0; X,Y € X (M) holds [9].

The following theorem explains the structure equations of NC-manifold in the
G-adjoined structure space.
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Theorem 2.1. [I5] In the G-adjoined structure space, the structure equations of
NC-manifold are given by the following forms:

(1) dw®=wg A wb + B A w,. + %C’“bwb A w;

(2) dwg = —w? Awp + Bapew® A w® + %Cabwb A w;

(3) dw = C*wy A we + Cpew® A WS

(4) dw} =w? Aw§ + [Agd — 2B By + 3C9C)Jwe A wy,

where B = YApe  Cob = /= 12 ;. Cap = —v/—19f, o and By = e T

The tensors B, C and A are called the ﬁrst second and third structure tensors re-
spectively.

Definition 2.1. [I7] A Riemann-Christoffel tensor R of a smooth manifold M is
a tensor of type (4,0) which is defined by

R(X,Y,Z,W) = g(R(Z, W)Y, X),
where R(X,Y)Z = ([Vx,Vy| = V(xy))Z, and has the following properties:
(1) RIX,Y,Z,W)=—-R(Y, X, ZW);
(2) R(X7 Y7 Za W) = 7R(X> Y, I/Va Z)7
(3) R(X,Y,Z,W)=R(ZW,X,Y),
(4) R(X,Y,Z,W)+ R(X,Z,W,Y) + R(X,W,Y, Z) = 0.

The components of Riemann-Christoffel tensor of NC-manifold are given in the-
orem below.

Lemma 2.1. [I5] In the G-adjoined structure space, the components of Riemann-
Christoffel tensor of NC-manifold have the following forms:

(1) Rapea = 0;

( ) abed — 723ab[cd];

( ) abed — _2Bathth;

(4) Raovo = CCe;

( ) bod = Aad Bathhbc _ %Cadcbo

The other components of Riemann-Christoffel tensor R can be obtained by the
property of symmetry for R or equal to zero.

Definition 2.2. [10] A generalized Riemannian curvature tensor Gg on NC-manifold
M is a tensor of type (4,0) which is defined as the following form:
Gr(X,Y,Z, W) = 1—16{3[R(X,Y,Z7 W) + R(®X,DY,Z, W) + R(X,Y,2Z,dW) +
R(®X,DY,9Z,dW)] — R(X, Z,dW, Y ) — R(®X,PZ, W)Y ) — R(X,W,PY, D7) —
R(PX, W)Y, Z)+R(PX, Z, W, Y )+R(X,PZ, W, PY )+ R(PX,W,Y,PZ)+R(X, dW,dY, Z)},
where R(X,Y, Z) is the Riemann-Christoffel tensor, X,Y,Z, W € T,(M) and has
the following properties:
(1) Gr(X,)Y,Z,W)=-Gr(Y, X, Z,W)=—-Gr(X,Y,W, Z);
(2) GR(Xv Y7 Zs W) = GR(Za W, Xa Y);
(3) GR(X7 Yv Zv W) + GR(X7 ZaVV7Y) + GR(X7VVaKZ) = 0;
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(4) Gr(X,0X,0X,X) = R(X,5X, 06X, X).

Definition 2.3. [I8] A tensor G, of type (2,0) which is defined as (G, )i; = (GR)fjk
is called a generalized Ricci tensor.

Remark 2.1. [I8] A generalized Ricci tensor is symmetric , this follows form the
properties of symmetry of generalized Riemannian curvature tensor. This mean

(Gr)ij = (Gr)ji-
Definition 2.4. A generalized projective tensor Gp is a tensor of type (4,0) which
is defined as the form:
1
(Gp)ijki = (GR)iji — %[(Gr)ikgjl — (Gr)jkgil-

Definition 2.5. [1I] Let M be an AC-manifold, an ®-holomorphic sectional cur-
vature (®HS-curvature) of a manifold M in the direction X € X(M),X # 0 is a
function H(X) which is defined as:

H(X)=(R(X,®X)X,®X) | X|*

Definition 2.6. [I1] An AC-manifold is called a manifold of point constant ® HS-
curvature if

(R(X,2X)X, ®X) = | X||*,
where ¢ € C®° (M), for all X € X(M)

Theorem 2.2. [I1] An AC-manifold is a manifold of point constant ® HS-curvature
Cy if and only if, on the G-adjoined structure, the following equation holds:

— e (2.2)

~ad
where Cy € C=(M) and &y, = 676% + 6957
Definition 2.7. [19] A Riemannian manifold is called an Einstein manifold, if the
Ricci tensor satisfies the equation rj = eg;;, where e is an cosmological constant.

