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ABSTRACT

Grover and Kaur [4], Haq et al. [S], Abd-Elfattah et al. [1], Jhajj et al. [6], Shabbir and Gupta [8] and Koyuncu
[7] have suggested some families of estimators by using the known population proportion of elements
possessing attribute in the simple random sampling and in the two phase sampling. In this paper, after adapting
these families of estimators to the stratified random sampling, we have proposed a family of exponential ratio
type estimators which uses the information regarding the population proportion possessing certain attribute. For
the proposed family of estimators, the expressions of bias and mean square error (MSE) up to the first order
approximations are derived and the optimum case of the proposed family is discussed in theory. Also an

empirical study is carried out to show its properties.

Key words: Attribute, auxiliary information, efficiency, exponential ratio estimator, stratified random

sampling.

1. INTRODUCTION

Grover and Kaur [4], Haq et al. [5], Abd-Elfattah et al.
[1], Jhajj et al. [6], Shabbir and Gupta [8] and Koyuncu
[7] suggested some estimators of population mean
taking the advantage of point bi-serial correlation
between the study variable and the auxiliary attribute. In
simple random sampling, Bahl and Tuteja [2]
introduced exponential estimators for finite population
mean. Following Bahl and Tuteja [2], Singh and
Vishwakarma [10] suggested exponential ratio and
product estimators of population mean in double
sampling. Shabbir and Gupta [9] proposed a new ratio-
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type exponential estimator for population variance in
simple random sampling. Singh et al. [11] proposed
some exponential ratio-type estimators for estimating
the population mean using known values of certain
population parameter(s) under simple random sampling
scheme. In this paper, we proposed a family of
exponential ratio type estimators for estimating the
population mean using known values of two auxiliary
attributes.

Assume that the population of size, N, is stratified into

L strata with the A-th stratum containing Nh units,
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L
where h=1,2,...,L such that ZNh =N. A

h=1
simple random sample of size 7, is drawn without

replacement from the A-th stratum such that
Znh =n. Let (yhi,\jflhi,\llzm) denote
h_

observed values of Y and auxiliary attributes /;, |/,
on the i-th unit of the A-th stratum, respectively, where
1= 1, 2,...,Nh and h=12,..,

{1 ,h - thstratumi - th unit possessestheattribute ¥, |
WV ini ’

L. Moreover,

- 0 ,otherwise
h
Supposing that A ih = Z\thi and

a, = Z\V ini denote the A-th total number of units,

i=1
0y
2V a.
_ =l

Ny,
z WV ini
_ =l A jh

ih
p==—=_2 p == -1
jh > Fjh
N, N, n, n,
(] = 1,2) are the A-th proportion of units in

population and sample, respectively. Let
ny ( _ )2
z Yhi = Yn
2 i=1
Syh = )
Y n, —1
0y
2
Z(\thi pjh)
5\24, h = = be the h-th sample
J
n, -1
N,
= \2
Z (yhi =Y, )
variances and  let Szh ==t
y!
N, -1
N, ,
(\V ihi Pjh)
2 i=1 )
= be the population
y:h
) N, -1

variances of the study variable and auxiliary attributes,
respectively.Also
0y,

z (Yhi ~Vu )(\thi ~Pjn )
__ =l
SWJh = n 1 and
Syyh )
pwjh Al (] = 1,2) are, respectively, the
SynSy b

h-th sample covariance and point bi-serial correlation,

assume that y, = Z T cYa = Z W, ¥y - and

i=1 h

— My, L —

Yh = Zi , Y= th Yh are the sample
i=1 Nh h=1

and population means of Y, respectively, where

Wh = Yh is the stratum weight. Further let

th X\Vﬂn j )

Sywjh = Nh 1 and

A yyih . .
Ppyn =— — are, respectively, population

Mg
yh=yih
covariance and point bi-serial correlation between the
study variable and the auxiliary attribute. Let

0y
z (\Vlhi ~Pin )(\Vzhi —Pon )
__ _i=l
SWl‘Vzh - n, -1 and
Sy wsh
Ja _ Y12 . .
p¢h =——" be the A-th sample phi-covariance
S\ulhs\uzh
and phi correlation, respectively, and let
A\
z (Wlhi -b, )(\Vzhi - ch)
S = A= and
h
Viva Nh -1
_ S‘Vl‘l’zh . .
Pon —S S be the A-th population phi
yyh

covariance and phi correlation, respectively, between
the first and the second auxiliary attributes.

