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Abstract

The central idea of this article is to present a systematic approach to construct some recurrence relations for
the solutions of the second-order linear difference equation of hypergeometric-type defined on the quadratic-
type lattices. We introduce some recurrence relations for such solutions by also considering their applications
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1. Introduction

Hypergeometric functions have been studied by many researchers [18, [19] 20], with special interest pre-
viously in such functions defined on different type lattices such as uniform lattice like linear-type and non-
uniform lattices, like quadratic, g-linear and g-quadratic types. In 1983, these functions were studied by
Nikiforov and Uvarov who started from the second-order linear difference equation of hypergeometric-type
satisfied by such functions, thereby paving the way for this theory to be developed by several other authors
(see e.g. 318,12, 17, 18,19, 20]). Discrete polynomials are in the special class of these kind of hypergeometric
functions and used in many problems [9] [10, 1T}, 17, [I8] [19, 20].

In particular, g-polynomials on the g-quadratic lattices have been of particular interest in recent studies
(see e.g. |9, [10L 111, 17, 18| 19} 20]) since they are the most general discrete orthogonal families, from which
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all the other hypergeometric orthogonal polynomials can be obtained. Such polynomials are the solutions of
the second-order difference equation of hypergeometric-type defined on the g-quadratic lattices.

In this work, we introduce an approach to construct recurrence relations for the hypergeometric functions
on the g-quadratic lattices z(s) = ¢1¢°® + c2q™° + ¢3 which, also cover the hypergeometric-type functions on
the quadratic lattices (s) = c15% + c25 + 3 as a limit case when ¢ — 1 (see e.g. [1]). Here, we also apply
g-Racah and dual Hahn polynomials on the ¢g-quadratic and quadratic lattices.

Since, in several quantum-mechanical models, the wave functions can be expressed in terms of some
hypergeometric-type functions, such recurrence relations give more information about the physical systems
modelled by such functions. In fact, the recurrence relations are more useful for the evaluation of these
functions than the direct method (see e.g., |7, [14] [I5] and the references therein).

This paper is motivated by the work done by R. Alvarez-Nodarse et al. [4, [5, [6]. In fact, in [5], the
authors considered the continuous case and obtained some recurrence relations for the Jacobi, Laguerre
and Hermite polynomials in addition to the difference analogues of hypergeometric functions on the linear
lattices z(s) = s to apply the theory for the Hahn, Meixner, Charlier and Kravchuk polynomials. In [6],
the authors studied the difference analogues of hypergeometric functions on the linear-type lattices, and
later applied the theory to the ¢-polynomials on g-linear lattices x(s) = ¢1¢® 4+ ¢ while considering the big
g-Jacobi, Alternative ¢-Charlier polynomials as applications. For the quadratic case, there are only a few
known recurrence relations (see the results by Suslov in [19, 20]). As such, the main aim of the present paper
is to extend the results of [6] to the general quadratic-type lattice and develope constructive approach for
the recurrence relations of such functions. Here we go further and consider the recurrence relations for the
functions on the quadratic-type lattices and apply the theory to the g-Racah and dual Hahn polynomials,
thus expanding the results of the papers [4, [5, [6].

Notice that since the lattice considered in this paper is not linear-type, the general results of [6] may not
be applied. In particular, some of the representative examples considered in [6] cannot be obtained for the
quadratic-type lattices.

The structure of the paper is as follows: In section 2, the preliminary results are introduced. In section 3
and 4, the general theorems for recurrence relations are given. Finally, the last section concludes the paper
with some representative examples.

2. Preliminaries

We include some useful information (see e.g. [I, [I8]) on the g-hypergeometric functions needed for the
rest of the paper.

The hypergeometric functions on the non-uniform lattices satisfy the following second-order difference
equation of hypergeometric-type on the non-uniform lattices

A | [Vy(s)

. + Ay(s) =0, (1)

where

—_

o(s) = a(x(s)) — 57(x(s))Az(s — %)7 7(s) = 7(z(s)). (2)

Here, Ay(s) = y(s+1)—y(s) and Vy(s) = y(s) —y(s—1) are the forward and backward difference operators,
respectively, where
Ay(s) = Vy(s +1), (3)

and the coefficients & (x(s)) and 7(z(s)) are polynomials in z(s) of degree at most 2 and 1, respectively, and
A is a constant.
In this paper, we study the quadratic-type lattices: the so-called quadratic lattice

z(s) = ¢15% 4 o5 + c3, (4)
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and the g-quadratic lattice,