Similar to the above definition, we can introduce the following definition.

Definition 2.8. A Riemannian manifold is called a generalized Einstein manifold,
if the generalized Ricci tensor satisfies the equation (Gy)ij = (Ge)gij, where Ge is
a generalized cosmological constant.

3. THE MAIN RESULTS

In this section, we calculated the components of the generalized Riemannian
curvature tensor. Moreover, the necessary and sufficient condition that a nearly
cosymplectic manifold is generalized Einstein manifold has been found.

Lemma 3.1. In the G-adjoined structure space, the components of the generalized
Riemannian curvature tensor of NC-manifold are given by the following forms:
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(1) (Gr)avea = —ALS:
(2) (GR)speq = —3[A = 3B By — 2C*Cy).

And the others are conjugate to the above components or equal to zero.

Proof: By using the Lemma 2.1 and Definition 2.2, we compute the components
of generalized projective tensor as the following:
1) Put i =a,j =b,k=¢and | = d, we have

(GR)avea = 75 {3[Ravea + Ravea + Raved + Raved] + Racay + Racay — Radve—
Radve + Racav + Racab — Raave — Radve

Making use of the properties of G, we get
(GR)abea = —Apg-
2) Put i = a,j = b,k = ¢ and | = d, we obtain

(GR)avea = 75 {3[Ravea + Ravea + Raved + Raved] + Racay + Racay — Radve—
Radve + Racav + Racdb — Radve — Radve

According the the Definition 2.2, consequently we deduce
1 5
(GR)aped = —§[A§g — 3B By — gCadCbc].
By the same manner, we can get the other components.

Lemma 3.2. In the G-adjoined structure space, the components of the generalized
Ricci tensor of NC-manifold are given as the following form:

1 5
(Gr)ap = 5 A% + 3B*" By, + gC‘wccb.
And the others are conjugate to the above component or equal to zero.

Proof: By using the Lemma 2.1 and Definition 2.3, directly we obtain the above
components.

Lemma 3.3. In the G-adjoined space, the components of the generalized projective
tensor of NC-manifold take the following forms:
(1) (CP) e = — = (FAGL+3BY By gt 50 Cp)0h) — (S AY. 3BV By~
gC’befc)(Sg;
(2) (Cplasea = —Af5 + 2 (AT + 3B By gy + 50 C )5
(3) (GP)aped = — 5 (3454 + 3B By + 3C99C,) — L(AY + 3B By g +
209 Cye)dy.
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The remaining components are obtained by taking the conjugated operation to
the above components or are identical equal to zero.

Proof: .
1. Putt=a, j=0b, candl =d.
According to the Definition 2.4, we obtain
(GP)abea = (GR)gjea — ﬁ[(Gr)acg,;d — (Gr)j.9adl
By using the Lemmas 3.1, 3.2 and the matrices (2.1), we have
(GP)abea = .
_ﬁ((%A;]cc + 3Bathhfc + %Cafofc)ag) - (%Afjé - 3Bbthhfc - gcbefc)5g~
2.Puti=a, j=b, k=¢andl=d.
Harmonize to the Definition 2.4, we get
(Gp)avea = (Gn)aved — 5= [(Gr)acgva — (Gr)begad)
Taking into account the Lemmas 3.1, 3.2 and the matrices (2.1), we obtain
(GP)dbéd = —Agg + i(%A;fb + 3Bcthhfb + %CCfob)(sg.
By the same technique, we can compute the other components.

Theorem 3.1. If M is vanishing generalized projectively NC-manifold, then the
necessary and sufficient condition for M to be vanishing generalized Ricci tensor is
the holomorphic tensor vanishes.

Proof: Let M be vanishing generalized projectively NC-manifold.
According to the Lemma 3.3, we have
1
—I[(Gr)pegad] =0 3.1
5, [(Gr)vegadl (3.1)

If M is vanishing generalized Ricci tensor, then directly we get

(Gw)aved +

ac

bd — V-

Conversely, if M is vanishing holomorphic tensor, then we have

1
= 0% = 2
Qn[(GT)bc(sd] 0 (3 )
Contracting (3.2 by the indices (b, a) , it follows that
(Gr)ae = 0.

Theorem 3.2. An NC-manifold has vanishing holomorphic tensor if and only if,
M is a manifold of vanishing generalized projective tensor.

