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Abstract
In this paper, we combine the important concepts which are Fuzzy numbers and Fibonacci, Lucas
numbers. We introduce the concepts of Fuzzy Fibonacci and Fuzzy Lucas numbers by this combination.
By this motivation, we provide a bridge between the areas Fuzzy sets and number theory. Afterwards,
we generalize their well-known properties by the definitions of Fuzzy Fibonacci and Lucas numbers.
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1. Introduction
Mathematics is based on exact concepts and there is not vagueness. Since in many other fields such as medicine,

engineering, economics and sociology, the notions are vagueness, researchers need to define some new concepts
to remove the vagueness. In order to solve the problems about vagueness in these areas, the fuzzy set theory is
proposed by Zadeh in 1965. The fuzzy set theory is based on the fuzzy membership function µ : A→ [0, 1] for any
set A. By the fuzzy membership function, we can determine the membership grade of an element with respect to a
set. A fuzzy set F is described by its membership function µF . Since fuzzy set theory has a lot of applications in
real life, the interest of workings and researchings are increasing in recent years.

In 1978, Dubois and Prade [2] defined fuzzy number which is a fuzzy subset of the real line. A fuzzy number is
a generalization of a real number. Because it does not refer to one single value. However it refers to a connected set
of possible values, where each possible value has its own membership in [0, 1] . The concept of fuzzy number is
a powerful paradigm for representation of the imprecision in numeric information. Therefore the definitions of
arithmetic operations was necessary for fuzzy numbers in order to use the applications to mathematics, engineering,
economics etc. The arithmetical structures of fuzzy numbers have been developed in the 1980s and this enabled
to design the elements of fuzzy calculus [6, 7]; Dubois and Prade stated the exact analytical fuzzy mathematics
and introduced the well-known LR model and the corresponding formulas for the fuzzy operations. See [3, 7] for
the basic concepts. More recently, the literature on fuzzy numbers has grown in terms of contributions to fuzzy
arithmetic operations and to the use of simple formulas to approximate them; an extensive recent survey and
bibliography on fuzzy intervals is in [13]. In general, the arithmetic operations on fuzzy numbers can be approached
either by the direct use of the membership function or by the equivalent use of the α-cuts representation. By the
α-cuts approach, it is possible to define a parametric representation of fuzzy numbers that allow a large variety of
possible shapes and is very simple to implement, with the advantage of obtaining a much wider family of fuzzy
numbers than for standard LR model [12, 19]. This representation has the relevant advantage of being applied to
the same [0, 1] interval for all the fuzzy numbers involved in the computations. Gao and Zhang [10] introduced the
definitions of the arithmetic operations on triangular fuzzy numbers by the α−cuts intervals.

Second important item is Fibonacci and Lucas numbers in this paper. Fibonacci numbers have an important
place in mathematics. It is known that the dominant root of the characteristic equation of the Fibonacci sequence is

Received : 22–10–2018, Accepted : 07–10–2019



Fuzzy Fibonacci and Fuzzy Lucas Numbers... 219

1+
√
5

2
∼= 1.618 which is called golden ration. One can see this ration in nature, historical artifacts, human bodies

etc. There are also a lot of combinatorial identities belongs to Fibonacci numbers. In the issues of the Fibonacci
Quarterly, we can find many new facts, applications, and relationships about this numbers. Moreover, we can find
the connected sequences such as Lucas numbers, Pell numbers for Fibonacci numbers, too. For more information
about Fibonacci and Lucas numbers, we refer to the book [17] for readers.

In the paper of Halıcı [13], two concepts Fibonacci numbers and quaternions are combined by author. Moreover,
well-known identities belongs to Fibonacci and Lucas numbers were obtained for Fibonacci and Lucas quaternions.
By motivation of this paper, we think two concepts Fuzzy numbers and Fibonacci, Lucas numbers together. We
mean that Fuzzy Fibonacci and Fuzzy Lucas numbers are defined in this paper. Moreover, we investigate the
combinatorial identities and relationships both Fuzzy Fibonacci numbers and between Fuzzy Fibonacci and Fuzzy
Lucas numbers.

As a result, we think that this study provide a bridge between the areas Fuzzy sets and number theory.
Now, we give the fundamentals about Fuzzy numbers and Fibonacci, Lucas numbers, separately.