S —S S —S— - G q
o9) = ala)e’ + el + ) =a@[r + ] Fal, =20 )
with ¢; # 0,¢1(q) # 0.
Remark 2.1. Quadratic-type lattices have the following properties:
x(s+k)+xz(s
CEREIE) _ ayn(s) + B (©
1 1
(s + k) —a(s) = wlAwr(s — 5) = wVar(s + 3) (7)
where L
oi(s) = als + ) (®)
and
g —+ q_g c3 k N\ 2
q k _k
=TT Be==F (a7 ) = [k (9)
Here, [k]q is the symmetric g-number defined by
q2 — (¢
kg = +——- (10)
q2 —q 2
Theorem 2.2. [18,[19] The difference equation has a particular solution
c, A pu(8)Vx,11(8)
v v v+1
Yo (2) = (2) Z = VL (11)
P S au(s) — ()]
provided that the condition
b
U(S)p’/(s)va“"l(S) T — 0 (12)
551/71(5) - CCV,1(Z + 1)] s=a
is satisfied. Here, C), is a constant.
Notice that p(s) and p,(s) satisfy the following Pearson equations
pls+1) _ols) +7(s)Az(s —3) _ 4(s)
o(5) o(s +1) o(s+ 1)’
p(s+1) _o(s) +r(s)Am(s— 1) _ 6,5 "
pu(s) o(s+1) o(s+1)
where
(s) = o(s+v)—o(s)+7(s+v)Az(s+v— %)’ (14)
Azy,_1(8)
and, therefore
$u(s) =o(s) + m(s)Azu(s — 3)
=o(s+1)+7-1(s+1)Az,_1(s+ 3) (15)

=o(s+v)+7(s+v)Azx(s+v—1).
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Notice that

du(s)=¢(s+v)=0o(s+v)+1(s+v)Az(s+v — é), (16)

where, v € C' is the solution of
=~

~ o
A+ [V]q{a,,_lr/ +[v— 1],13} =0,

with [z], and oy defined by and @, respectively.
In the following, we will use the function 7, (s) defined as

5.(s) = o(s) + %Ty(s)my(s - %). (17)
By and ,
ou(s)+o(s) = 20,(s), (18)
Bu(s) —~ols) = mls)Ar(s— ). (19)
The generalized power of the lattices z,,(s), given in , are defined as [I]
L=
[l‘m(s) - xm(z)] = [[(@n(s) = 2m(z =), keN
=0
[mm(s) - xm(z)] (0) =1

The generalized power for the lattices and are obtained as follows:
For the quadratic lattice of the form

() IF's—z+a)(s+z+v+pu+1) €2
v - 4y =c% ’ o 2
[96 (s) —= (Z)} “ I'(s—2)(s+z+v—a+p+1) g 1 .

For the g-quadratic lattice of the form

x,(s) — my(z)} () — Ly(s —z+a)ly(s+2+v+C+ 1§q—a(s+§)

Fy(s=2)g(s+z+v—a+C+1

@ (o) (@ Qoo (N T @)oo
X[Cq 1—q2] = (q)g T2 , (21
H)l-9) (@) (¢* "% @)oo (ng* 1T q) oo 2D
where C' = log(621(fg)écl (q)), n= 2 EZ; and classical g-Gamma function, I'y, is related to the infinite g-product
[13] by formula
—s (339)
L (s)=(1—¢q)t* , O0<g<l.
o(s) =1 -4) (¢ @)oo
Here, the infinite g-product [13] is defined by (a; ) = H(l —ag®).
k=0

Proposition 2.3. [1, [0, [19/ Let v be a complex number with m, k as positive integers with m > k. For the
quadratic-type lattice of the form and (@, we have
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() — 2u(2)

P:@)—x<aym::@%“>‘xﬂz—kﬂmhm’ 2
[ajy(s) —x,(z }(mﬂ)
— = [Ty m(s+m) —z,_m(2) (23)
[201(9) 2] ™ rontes |
(m+1)
[3«"1}(8) — (2 } = = [xy_m(s) _ :(:,,_m(z)}. (24)

[%—1(8 +1) — xy_l(z)]

The proof is straightforward using and , hence it is omitted. The generalization of the above
expressions can be written with the following lemma.

Lemma 2.4. Let p; and v;, © = 1,2,3 be complex numbers such that the differences v; — v; and p; — i
1,7 =1,2,3 are integers and

Mo — Hi = Vo — Vi (25)
where vy is the v;, 1 = 1,2,3 with the largest real part, and po is the p;, 1 = 1,2,3 with the largest real part.

Then, the ratio of the generalized power can be calculated with the following formulas:
1. Ifvy =1y

[.I'VO(S) — Ty, (2 }(HOH)

[wui(s) — (%)

2. Ifl/g—l/i>0anduo—,ui:n, —v;=mn

}(Mﬁ-l) = [m’l,o (s) = Ty (2 — i — 1)} (Mo—ui).

[x,,o(s) _ ac,,o(z)] (to+1) - |
](ui—i-l) - H [$V0—uo (84 po — 1) — Tug—po (Z)} .