Proof: Let M be NC-manifold with vanishing generalized projective tensor.
Making use of the Lemma 3.3, we obtain

11 c c 5 c a
— AR+ 5, (AT 3B Bupy + 50 O = 0 (3.3)
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Symmetrizing and then antisymmetrizing the equation (3.3)) by the indices (c, f),
we get

=0
Conversely, let M be NC-manifold with vanishing holomorphic tensor, then the
equation (3.3]) takes the following formula:

1 5 .
(GP)&béd = %(336]%3}#5 + gCCfob)(;d (3.4)

Symmetrizing and then antisymmetrizing the equation (3.4) by the indices (c, f),
we deduce

(Gp)avea = 0.
Lemma 3.4. An NC-manifold has ®-invariant generalized Ricci tensor if and only
if,
PoG,=G.0d.

Theorem 3.3. Let M be NC-manifold. Then M has ®-invariant generalized Ricci
tensor if and only if, (G;)% =0 hold in the G-adjoined structure space.

Proof: Suppose that M is @- invariant generalized Ricci tensor.
According to the Lemma 3.4, we have

PolG,=Gr0®

By the G-adjoined structure space, the above equation becomes

(Po Gr); =(Gro QS);
This means

DGy = (Gr)i @) (3.5)
Put ¢ = @ and j = b , then the equation (3.5) becomes

DG, )y + PG )y + GG )y = (Gr)e @ + (Gr)e®; + (G )52y

By using (2.1), we have

(Gr)y = 0.

Theorem 3.4. Suppose that M is NC-manifold with vanishing generalize projective
tensor and ®-invariant generalized Ricci tensor. Then the necessary and sufficient
condition for M to be generalized Einstein manifold is A = %52, where Ge is a
generalized Cosmological constant.

Proof: Let M be NC-manifold with vanishing generalized projective tensor.
According to the Lemma 3.3, we have

ac 1 _
—Abd T 50 [(Gr)begaa =0 (3.6)
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Making use of the Definition 2.8, the equation (3.6) becomes

ac Ge Ccca
bd = %517501 (3.7)
Contracting the equation (3.7) by the indices (b, a), it follows that
Ge
Abe = =2 5¢ 3.8
bd = 50d (3.8)
Conversely,
Contracting the equation (3.6) by the indices (b, a), we have
1
—AY 4+ (G| = .
bd+2n[(G )ae] =0 (3.9)

Combining the equations (3.8)) and (3.9)), we conclude
(Gr)§ = Gedy
Therefore, by the Definition 2.8 and Theorem 3.3, M is generalized Einstein
manifold.

Theorem 3.5. Suppose that M is NC-manifold with vanishing generalized Rie-
mannian curvature tensor and P-invariant generalized Ricci tensor. If M is a gen-
eralized Einstein manifold then Ge = %—OCbCC’bd.

Proof: Let M be NC-manifold with vanishing generalized Riemannian curvature
tensor. Then from Lemma 3.1 we have

1 5
—§[A§§l — 3BV By — gCadC’bC] =0 (3.10)
By symmetrization and antisymmetrizatin the equation (3.10) by the induces (d, h)
we get

Agd — gcadcbc =0 (3.11)

Contracting the equation (3.11)by the induces (b, a), (d, ¢) and (¢, d), we deduce

Abe — gcbccbd =0 (3.12)

Since M is generalized Einstein manifold, then from the Theorem 3.4, the equation
(3.12) becomes

Ge 5 b
—05— =C"Chyy = 1
50— 5C"Cha =0 (3.13)

Contracting the equation (3.13)by the induces (d, a), implies

1
Ge = gocbccbd.
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Theorem 3.6. [5] Suppose that M is NC-manifold. Then the necessary and suffi-
ctent condition that M is a manifold of point constant ® HS-curvature Cy is

Co
2
Theorem 3.7. Suppose that M is NC-manifold of point constant ® HS-curvature
Co and vanishing generalized projective tensor with ®-invariant generalized Ricci

tensor, then C* Cy. = 7%0“)5?

Agd — gedhg gcadcbc 4 o5

Proof: Let M be NC-manifold of @ HS-curvature tensor and vanishing general-
ized projective tensor.
According to the Lemma 3.3, we have

1 1 a a 5 o 1
— o (A BB Byp 4 20T Cp)8) — (G AY, ~ 3BV By

5
~ gcbfcfc)ag (3.14)
By using Theorem 3.6, the equation (3.14) becomes

5 ~a )
— 5 GBI Be + S0 Cro+ D550) + 3B Bupe + 20V Cp)ol -

1 _
— S(=2B"" By + %06;{)63 —0 (3.15)

Symmetrizing and then antisymmetrizing the equation (3.15)) by the indices (b, f)
and (f,h), we conclude that

Cg(n + 1)

CCpe = =15

5.
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