2. Preliminaries
2.1 Fuzzy number

If a fuzzy set is convex and normalized, and its membership function is defined in R and piecewise continuous, it
is called a fuzzy number. There are two types of fuzzy numbers which are triangular fuzzy number and trapezoidal
fuzzy number. We focus on triangular fuzzy number in this paper.

Generally, a triangular fuzzy number is represented by three points, two of them are left and right of the interval,
the remaining point is a peak point as (a1, a2, a3) such that a1, a2, a3 ∈ R.

Figure 1. Fuzzy Number A = (a1, a2, a3)

A triangular fuzzy number A = (a1, a2, a3) can be represented by α−cut operation which we denote Aα. To
convert a triangular fuzzy number to α−cut interval, we follow that

Aα = [aα1 , a
α
3 ] = [a1 + α (a2 − a1) , a3 − α (a3 − a2)] (2.1)

where α ∈ [0, 1] and aαi ∈ R for i = 1, 3.
Assume that Aα = [aα1 , a

α
3 ] and Bα = [bα1 , b

α
3 ] are two α−cut intervals. The arithmetic operations of the α−cut

intervals are followings.

1. Addition
Aα +Bα = [aα1 + bα1 , a

α
3 + bα3 ] (2.2)

2. Subtraction
Aα −Bα = [aα1 − bα1 , aα3 − bα3 ] (2.3)

3. Multiplication

Aα ·Bα = [min {aα1 bα1 , aα1 bα3 , aα3 bα1 , aα3 bα3 } , max {aα1 bα1 , aα1 bα3 , aα3 bα1 , aα3 bα3 }] (2.4)
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4. Division

Aα/Bα = [min {aα1 /bα1 , aα1 /bα3 , aα3 /bα1 , aα3 /bα3 } , max {aα1 /bα1 , aα1 /bα3 , aα3 /bα1 , aα3 /bα3 }] (2.5)

such that 0 /∈ {bα1 , bα3 } .

5. Multiplication with scaler number

k ·Aα = [min {kaα1 , kaα3 } , max {kaα1 , kaα3 }]

where k ∈ R.

2.2 Fibonacci and Lucas numbers
Assume that Fn denotes the nth Fibonacci number which defining by the following relation. For n ≥ 2,

Fn = Fn−1 + Fn−2 (2.6)

with the initial conditions F0 = 0 and F1 = 1. A few Fibonacci numbers are,

0, 1, 1, 2, 3, 5, 8, 13, 21, . . .

Let Ln denotes the nth Lucas numbers. Lucas numbers are known the member of the associated sequence of
Fibonacci numbers. That is, Lucas numbers satisfies the same recurrence relation with the different initial conditions
of Fibonacci numbers.

Ln = Ln−1 + Ln−2 (2.7)

together with L0 = 2 and L1 = 1.

2.3 Fuzzy Fibonacci and Lucas Numbers
In this section, we define the Fuzzy Fibonacci and Fuzzy Lucas numbers by using Fibonacci and Lucas numbers.

Definition 2.1. Let {Fn} be Fibonacci sequence. For n ≥ 0 integer, Fuzzy Fibonacci numbers are defined as

Fαrn+l =
[
Fr(n−1)+l + α

(
Frn+l − Fr(n−1)+l

)
, Fr(n+1)+l − α

(
Fr(n+1)+l − Frn+l

)]
where r, l ∈ Z+ and α ∈ [0, 1] .

When we take r = 1 and l = 0, several Fuzzy Fibonacci numbers are following;

Fα0 = [1− α, 1 + α] , Fα1 = [α, 1] , Fα2 = [1, 2 + α] , Fα3 = [1 + α, 3 + α] , . . .

Since Fuzzy Fibonacci numbers include Fibonacci numbers, then Fuzzy Fibonacci numbers satisfy the similar
recurrence relation (2.6) with initial conditions Fα0 = [1− α, 1 + α] , Fα1 = [α, 1]. That is

Fαn = Fαn−1 + Fαn−2

for n ≥ 2.

Definition 2.2. Let {Ln} be Lucas sequence. For n ≥ 0 integer, Fuzzy Lucas numbers are defined as

Lαrn+l =
[
Lr(n−1)+l + α

(
Lrn+l − Lr(n−1)+l

)
, Lr(n+1)+l − α

(
Lr(n+1)+l − Lrn+l

)]
where r, l ∈ Z+ and α ∈ [0, 1] .