EAOEERE =0

S Ifvy—vi>0and pp—pu;=n, vg—v; =n—k, (vp —v; <n)

{SUVO(S) ~z (2 }(Mo-&-l) e
[l‘ (s) —x (z)} b g [x"o po (8 + o — 1) — ‘xVO*uo(Z)]
X kl_Il {xui(s) — 2, (z—po+n—1 —j)],
J=0

Proof. At this stage, we only sketch the proof for the 3rd case, and the others can be done in an analogous
way. One can write the ratio of the generalized power in the 3rd case by
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] (po+1) } (pro+1)

{x,,o (8) — xyy(2)
[a:,,i(s) —x,,(2)

[93,,0(5) — Ty, (2

Tyy—1(8) — Tuy—1(2)

](ui+1) [ } (o)

] (ko) ] (po—n—+k+1)

[10-1(5) = 2p-1(2) (@ k(5) = T2

X

(po—=1)"" [ (po—n-+k)

[20-2(5) = 2p(2)] Ty nth1(5) = Ty k1 (2)]
(mo—n+2)

[muo—n—i—k(s) — Tyy—ntk(2 }

X...

(po—n+1)’
[$Vo—n+k(5) — Tyg—ntk(z }

where pg— p; = n, vg—v; = n— k. Then, from the hypothesis and the formulas and of Proposition
2.3 the results in the lemma follow.
O]

3. Recurrence relation on the quadratic-type lattices

Here, we obtain the general recurrence relation for the functions on the quadratic-type lattices defined
by and . To do so, we generalize the idea used for the linear-type lattices in the recent papers [4} [5, [6].
Next, we prove the following lemma as a generalization of the linear-type lattices considered in Lemma 3.2.
of [6, page 4] for the quadratic-type lattices.

Lemma 3.1. Let x(z) be quadratic-type lattices of the form and @ Then, the following linear relation

holds
3

Z Ai(z)\IJVinU«i (z) =0, (26)
i=1
where the coefficients A;(z) are non-zero polynomial functions in x(z) and
b—1

\I/V#(Z) — pu(s)vxu+l](‘(93+l) (27)

s=a [$V(s) —x,(2)

provided that the differences v; —v; and pi; —p; 1,5 = 1,2, 3 are integers such that po—p; > vo—v;, i = 1,2, 3,
and the following condition holds

o(5)p. ()2 (s)

Tyy—1(8) — Tuy—1(2)

=0, k=0,1,2,... (28)

} (1o)

S=a

Where, v, is the v;, i = 1,2,3 with the smallest real part, vy is the v;, i = 1,2,3 with the largest real part
and po is the p;, 1 = 1,2,3 with the largest real part.
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Proof. By adding the function ¥,, ,, defined by into the sum, we have

3 3 b—1
v (8)Vy, 11(s
Z Ai(2) W, Z Z £l +1}((M)i+1)

i=1 s=a |:$l/i(5) - xl/z(z)
b— b—
LS () V) g pu.(3)
il (pi+1) (ro+1)
s=a izt [aw) e = (2 (5) = w10 (2)
(o+1)
Z pyZ s) (s) [xlfo (s) — 2wy (Z)}
i Va,11(s
g (mi+1)
= 0.6 [0, (s) = o ()]
where
pun(5) = 95 + v2)0(s + v + 1).0cd(s + 13— D)py (5) (29)
by the Pearson equation . Thus, we have
‘ il U“m (po+1) 5
i=1 s=a [IL‘Z,O(S) — Ty, z)]
where
(o+1)
3 [33,,0(5) — Ty (2 }
O(s) = 3 A2)Vau(s) — (30)
= [20,(5) = 2, (2)]

Xp(s+v)p(s +ve+1)..p(s + v — 1)

where the ratio of the generalized power can be computed using Lemma
We need to show that there exists a polynomial Q(s) in the linear space A = Span{z"},cz with z =
q°,s € Z such that

. () () — a(s)pv.(s)
S ls) = A Q)| (31)
ENCETNE] A a1 (5) — 2up1(2)]

If Q(s) exists, then the sum in s over s = a to b — 1, together with the boundary condition lead to
the relation . By substituting the g-quadratic lattice x(s) = ¢1(q)q¢® + c2(q)q~* + ¢3(q) in each factors of
II(s) in , one can rewrite it as a polynomial in z = ¢® and 1/z = ¢~°, which is a special class of Laurent
polynomials [16],

Aoy, = {R € _,A,| the coefficent of 2" is nonzero}

whose basis is {1,271, 2, 272,22, 273,23, ...}, where z = ¢°, s € Z and its L-degree is 2n.

In order to prove the existence of the polynomial Q(s), we rewrite the right hand-side of

Dpy. (s +1) N
o(s+1)py,(s+ s41)— o(8)py,(s) (ND)Q(S) _
(20105 + 1) — ()] ™ [210-1(5) = 210-1(2)]
(po+1)
pu, (s P (s+1) [xlfo (8) — 2y, (Z)}
(M0+1 S + 1 Do, 8)

} (1o)

|:$VO(S) Ty ( z [x,,o_l(s +1) —xy-1(2)

%Q(s+1) — o(s > WQ(s)
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By using the Pearson equation and formulas and of Proposition respectively, one gets

() 5 Z(S<)z>] e [210() : V;(S()a} Gy 1909 24

~2un-110(2)| Qs + 1) = 0(5) [T o (5 + 10) = Tua (2)] Q) }-
Therefore,

Q(s+1)

H(S) = v, (3) [xl/o—lto (3) — Lug—po (z)

— a(s)

Lvo—po (3 + MO) — Luo—po (Z)] Q(S)7 (32)

where 6. (5) = 0(s) + 7. (5)Vary. +1(5).

