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GENERALIZED PROJECTIVE CURVATURE TENSOR OF
NEARLY COSYMPLECTIC MANIFOLD

NAWAF J. MOHAMMED AND HABEEB M. ABOOD

Abstract. In this paper, we concentrated our attention on geometry of gen-
eralized projective tensor of nearly cosymplectic manifold. In particular, we
studied the flatness property of generalized projective tensor. This property
helped us to find the necessary and suffi cient condition that nearly cosymplec-
tic manifold is a generalized Einstein manifold.

1. Introduction

One of the important curvature tensors is the projective tensor. According to
this importance, many authors focused on its geometrical properties. Kirichenko
[11] proved that nontrivial projective-recurrent K -space of maximal rank is 6-
dimensional manifold of constant curvature tensor. Abood [3] studied the pro-
jective tensor of nearly Kähler manifold. Abood and Mohammed [4] proved that
almost Kähler manifold is a Kähler manifold if it is a projective parakähler man-
ifold. Shashikala and Venkatesha [20] studied the generalized pseudo-projective
Φ-recurrent N(k)-contact metric manifold. Later on, Abood and Abd Ali [1] found
the necessary condition that Viasman-Grey manifold has flat generalized projec-
tive tensor. Abood and Abd Ali [2] studied the projective-recurrent Viasman-Gray
manifold. Finally, Atceken, Yildirim and Dirik [6], [7], [21], [22] studied certain cur-
vature tensors including the pseudo-projective on some contact metric manifolds.
In this paper, we obtain some results on generalized projective tensor when

it’s act on nearly cosymplectic manifold. In particular, we found the necessary
and suffi cient conditions that nearly cosymplectic manifold is generalized Einstein
manifold.
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2. Preliminaries

Let M be a smooth manifold of dimension 2n + 1 greater than 3, X(M) be
the module of smooth vector fields on M , Xc(M ) be the complexification of the
module X(M) and T cp (M ) be the complexification of tangent space Tp(M) at the
point p ∈M .
An almost contact manifold (AC-manifold) is the set (M,η, ξ,Φ, g), where η is

differential 1-form called a contact form, ξ is a vector field called a characteristic,
Φ is endomorphism of X(M) called a structure endomorphisim and g = 〈., .〉 is the
Riemannian metric on M. Moreover, the following conditions are fulfilled:

η(ξ) = 1,Φ(ξ) = 0, η ◦ Φ = 0,Φ2 = −id+ η ⊗ ξ,

and 〈ΦX,ΦY 〉 = 〈X,Y 〉 − η(X)η(Y ); X,Y ∈ X(M) [8].
In the module Xc(M ), define two endomorphisms σ and σ̄ as follows:

σ = 1
2 (id −

√
−1Φ) and σ̄ = − 1

2 (id +
√
−1Φ), then we can define two projections

as follows:

Π = σ ◦ ` = −1

2
(Φ2 −

√
−1Φ) and Π̄ = σ̄ ◦ ` =

1

2
(Φ2 +

√
−1Φ),

where σ ◦ Φ = Φ ◦ σ = iσ and σ̄ ◦ Φ = Φ ◦ σ̄ = −iσ̄. Therefore, If we denote
ImΠ = D

√
−1

Φ and ImΠ̄ = D−
√
−1

Φ , then

Xc(M ) = D
√
−1

Φ ⊕D−
√
−1

Φ ⊕D0
Φ,

where D
√
−1

Φ , D−
√
−1

Φ and D0
Φ are proper submodules of the endomorphism Φ with

proper values
√
−1,−

√
−1 and 0 respectively [13].