When we take r = 1 and l = 0, several Fuzzy Lucas numbers are following;

Lα1 = [2− α, 3− 2α] , Lα2 = [1 + 2α, 4− α] , Lα3 = [3 + α, 7− 3α] , . . .

Together with initial conditions Lα0 = [−1 + 3α, 1 + α] , Lα1 = [2− α, 3− 2α] , Fuzzy Lucas numbers satisfy recur-
rence relation. That is

Lαn = Lαn−1 + Lαn−2

for n ≥ 2.
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3. Identities of Fuzzy Fibonacci and Fuzzy Lucas Numbers

In this part, we generalize some well-known identities of Fibonacci and Lucas numbers to Fuzzy Fibonacci and
Fuzzy Lucas numbers. We see that although some of the properties remain same, the others change. Now we give
them.

Theorem 3.1. Fαn and Lαn be nth Fuzzy Fibonacci and Lucas numbers such that n ≥ 0, respectively. Then

Fαn+2 − Fαn−2 = Lαn

holds.

Proof. By the Definition 2.1. and (2.2) , we have

Fαn+2 − Fαn−2 = [Fn+1 + αFn, Fn+3 − αFn+1]

− [Fn−3 + αFn−4, Fn−1 − αFn−3]
= [Fn+1 − Fn−3 + α (Fn − Fn−4) ,

Fn+3 − Fn−1 − α (Fn+1 − Fn−3)] .

Since Fn+2 − Fn−2 = Ln, then we get together with the Definition 2.2.

Fαn+2 − Fαn−2 = [Ln−1 + αLn−2, Ln+1 − αLn−1]
= Lαn.

Theorem 3.2. Let n ≥ 0 integer. Assume that Fαn and Lαn be nth Fuzzy Fibonacci and Lucas numbers, respectively. Then we
have

(a) 2Fαn+2 = 3Fαn + Lαn
(b) 2Lαn+2 = 5Fαn + 3Lαn
(c) 5Fαn = Lαn+1 + Lαn−1
(d) 2Fαn+1 = Fαn + Lαn
(e) 2Lαn+1 = 5Fαn + Lαn
(f) FnFαm−1 + Fn+1F

α
m = Fαm+n

(g) Lαn = Fαn−1 + Fαn+1.

Proof. Since the method of the proof is same as the proof of Theorem 3.1, we omit this proof to cut the unnecessary
repetition.

In the sequel, we give identities including product of Fuzzy Fibonacci and Lucas numbers.

Theorem 3.3. Let m, n be non-negative integers and Fαn be nth Fuzzy Fibonacci number. Then

FαmF
α
n−m+1 + Fαm−1F

α
n−m

∼= (Fn−2, Fn, Fn+2)

= [Fn−2 + α (Fn − Fn−2) , Fn+2 − α (Fn+2 − Fn)]

holds.
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Proof. Using the Definition 2.1. and arithmetic operations for fuzzy numbers, we get

FαmF
α
n−m+1 + Fαm−1F

α
n−m = [Fm−1 + αFm−2, Fm+1 − αFm−1]

× [Fn−m + αFn−m−1, Fn−m+2 − αFn−m]

+ [Fm−2 + αFm−3, Fm − αFm−2]
× [Fn−m−1 + αFn−m−2, Fn−m+1 − αFn−m−1]

= [(Fm−1 + αFm−2) (Fn−m + αFn−m−1) ,

(Fm+1 − αFm−1) (Fn−m+2 − αFn−m)]

+ [(Fm−2 + αFm−3) (Fn−m−1 + αFn−m−2) ,

(Fm − αFm−2) (Fn−m+1 − αFn−m−1)]
= [Fm−1Fn−m + Fm−2Fn−m−1+

α (Fm−1Fn−m−1 + Fm−2Fn−m

+Fm−2Fn−m−2 + Fm−3Fn−m−1)

+α2 (Fm−2Fn−m−1 + Fm−3Fn−m−2) ,

Fm+1Fn−m+2 + FmFn−m+1 −
α (Fm−1Fn−m+2 + Fm+1Fn−m

+FmFn−m−1 + Fm−2Fn−m+1)

+α2 (Fm−1Fn−m + Fm−2Fn−m−1)
]

Since FmFn−m+1 + Fm−1Fn−m = Fn holds for non-negative integers n and m, we obtain that

FαmF
α
n−m+1 + Fαm−1F

α
n−m =

[
Fn−2 + 2αFn−3 + α2Fn−4,

Fn+2 − 2αFn + α2Fn−2
]
. (3.1)

We put α = 0 and α = 1 in (3.1) in order to convert this Fuzzy number to α−cut interval. If we use the formula (2.1),
then we get a1 = Fn−2, a2 = Fn and a3 = Fn+2.