Recall that I1(s) is a Laurent polynomial belongs to _, A, where z = ¢°. Notice that, o(s) is a polynomial
of the degree at most two in x(s) and also a Laurent polynomial belongs to _sAg, where z = ¢°, of L-degree
at most four. Moreover, 7, (s) is a polynomial of degree one in x,,(s) and also a Laurent polynomial belongs
to —1A1, where z = ¢°, of L-degree two. In addition, zx(s) is a Laurent polynomial belongs to _1A;, where
z = q°, of L-degree two.

Therefore, by substituting the g-quadratic lattice and taking into account property , one can see
that Q(s) is also a Laurent polynomial, whose L-degree is at least six less than the L-degree of II(s).

Note that two Laurent polynomials are equal if their coefficients are the same just like the case with the
ordinary polynomials. Then, one can use the equality of the coefficents of the Laurent polynomials in order
to find A;(z). This completes the proof.

O

In the limit case as ¢ — 1, one can also get the results of Lemma for the quadratic lattice z(s) =
0182 + co28 + c3.

3.1. Examples

In this part, we construct several recurrence relations in order to show how Lemma [3.1] works.

Example 3.2. The functions ¥, ,,, ¥, ,_1 and ¥, ,_o are connected by the following relation
A1(2)W, 0 (2) + A2(2)¥, 1 —1(2) + A3(2) ¥y p—2(2) =0

where the coefficients A1(z), Aa(z) and As(z) are the functions in z

A = w08~ 25(0) - 7 (0)2(:)

+  [7B8 4+ a1 (0) — %,0,,(0) — 7,2(2) ]2 (2 — v)

T %525] 2, (2 — V)an(z — v +1) — 22(z — v+ 1)],
Ax(z) = 7,8, + a1 (0) —7,0,,(0) — 7,x(2)

+ [na, - %52/”/]2%(2 —v+1),
A3(z) = T,ou — ’Yuai”,

2
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where o, By and v, are defined by (@ and

et/

Gu(s) = Zal(s)+5,(0),(s) +5,(0), (33)
T(s) = TLI’V(S)—FTV(O) (34)

are the Taylor polynomial expansion of the functions o,(s) and 7,(s) defined by and , respectively.
Proof. By Lemma we have v = v, s =v,v3=v and u; = v, uo =v — 1, ug = v — 2. By formula

II(s) = Az,(s— %){Ag(z)xg(s) + |Aa(z) — 2A3(2)zy (2 — v + 1)} xy(s)
(35)
+ [Al(z) — As(2)my (2 — v) + A3(2)22 (2 — v + 1)} }

and by

I(s) = ¢u(s) [2(s) — 2(2)]Q(s + 1) — o(s) [x(s + ) — 2(2)]Q(s). (36)
Notice that if we add g-quadratic lattice into and use property , then II(s) in becomes a
Laurent polynomial belongs to _3As, where z = ¢®. Note that the L-degree of TI(s) is six. Since the L-degree
of Q(s) is at least six less than II(s), then the degree of Q(s) becomes zero, i.e. Q(s) = k, where k is a
constant. Then, (36) can be rewritten as the following:

= k{;gby(s)x(s) — —o(s)x(s+v)+ %%(S)ﬂ?(s) —so(s)z(s+v)
1 1 1 1
+ §¢V(s)x(s +v)— 5@,(3)1:(8 +v)+ ia(s)x(s) — Ea(s)w(s)

Choosing k = 1, the above expression becomes

z(s+v)+a(s)
2
z(s+v) —z(s)

— du(s) 5 —o(s)

= [bu(s) — a(s)]x(2).

I(s) = du(s)

Then, we have

(s) = [%(8) B a(s)] x(s+ 1/; + z(s)
B [(;51/(8) N U(S)} x(s + 1/2) —xz(s)
- [qb,,(s) — a(s)]x(z).

By using expressions , , @ and @, we get

H(S) = AJ}V(S - ;){7—1/(3) [auxu(s) + Bl/} - ’Yl/bvzl(s) - Tl/(s)x(z)}'
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Using 0, (s) and 7,(s) from and (B4)), it follows

I(s) = Az, (s — }) { [rhow =1 %] 22(9) + |78, + cum(0) = 15w (0)

_TLac(z)} z,(s) + [TV(O)@, —v,0,(0) — T,,(O)l’(z)] }

Now, by equating the polynomials II(s) in and , we obtain the following system of equations

/ 51/”

As(z) =100 — Y 5
Ao(2) = 243(2) 1y (2 —v+1) =78, + 2,7, (0) — 7,6,,(0) — 7/2(2)

A1(2) = Ao(2)an(z = v) + As(2)a(z v +1) = 7,(0)8, — 16,(0)
7,(0)z(2).
By solving this system, one can obtain the coefficients A;(z), A2(z) and A3(z). O

Example 3.3. The following relation holds
A1(Z)\I’u,u—1(2) + AQ(Z)\I/V,V_Q(Z) + A3(Z)\IJV+17V(Z) =0

where A1(z), Aa(2) and As(z) are the functions in z

o(z—v+1)
Ail2) CVa,i(z—v+1)
11 () — o(z—v+1)
Ax(2) = Yo—1 Az(z) v(2) Ve,11(z—v+1)
As(z) = —v.