At each point p ∈ M , we can construct a frame in T cp (M ) by the form (p, ε0, ε1, ..., εn,

ε1̂, ..., εn̂), where εa =
√

2σp(ep), εâ =
√

2σ̄(ep) and ε0 = ξp. The frame (p, ε0, ε1, ..., εn,
ε1̂, ..., εn̂) is called A-frame [16].
The principle fiber of all A-frames with structure group {1} × U(n) is called an

G-adjoined structure space.
The matrices of the AC -structure Φp and Riemannian metric gp in A-frame are

given by the following forms:

(Φij) =

 0 0 0
0
√
−1In o

0 0 −
√
−1In

 , (gij) =


1 0 0
0 0 −In
0 In 0

 (2.1)

where In is the identity matrix of order n [14].
An almost contact manifold is called a nearly cosymplectic manifold (NC-manifold)

if the equality ∇X(Φ)Y +∇Y (Φ)X = 0; X,Y ∈ X(M) holds [9].
The following theorem explains the structure equations of NC-manifold in the

G-adjoined structure space.
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Theorem 2.1. [15] In the G-adjoined structure space, the structure equations of
NC-manifold are given by the following forms:

(1) dωa = ωab ∧ ωb +Babcωb ∧ ωc + 3
2C

abωb ∧ ω;

(2) dωa = −ωba ∧ ωb +Babcω
b ∧ ωc + 3

2Cabω
b ∧ ω;

(3) dω = Cbcωb ∧ ωc + Cbcω
b ∧ ωc;

(4) dωab = ωac ∧ ωcb + [Aadbc − 2BadhBhbc + 3
2C

adCbc]ω
c ∧ ωd,

where Babc =
√
−1
2 Φa

b̂,ĉ
, Cab =

√
−1Φa

0,b̂
, Cab = −

√
−1Φâb,0 and Babc = −

√
−1
2 Φâb,c.

The tensors B, C and A are called the first, second and third structure tensors re-
spectively.

Definition 2.1. [17] A Riemann-Christoffel tensor R of a smooth manifold M is
a tensor of type (4, 0) which is defined by

R(X,Y, Z,W ) = g(R(Z,W )Y,X),

where R(X,Y )Z = ([∇X ,∇Y ]−∇[X,Y ])Z, and has the following properties:

(1) R(X,Y, Z,W ) = −R(Y,X,Z,W );
(2) R(X,Y, Z,W ) = −R(X,Y,W,Z);
(3) R(X,Y, Z,W ) = R(Z,W,X, Y );
(4) R(X,Y, Z,W ) +R(X,Z,W, Y ) +R(X,W, Y, Z) = 0.

The components of Riemann-Christoffel tensor of NC-manifold are given in the-
orem below.

Lemma 2.1. [15] In the G-adjoined structure space, the components of Riemann-
Christoffel tensor of NC-manifold have the following forms:

(1) Râbcd = 0;
(2) Rabcd = −2Bab[cd];

(3) Râb̂cd = −2BabhBhcd;
(4) Râ0b0 = CacCbc;
(5) Râbcd̂ = Aadbc −BadhBhbc − 5

3C
adCbc.

The other components of Riemann-Christoffel tensor R can be obtained by the
property of symmetry for R or equal to zero.

Definition 2.2. [10] A generalized Riemannian curvature tensor GR on NC-manifold
M is a tensor of type (4, 0) which is defined as the following form:
GR(X,Y, Z,W ) = 1

16{3[R(X,Y, Z,W ) + R(ΦX,ΦY,Z,W ) + R(X,Y, ΦZ,ΦW ) +
R(ΦX,ΦY, ΦZ,ΦW )]−R(X,Z,ΦW,ΦY )−R(ΦX,ΦZ,W, Y )−R(X,W,ΦY, ΦZ)−
R(ΦX,ΦW, Y, Z)+R(ΦX,Z, ΦW, Y )+R(X,ΦZ,W,ΦY )+R(ΦX,W, Y, ΦZ)+R(X,ΦW,ΦY,Z)},
where R(X,Y, Z) is the Riemann-Christoffel tensor, X,Y, Z,W ∈ Tp(M) and has
the following properties:

(1) GR(X,Y, Z,W ) = −GR(Y,X,Z,W ) = −GR(X,Y,W,Z);
(2) GR(X,Y, Z,W ) = GR(Z,W,X, Y );
(3) GR(X,Y, Z,W ) +GR(X,Z,W, Y ) +GR(X,W, Y, Z) = 0;
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(4) GR(X,ΦX,ΦX,X) = R(X,ΦX,ΦX,X).

Definition 2.3. [18] A tensor Gr of type (2, 0) which is defined as (Gr)ij = (GR)kijk
is called a generalized Ricci tensor.