FαmF
α
n−m+1 + Fαm−1F

α
n−m

∼= [Fn−2 + α (Fn − Fn−2) , Fn+2 − α (Fn+2 − Fn)]
= (Fn−2, Fn, Fn+2)

is obtained by the formula (2.1).

The identities in the following theorem can be proven by using the method in the proof of the Theorem 3.3.
Therefore, we give them without their proof.

Theorem 3.4. For non-negative integer n, m and α ∈ [0, 1] , the following identities hold
(a) (Fαn )

2
+
(
Fαn+1

)2 ∼= Fα2n+1

(b) Fα2n ∼= Fαn L
α
n

(c) 2L2n
∼= 5 (Fαn )

2
+ (Lαn)

2

(d)
(
Fαn+2k

)2 − (Fαn )
2 ∼= F2kF

α
2n+2k

(e) Fαn Fαm−1 + Fαn+1F
α
m
∼= (Fn+m−2,Fn+m, Fn+m+2)

(f) 5FαmFαn + LαmL
α
n
∼= 2Lαn+m.

One can see easily that the well-known Fibonacci and Lucas identities are obtained when we put α = 1 in all of
the these identities.
Remark 3.1.
1. We observe that if we take the coefficients Fn, Fn+1 or Fm−1, Fm as Fibonacci numbers in (f) of Theorem 2, then
the identity does not change. However, if we replace the coefficients Fαn , Fαn+1

(
orFαm−1, F

α
m

)
as Fuzzy Fibonacci

numbers in (e) of Theorem 4, then one can see that the identity changes.

2. Addition and subtraction of Fuzzy Fibonacci and Fuzzy Lucas numbers are a Fuzzy number. This situation is
also valid for multiplication with a scaler of a Fuzzy Fibonacci and Fuzzy Lucas number. But, multiplications of
Fuzzy Fibonacci and Fuzzy Lucas numbers do not fit the definition of Fuzzy number since we obtain second order
polynomial in the components of α−cut interval. In order to remove the terms α2, we put α = 0 and α = 1 in the
second order polynomials, respectively. Therefore, we have approximate values in Theorem 3.3 and Theorem 3.4.
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Theorem 3.5. For non-negative integer n, we have the followings,
(a)
∑k
n=0 F

α
n = Fαk+2 − Fα1

(b)
∑k
n=0 F

α
2n = Fα2k+1 − Fα1

(c)
∑k−1
n=0 F

α
2n+1 = Fα2k

Proof. (a) By the recurrence relation of Fuzzy Fibonacci sequence, we have

Fαn = Fαn+2 − Fαn+1.

So,
k∑

n=0

Fαn =

k∑
n=0

Fαn+2 − Fαn+1

By telescoping sum,
k∑

n=0

Fαn = Fαk+2 − Fα1

follows as claimed.
(b) By the definition of the Fuzzy Fibonacci numbers, we get,

k∑
n=0

Fα2n =

k∑
n=0

[
F2(n−1) + αF2n−1, F2n+2 − αF2n+1

]
=

[
k∑

n=0

F2(n−1) + α

k∑
n=0

F2n−1,

k∑
n=0

F2n+2 − α
k∑

n=0

F2n+1

]
= [F2k−1 + α(F2k − 1), F2k+3 − 1− αF2k+3]

= [F2k−1 + αF2k, F2k+3 − αF2k+3]− [α, 1]

= Fα2k+1 − Fα1

So, we obtain the claimed result. The (c) can be proven by similarly. Therefore, we give it without proofs.

4. Conclusion
A fuzzy number is simply an ordinary number whose exact value is somewhat uncertain. Fuzzy numbers allow

us to make the mathematical model of vagueness and are used in statistics, computer programming, engineering
and experimental science.

In this paper we define Fuzzy Fibonacci and Fuzzy Lucas numbers. Afterwards, we give several combinatorial
identities including these numbers. By the means of the these concepts, we combine two important areas which are
linear recurrences and fuzzy set theory. We believe that this study can be applied to other identities or carried other
areas of linear recurrences in future.
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