Here, =, is defined by (@)

Proof. By Lemma we have vy = v, o =v,v3=v+1land uyy =v —1, us = v — 2, ug = v. By formula
(30,
I(s) = A1(2)Vayga(s)[z1(s + l/) — 1(2)]
+A45(2)Vayq1(s) [z1(s + v) — 21(2)] [z (s) — 20 (2 — v + 1)] (38)
+A3(2)Vry42(s)9(s +v)

and by ,
I(s) = ¢u(s) [x1(s) — 21(2)]Q(s + 1) — o (s)[21(s + V) — 21(2)] Q(s). (39)

Notice that if we use g-quadratic lattice and property , then II(s) in becomes a Laurent polynomial
belongs to _3A3, where z = ¢°. The L-degree of TI(s) is six. Since the L-degree of Q(s) is at least six less
than II(s), then degree of Q(s) becomes zero, i.e. Q(s) =k, where k is a constant. Let us choose k = 1.

We remark here that since II(s) in and are Laurent polynomials belong to _3Aj3, where z = ¢°,
one can find the coefficients A;(z) by equating them. Here, we consider giving particular values to make some
terms of II(s) in . or . Zero. Therefore it becomes simpler to determine CoefﬁClents A;(z). Firstly, let
s=z—vin H( ) be defined by (38) and ( . Notice that the first two terms in and the second term
of vanish, leading to

(2 —v) = A3(2)$(2) Varsa(z = v) = du(z — V) [21(2 — v) — 21(2)],
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where ¢, (z — v) = ¢(z) by and z1(z — v) — 21(2) = =% Va,42(z — v) by (7) with (8). Then, one gets
Az(2) = =

In order to find A;(z) let s =z — v+ 1 in II(s) defined by and (39). Notice that the second term of
vanishes and gives
Mz—v+1) = A1(2)Vayp1(z —v+1)[z1(z + 1) — 21(2)]
+ A3(2)¢(2+1)Vaypo(z —v+1)
= ¢o(z—v+1[z1(z—v+1) —21(2)]
o(z—v+1)[zi(z+1) — 21(2)]
where ¢, (z —v+1) = ¢(2z+1) by and z1(z+1) —z1(z) = Az1(z) = Az(z+ 1) by the forward operator
with . Moreover, z1(z — v+ 1) —z1(2) = = Va,12(z —v + 1) by @ Replacing As(z) = —,, one has
o(z—v+1)
Va,i1(z—v+1)

A1 (Z) =

Finally, to find As(z) we set s = z in II(s) defined by and (39). Notice that first term of
disappears and leads to
M(z) = A1(2)Vayr(2)[z1(z +v) — 21(2)]
+  A(2)Vay41(2) [21(2 + v) — 21(2)] [20(2) — 20 (z — v + 1)]
+  A3(2)Vay42(2)0(z +v) = —o(2) [z1(z + v) — 21(2)],
where Vz,49(2) = V(2 + 1) = Az, (2) by (3) with (§) and z1(z +v) — z1(2) = Az, (2), z,(2) — zp(2 —
v+1) =y,_1Az(z) by , with . Then, with the help of together with and , one can

have
1 1 o(z—v+1)
- r(2) ,
Yo—1 Azx(z) Vzyi1(z—v+1)

Az ()

which completes the proof. The other proofs can be made by using the same method. Thus, we do not
include them here.
O

Example 3.4. The functions ¥, ,,, ¥, ,_1 and ¥, 11,41 have the following relation
A1(2)Wy,(2) + A2(2)Wp-1(2) + A3(2)Vpi1,041(2) =0

where coefficients A1(z), Aa(z) and As(z) are the functions in z

Ai(z) ¢z) [ =Y+ Y41 Vayia(z = V)} o(z—v)

- Ax(z) Vippi(z—v))  Vai(z—v)
_ iTV(Z) — Ai(2)

Az(2) = Y Ax(z— %)

A3(2) = =41

where v, is defined by @

Example 3.5. The functions V41, Yy_1, and ¥, _1,_1 hold the relation that follows
A1(2)Vy pi1(2) + Ao(2) W1 0(2) + A3(2) V1 ,—1(2) =0

where coefficients A1(z), Aa(z) and As(z) are the functions in z
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A1(z) = =
L1 oz —v
e e

2
d(z—1)Va,p1(z —v)
T Az(z — H) V(2 — v)
iT,/_l(Z) — AQ(Z)
T Va(z) .