Remark 2.1. [18] A generalized Ricci tensor is symmetric , this follows form the
properties of symmetry of generalized Riemannian curvature tensor. This mean
(Gr)ij = (Gr)ji.

Definition 2.4. A generalized projective tensor GP is a tensor of type (4, 0) which
is defined as the form:

(GP )ijkl = (GR)ijkl −
1

2n
[(Gr)ikgjl − (Gr)jkgil].

Definition 2.5. [11] Let M be an AC-manifold, an Φ-holomorphic sectional cur-
vature (ΦHS-curvature) of a manifold M in the direction X ∈ X(M), X 6= 0 is a
function H(X) which is defined as:

H(X) = 〈R(X,ΦX)X,ΦX〉 ‖X‖−4

Definition 2.6. [11] An AC-manifold is called a manifold of point constant ΦHS-
curvature if

〈R(X,ΦX)X,ΦX〉 = c‖X‖4,
where c ∈ C∞(M), for all X ∈ X(M)

Theorem 2.2. [11] An AC-manifold is a manifold of point constant ΦHS-curvature
C0 if and only if, on the G-adjoined structure, the following equation holds:

R
(ad)
(bc) =

C0

2
δ̃
ad

bc , (2.2)

where C0 ∈ C∞(M) and δ̃
ad

bc = δabδ
d
c + δacδ

d
b .

Definition 2.7. [19] A Riemannian manifold is called an Einstein manifold, if the
Ricci tensor satisfies the equation rij = egij, where e is an cosmological constant.

Similar to the above definition, we can introduce the following definition.

Definition 2.8. A Riemannian manifold is called a generalized Einstein manifold,
if the generalized Ricci tensor satisfies the equation (Gr)ij = (Ge)gij, where Ge is
a generalized cosmological constant.

3. The main results

In this section, we calculated the components of the generalized Riemannian
curvature tensor. Moreover, the necessary and suffi cient condition that a nearly
cosymplectic manifold is generalized Einstein manifold has been found.

Lemma 3.1. In the G-adjoined structure space, the components of the generalized
Riemannian curvature tensor of NC-manifold are given by the following forms:
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(1) (GR)âbĉd = −Aacbd;
(2) (GR)âbcd̂ = − 1

2 [Aadbc − 3BadhBhbc − 5
3C

adCbc].

And the others are conjugate to the above components or equal to zero.

Proof: By using the Lemma 2.1 and Definition 2.2, we compute the components
of generalized projective tensor as the following:
1) Put i = â, j = b, k = ĉ and l = d, we have

(GR)âbĉd = 1
16{3[Râbĉd +Râbĉd +Râbĉd +Râbĉd] +Râĉdb +Râĉdb −Râdbĉ−

Râdbĉ +Râĉdb +Râĉdb −Râdbĉ −Râdbĉ}

Making use of the properties of GR, we get

(GR)âbĉd = −Aacbd.
2) Put i = â, j = b, k = ĉ and l = d, we obtain

(GR)âbĉd = 1
16{3[Râbĉd +Râbĉd +Râbĉd +Râbĉd] +Râĉdb +Râĉdb −Râdbĉ−

Râdbĉ +Râĉdb +Râĉdb −Râdbĉ −Râdbĉ}

According the the Definition 2.2, consequently we deduce

(GR)âbcd̂ = −1

2
[Aadbc − 3BadhBhbc −

5

3
CadCbc].

By the same manner, we can get the other components.

Lemma 3.2. In the G-adjoined structure space, the components of the generalized
Ricci tensor of NC-manifold are given as the following form:

(Gr)âb =
1

2
Aaccb + 3BachBhcb +

5

3
CacCcb.

And the others are conjugate to the above component or equal to zero.

Proof: By using the Lemma 2.1 and Definition 2.3, directly we obtain the above
components.