Here, 7, is defined by (@)

Example 3.6. The following relation holds
AI(Z)\I/I/—LV—I(Z) + AQ(Z)\IIV,I/(Z) + AS(Z)\IIV,V+1(Z) =0

where Aq(z), Aa(z) and As(z) are the functions in z

1) o(2) | d(z+rv—1)Va,(z—v)
Ai(z) = ’y,,{ Vz(z) Vz,(2)Vz(z)
oy d(z+v—1)Va,(z—v+1) oz+v—1)o(z—v)Azx(z — %)
Y Va,(2)Va,p1(z —v) d(z — 1)V, (2)Vr,p1(z — v)
. Hgb(z—i-l/— 1)}
Y V,(z)

_ Vz,(z —v+1) o(z — v)Az(z — 1)
Az(z) = Yv+1 — W V:J:V+1(z — y) B (;5(2 — 1)Va:y+1(z _2 V)

Ag(2) = =31V (z — )

where vy, is defined by @

Example 3.7. ¥, ,, ¥, ,_1 and ¥,_1,_1 are connected by
A1(2) Wy (2) + A2(2)Vpp-1(2) + A3(2)¥y—10-1(2) = 0

where coefficients A1(z), Aa(z) and As(z) are the functions in z

Ay(2) = —3Qz — v+ 1)

As(z) = gz;

_ Z—UV Zrrv— (2 + 3

) = ol ¢ SRR SR
y C(z)
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where

C(z)

- -

D(z) =

¢(z +v)Az(2)Vr, (2)Q(z +2)

Y41
o(z+ 1)V, (2)Vz,(z+ 1)Q(z + 1)
i d(z+ 1)V, (2)Vays1(z + 1)Q(z — v+ 1)
Yv+1
(2 +

o(2)Vax,(z+1)Vz, 1)Q(z)
d(z+v—1)Va,(z+ 1)Vz,(z + 1)Q(z — v + 1),

o(z +v)Va,(2)Veyq1(z + 1)Va(z + 1)

d(z+v—1)Va,(z2+1)Vz,(z + 1)Va(z + %)

and 7y, is defined by (9). Here, Q(2) is a first-degree polynomial in x(z). In particular, considering Q(z) =
Vz,(z) leads to the following formulas:

Ai(z) = =V, (z —v+1)

AQ(Z) =

Q
—
S
S—
|

+ o+

D(z)

C(z)
D(z)
—o(2) Pz +v—-DVa,(z —v+1) oz+v—-1Va(z+ )
Vi, (2) V,(z2)
C(2)
D(z)’
o(z +v)Ax(2)Vz,(2)Vr, (2 + 2)
Tv+1
o(z + 1)V, (2)Vz,(z + 1)Vz,(z + 1)
T d(z+v)Va,(2)Vayp1(z + 1)Va,(z —v + 1)
Yv+1
o(2)Va,(z + 1)V, (z + 1)V, (2)

d(z+v—1)Vr,(z2+1)Ve,(z + 1)V, (z —v + 1),

d(z +v)Va,(2)Ve,y1(z + 1)Va(z + 1)
d(z+v—1)Va,(z2+1)Vz,(z + 1)Va(z + %)

Next section includes the recurrence relations for the solutions of the second-order linear difference equa-
tion of hypergeometric type using Lemma

4. Recurrence relations of the solutions of the second-order linear difference equation of hy-
pergeometric type

We first remark that the solution y, of the difference equation can be rewritten using the function

Uy, as

&\I!l,y,,(z).

wl2) = p(z)

(40)
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Here, we include the recurrence relations related with solutions ¥, and their difference derivatives as defined
in [19, 20] by

y = AWy, (s) = Q‘I’ k(s) (41)
” = i
where
W _ (2 A (A
AT = (Amk_1> (Am) (Ax())’
k
pr(s) = o(s+ Dprr(s +1) = p(s + k) [ o (s +1), (42)
i=1

_ &//_ k-1
8= [ownitin 45T ) = mia ) < T
=0

&’//
Ry = 041/—177/ + ’YV—1?7 Cz(/o) = CV'
The following theorem has been proved for the linear-type lattices in [4, B, [6]. It is also valid for the
quadratic-type lattices but together with the condition of Lemma 3.1}

Theorem 4.1. The following linear relation holds

3

by the conditions of Lemma[3.1], where
Bi(s) = Ai(s)(CYI) (s + ky).(s + ki — 1).
Here, A;(s) are the coefficient functions of the recurrence relations defined in Lemma ,

Proof. By Lemma there exist the functions A4;(z), i = 1,2, 3 such that the following linear relation holds

D A (I pr (s)ulf) () = 0,

which can be rewritten as the following

3

Y Bils)yl(s) =0, Bi(s) = Ai(s)(CID) T (s + ki)edb(s + ki — 1),
i=1

by dividing the equality with pg,(s), where k., = min{ki, ko, k3} and then, using expression , which
completes the proof. O
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From , the examples and lead to the following relations

Bi(s)yu(s) + Ba(s)yy (s) + Bs(s)y s) =
M (s) + Ba(s)ys” (s) + Ba(s >y,,+1<s>
)+ Ba(s)ys") (5) + Bs(s)yus1(s) =

) + Ba()ys” (s) + Bs(s)yu—1(s) =

Notice that the last two relations are the so-called raising and lowering relations, respectively, which are
equivalent to the following A-ladder-type recurrence relations, respectively,

Ba(h(s) + Balo) 24+ Balohna(s) = (a1)

Ay (s)
Az(s)

Note that in order to get a A-ladder-type recurrence relation, it is sufficient to put k1 =0, ke =1, k3 =0
and 11 = v, n =V, '3 = v+ m into , where m = F1.

Bi(s)y(s) + Ba(s) + By(s)y-1(s) = 0. (45)

Corollary 4.2. The following three-term recurrence relation holds

Bi(s)yu(s) + Ba(s)yu+1(s) + Ba(s)yu-1(s) = 0,

provided that the conditions in Lemma exist. Here, coefficients B;(s), i = 1,2,3 are the polynomial
functions.

Proof. By substituting k1 =0, ko =0, k3=0and vy =v,nn=v+1,v3=v—11in , one can obtain the
above relation. 0

5. Applications to polynomials on the quadratic-type lattices

In this section, we include the applications of the method to the ¢g-Racah and dual Hahn polynomials
which are defined by with v = n. These polynomials are general and defined on the g-quadratic lattices
of the form x(s) = ¢~* + dy¢**! and the quadratic lattices of the form x(s) = s(s + 1), respectively.

One can find a detailed study on these polynomials in [, [I7, I8]. Since the g-Racah and dual Hahn
polynomials are defined by where v = n, then condition is satisfied. Therefore, Lemma and
Theorem [£.1] hold for such polynomials.

In the following, we include the two types of recurrence relations consisting of the polynomials and their
difference-derivatives.

5.1. The application of the method to the q-Racah polynomials
Let vy =n, s =n,v3=n+1and ky =0, kg = 1, k3 = 0 in Theorem [£.1] then we get

Bi(8)Py(s) + Ba(s) AW P, (s) + Bs(s)Puy1(s) = 0.

1 o(s) VZni2(s —n) o(s—n)
Bi(s) = Cn {A:U(s) [ ~ Mt Yo V$n1:1(5 —n))  Vanii(s—n) }
B = A 1 7uls) =GB (o)
2( 8

ey Az(s— 1)

Bs(s) = — Zﬂni
n
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where 7, is defined by @ and C7(11) = (ap_17 +'yn_1%”)Cn. Notice that this case is considered in example 8
with n = v. Placing the corresponding values of the g-Racah polynomials from Table 1 in coefficients B;(s),
1=1,2,3, we have

1

Bi(s) = 07{

2" =) *(q* — aq)(q* — v9)(1 — Bog*™)
(1 —dvg>+?)
q71/2(1 _ 6,yq2sfn+2)
(1 — dyg2—nt)
¢ — ) (1 = 8¢ (1 - g (0 = 5yg*TT)
(1 _ 5,yq23—n+1)

x (1= 07| = [nlg + [+ 1g

X (v = Brg~ ™},
24— ¢7'*)(a* — aq) (g~ —ya)(1 = Bog" ) (1 —~d¢* ")

By(s) = K
(=B (s) (0 — gL = 351 = 14" )
q_s(l _ 5,Yq25+2)
(q1/2 B q_1/2){(1 _ 5’an+1)(1 _ a5q2n+2)]} + Cr By (8)
(a2 = q71/2)q(1 — 67¢*+2) |

where K = Cn[n]q [(q(nfl)/2 _ qf(nfl)/Q)(l _ /B’Yqz) + [n _ 1}qqfn(q1/2 _ q71/2)(1 + aﬂqz"“)}.
5.2. The application of the method to the dual Hahn polynomials
Let vy =n—1,vu=n,v3=n+1and k; =0, kg = 1, k3 = 0 in Theorem [£.T], then we get
Bi(8)Po_1(s) + Ba(s)AW P, (s) + B3(s)Pat1(s) = 0.
In order to obtain this relation, we use the following three-term recurrence relation (TTRR )
2(8)Po(8) = nPrs1(8) + BnPou(s) + AnPa_1(s), n=0,1,2,..., (46)
with the initial conditions Py(s) = 1, P_i(s) = 0, and also the differentiation formula [I, Eq. (5.67)] (or |11l
Eq. (25)]) APL(S)
n S ~ s
¢(3)Ws)q = anPpi1(8)g + Bn(s) Pr(s)q; (47)
where ¢(s) = o(s) + 7(s)Az(s — 3), and

Qp = — An B Bn(s) = )\7”7—”(8) - AnAx(S - 1)

[n] q 0 2

[”]qﬁ/z By ’

Notice that the above differentiation formula is valid for the g-polynomials on the g-quadratic lattices. In
order to obtain a formula for the polynomials on the quadratic lattices, one can consider the limit case when

q— 1.
Now, to compute AV P, (s) = AAIZL(S))’ we first multiply the above equality by ¢(s) and then use formula

, then we reach

o~

Bi(s)¢(s) Po1(s) + Ba(s) [anpn+1(8) + Bn(s)Pa(s)| + Bs(s)d(s) Payi(s) = 0,
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which can be rewritten as the following form
[Ba(5)@n + Bs(5)@(s)] Ps1(s) + Ba()Bu(s)Pa(s) + Bu(s)$(s) Pa-1(s) = 0.