Lemma 3.3. In the G-adjoined space, the components of the generalized projective
tensor of NC-manifold take the following forms:

(1) (GP )âb̂cd = − 1
2n (( 1

2A
af
fc+3BafhBhfc+

5
3C

afCfc)δ
b
d)−( 1

2A
bf
fc−3BbfhBhfc−

5
3C

bfCfc)δ
a
d;

(2) (GP )âbĉd = −Aacbd + 1
2n ( 1

2A
cf
fb + 3BcfhBhfb + 5

3C
cfCfb)δ

a
d;

(3) (GP )âbcd̂ = − 1
2n ( 1

2A
ad
bc + 3BadhBhbc + 5

3C
adCbc) − 1

2 (Aaffc + 3BafhBhfc +
5
3C

afCfc)δ
d
b .
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The remaining components are obtained by taking the conjugated operation to
the above components or are identical equal to zero.

Proof:
1. Put i = â, j = b̂, c and l = d.
According to the Definition 2.4, we obtain

(GP )âb̂cd = (G<)âb̂cd −
1

2n [(Gr)âcgb̂d − (Gr)b̂cgâd]

By using the Lemmas 3.1, 3.2 and the matrices (2.1), we have

(GP )âb̂cd =

− 1
2n (( 1

2A
af
fc + 3BafhBhfc + 5

3C
afCfc)δ

b
d)− ( 1

2A
bf
fc − 3BbfhBhfc − 5

3C
bfCfc)δ

a
d.

2. Put i = â, j = b, k = ĉ and l = d.
Harmonize to the Definition 2.4, we get

(GP )âbĉd = (G<)âbĉd − 1
2n [(Gr)âĉgbd − (Gr)bĉgâd]

Taking into account the Lemmas 3.1, 3.2 and the matrices (2.1), we obtain

(GP )âbĉd = −Aacbd + 1
2n ( 1

2A
cf
fb + 3BcfhBhfb + 5

3C
cfCfb)δ

a
d.

By the same technique, we can compute the other components.

Theorem 3.1. If M is vanishing generalized projectively NC-manifold, then the
necessary and suffi cient condition for M to be vanishing generalized Ricci tensor is
the holomorphic tensor vanishes.

Proof: Let M be vanishing generalized projectively NC -manifold.
According to the Lemma 3.3, we have

(G<)âbĉd +
1

2n
[(Gr)bĉgâd] = 0 (3.1)

If M is vanishing generalized Ricci tensor, then directly we get

Aacbd = 0.

Conversely, if M is vanishing holomorphic tensor, then we have

1

2n
[(Gr)bĉδ

a
d] = 0 (3.2)

Contracting (3.2) by the indices (b, a) , it follows that

(Gr)dĉ = 0.

Theorem 3.2. An NC-manifold has vanishing holomorphic tensor if and only if,
M is a manifold of vanishing generalized projective tensor.

Proof: Let M be NC-manifold with vanishing generalized projective tensor.
Making use of the Lemma 3.3, we obtain

−Aacbd +
1

2n
(
1

2
Acffb + 3BcfhBhfb +

5

3
CcfCfb)δ

a
d = 0 (3.3)



GENERALIZED PROJECTIVE CURVATURE TENSOR 189

Symmetrizing and then antisymmetrizing the equation (3.3) by the indices (c, f),
we get

Aacbd = 0.

Conversely, let M be NC-manifold with vanishing holomorphic tensor, then the
equation (3.3) takes the following formula:

(GP )âbĉd =
1

2n
(3BcfhBhfb +

5

3
CcfCfb)δ

a
d (3.4)

Symmetrizing and then antisymmetrizing the equation (3.4) by the indices (c, f),
we deduce

(Gp)âbĉd = 0.

Lemma 3.4. An NC-manifold has Φ-invariant generalized Ricci tensor if and only
if,

Φ ◦Gr = Gr ◦ Φ.

Theorem 3.3. Let M be NC-manifold. Then M has Φ-invariant generalized Ricci
tensor if and only if, (Gr)

â
b = 0 hold in the G-adjoined structure space.