By the TTRR, we have the following system of equations

~ ~

Ba(s)ay, + B3(s)p(s) = an, Ba(s)Bn(s) = Bn —x(s), Bi(s)o(s) = n,

which leads to

_ S:E”_x<3> s:i&—&~—xs
Bl(s) - ¢(S)’ BQ( ) B\n(s) ) B3( ) ¢(8) [ n I/B\n(s) (5% ( ))] :
Considering the limit case as ¢ — 1, the above coefficients become

= I g Bnmals) po LN G g

Then, inserting the corresponding values of the dual Hahn polynomials from Table [2| [I8, Table 3.7., Page
109] in coefficients B;(s), i = 1,2, 3 leads to

(a+c+n)(b—a—n)(b—c—n)

P = e D rer D=5 -1
ab — ac + be —a—c— n —2n% — (s
Ba(s) = _lab et (b /-fnz@ +1) -2 ( +1)],
x (2s+n+1)
By(s) = n+l [1+ Ba(s)],

(s+a+1)(s+c+1)(b—s—1)
where ki, = (s+a+n)(s+c+n)(b—s—n)—(s—a)(s+b)(s—c)+ (n—1)(2s +1)(2s + n).

6. Concluding remarks

In the present work, some recurrence relations are developed for the hypergeometric functions on the
quadratic-type lattices with applications in the g-Racah and dual Hahn polynomials. To obtain the recurrence
relations for the other classes of polynomials, one can use appropriate limit transitions.
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Table 1: Main data of the monic g-Racah polynomials

[P ()] Ro(a(s),0,8,7,0l9), a(s) =q~* +6va° "L, Aa(s) =g~ *(1—oya> (g~ - 1)
a(s) 82v2q*(¢"/? — q71/%)2q72%(¢" —1)(¢° =67 1)(¢® — By )(@® —asTyTh)
#(s) (@12 —q71/2)2¢725(1 — ag® (1 — Bog° 1) (1 — 4¢®T1)(1 — §v¢° )
" 2 D (- ag™ ™) (1 - 507 TH( — 1) - sy - (570)2 (0 — 1)
x(q* =871 (a" = Br1)(a" — as Iy h)]
! (a'/2 — a7/ (1 = Byd?)
~@/? = a7 {0 = aB? P)a(s + 5) + a0 ag" TH(1 - #3g"TH (1 1" FT)
Tn ()
—(1+ 57qn+1>(1 _ anZn,+2>]}
An A 0 (e )
57{‘/ 1q7m (g2 — ¢ Y2)2(1 + apg®t?)
5,,(0) —1q B (g2 = g 1/2)2 [Béq +aq+6vq + v + aBoq" 2 + aBq" 2 + Bovg" T2 + avyg" T2
5, (0) Svaa— " (qM/? — q=1/2)2 |:/8aqn+1 + 85q" ! 4+ ag™tl 4 Bgn Tl 4 a5~ 1gn ] 4 oyg — 1 — aBg2n T2
L4 yq— L@ DA~ aBa™ H{ - p3"TH(A — 7a"FT)
3 (1 = afg?"T1)(1 — aBq?nt2)
" a1 = ¢™)(A = Ba™) (v — aBg™)(6 — aq™)
(1= afg®")(1 — aBg?ntl)
5 (1 —ag™)(A — aBfq™)(1 — Bsg"™)(1 —v¢") q(1 —¢™)(A —Bq")(v — aBq")(s — aq™)
" (1 — aBq2n—1)(1 — aBq2™) (1 — aBq2n)(1 — aBq2n+l)
& ot %(q—1/2 — qM/2)(1 — apgnth)
_ n+1
- g 2H1/2g1/2 qfl/Z)%{qfl(l — aBa® (s + g) 4 gn/2gm 1 [(1 —ag™h
x(1 — B5q”+1)(1 _ ,an+1) —(+ 5,an+1>(1 _ anQn+2):l}
~ _ 1
B (s) Bu(s) —a” """t 3 (12 — =11~ g™ — aBg"TH (A — 5v¢>H)
Table 2: Main data of the dual Hahn polynomials
C
Po(s) a(s)), a(s)=s(s+1), An(s)=2s+2
o(s) (s—a)(s+b)(s—c)
o(s) (s+a+1)(s+c+1)(b—s—1)
7(s) ab—ac+bc—a+b—c—1—ux(s)
An n
o, = Qi n—+1
2
Bn ab—ac+bc+ (b—a—c—1)(2n+1)—2n
Tn (a+c+n)(b—a—n)(b—c—n)
B (S) (s+a+n+1)(s+c+n+1)(b—s—n—1)—(s—a)(s+b)(s—c)+n(2s+1)(2s+n+1)
n 2s+n+1
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