Proof: Suppose that M is Φ- invariant generalized Ricci tensor.
According to the Lemma 3.4, we have

Φ ◦Gr = Gr ◦ Φ
By the G-adjoined structure space, the above equation becomes

(Φ ◦Gr)ij = (Gr ◦ Φ)ij

This means

Φik(Gr)
k
j = (Gr)

i
kΦ

k
j (3.5)

Put i = â and j = b , then the equation (3.5) becomes

Φâc (Gr)
c
b + Φâĉ (Gr)

ĉ
b + Φâ0(Gr)

0
b = (Gr)

â
cΦ

c
b + (Gr)

â
ĉΦ

ĉ
b + (Gr)

â
0Φ

0
b

By using (2.1), we have

(Gr)
â
b = 0.

Theorem 3.4. Suppose that M is NC-manifold with vanishing generalize projective
tensor and Φ-invariant generalized Ricci tensor. Then the necessary and suffi cient
condition for M to be generalized Einstein manifold is Abcbd = Ge

2n δ
c
d, where Ge is a

generalized Cosmological constant.

Proof: Let M be NC -manifold with vanishing generalized projective tensor.
According to the Lemma 3.3, we have

−Aacbd +
1

2n
[(Gr)bĉgâd] = 0 (3.6)
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Making use of the Definition 2.8, the equation (3.6) becomes

Aacbd =
Ge

2n
δcbδ

a
d (3.7)

Contracting the equation (3.7) by the indices (b, a), it follows that

Abcbd =
Ge

2n
δcd (3.8)

Conversely,
Contracting the equation (3.6) by the indices (b, a), we have

−Abcbd +
1

2n
[(Gr)dĉ] = 0 (3.9)

Combining the equations (3.8) and (3.9), we conclude

(Gr)
c
d = Geδcd

Therefore, by the Definition 2.8 and Theorem 3.3, M is generalized Einstein
manifold.

Theorem 3.5. Suppose that M is NC-manifold with vanishing generalized Rie-
mannian curvature tensor and Φ-invariant generalized Ricci tensor. If M is a gen-
eralized Einstein manifold then Ge = 10

3 C
bcCbd.

Proof: LetM be NC-manifold with vanishing generalized Riemannian curvature
tensor. Then from Lemma 3.1 we have

−1

2
[Aadbc − 3BadhBhbc −

5

3
CadCbc] = 0 (3.10)

By symmetrization and antisymmetrizatin the equation (3.10) by the induces (d, h)
we get

Aadbc −
5

3
CadCbc = 0 (3.11)

Contracting the equation (3.11)by the induces (b, a), (d, c) and (c, d), we deduce

Abcbd −
5

3
CbcCbd = 0 (3.12)

Since M is generalized Einstein manifold, then from the Theorem 3.4, the equation
(3.12) becomes

Ge

2n
δcd −

5

3
CbcCbd = 0 (3.13)

Contracting the equation (3.13)by the induces (d, a), implies

Ge =
10

3
CbcCbd.



GENERALIZED PROJECTIVE CURVATURE TENSOR 191

Theorem 3.6. [5] Suppose that M is NC-manifold. Then the necessary and suffi -
cient condition that M is a manifold of point constant ΦHS-curvature C0 is

Aadbc = BadhBhbc +
5

3
CadCbc +

C0

2
δ̃
ad

bc .

Theorem 3.7. Suppose that M is NC-manifold of point constant ΦHS-curvature
C0 and vanishing generalized projective tensor with Φ-invariant generalized Ricci
tensor, then CafCfc = −C0(n+1)

10 δac .

Proof: Let M be NC-manifold of ΦHS -curvature tensor and vanishing general-
ized projective tensor.
According to the Lemma 3.3, we have

− 1

2n
((

1

2
Aaffc + 3BafhBhfc +

5

3
CafCfc)δ

b
d)− (

1

2
Abffc − 3BbfhBhfc−

− 5

3
CbfCfc)δ

a
d (3.14)

By using Theorem 3.6, the equation (3.14) becomes

− 1

2n
(
1

2
(BafhBhfc +

5

3
CafCfc +

c0
2
δ̃
af

fc ) + 3BafhBhfc +
5

3
CafCfc)δ

b
d−

− 1

2
(−2BbfhBhfc +

c0
2
δ̃
bf

fc)δ
a
d = 0 (3.15)

Symmetrizing and then antisymmetrizing the equation (3.15) by the indices (b, f)
and (f, h), we conclude that

CafCfc = −C0(n+ 1)

10
δac .
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