To obtain the bias and MSE, let us define
E.>O = (_st _?)/?’ éw] = (plst _Pl )/Pl >

L
iw :(pZSt -P, )/Pz where Y = thyh ,

L L
Pist = ZWhplh and P, = thpzh .
h=1 h=1

Using these notations,

E(¢,)=E(g, )=E(,,)=0.



GU J Sci, 26(2):181-193 (2013)/ Nursel KOYUNCU* 183

i o |(_h _?h )r (plh —-Py )S (pzh —Py )t |

~ Y'PP;

Using (1.1), we can write

L
Zth’Yhsih
E(éz)_ h=1 -N
)= e = Noago»
( ) th TuS wl
E é = =N,
v Plz 020
( ) th TuS w
E é = =N,,,
¥ Pzz 002
L
2 WP yysSuSy,
E(&oiw, ): o= YP =Ny
1
S 2
th thwahSthwzh
E(§0§W2 ): = ?Pz = N101=
L
hz_;whzyhp‘VI‘VthWIhSth
E(é\yli\yz): ~ PP, =Ny,
N, —n,
here Y, = ——-"
where h Nhnh

For the one auxiliary attribute case, we can define
similar expressions as

(1.2)

& s E|(yh _?h )r(ph -P, )S
N =>W A
s ; h YrPs

Using (1.2), we can write

(1.1)

ZL:WhZYhsjh
Ele2)= _
(€}) =" =
L
ZWth
h=l =

L
Zththwthyhswl

E(&oaw, ): =l Yp =Ny,

2. ADAPTIVE ESTIMATORS

N20’

E(a\zul ): =Ny,

The classical ratio estimator using a single auxiliary
attribute in the stratified random sampling is given by

_ P
t, =y, —. @2.1)

st

The bias and MSE of tl, to the first order of
approximation, are given by

B(t1)=?(N02 _N11)= (22)

MSE(t, )2 Y*(N, +N,, —2N,,). 3

(Cing1 and Kadilar [3]). Following Jhajj et al.[6], a
general combined class in the stratified random
sampling is defined by

~

tg(st) = g(yst » Uyt )’ (2.4)

Py

where U = and g(?st,ust) is a function of

yst and Vg . To study the properties of tg(st) we

assume following regularity conditions:

1. The point (yst >V ) assumes the value in a closed
convex subset R2 of two dimensional real space

containing the point (?,1),

2. The function g(yst,ust) is continuous and

bounded in R 2

3. g(?,l) = ? and g, (?,1) =1, where
o (?,1) denotes the first order partial derivative of

g with respect to yst ,
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4. The first and the

derivatives of g(yst’Ust) exist and are continuous

second order partial

and bounded in R 2

Ty = o+ (0, ~ g, + (0, ~1 g, + (7, - V)0
where
_ 8 _1o’g
1 _Kkmzl’ 200l —
_1 g _10%
875 0¥ 004 |- 5, 8477 ov2 |

Sty :?,Uﬂ =1

tg(st)

and the bias and the MSE of tg(st) are, respectively,
given by

B(?g(st)); 2, N, +g3?N” + g4?2N20 » 27

MSE(t,,))= YNy, + Nppg? +2YN,g,. 28)
. YN,

By using the optimal value of g, = — , the
N02

minimum MSE of the estimators in the class tg(st) is

found as

Ymst) = ?(l +& )(dlst - PdZStawl )(1 - E.uy] + ‘:\2,,1 )

The bias and MSE of the estimator to the first order of
approximations are, respectively, given by
lst)

]3(§/M(st))E ?[(dlst - ) (PdZSt + d
)= Y2 [1+d%(1+ N, +3N,, —4N,,)
-2d,, (l +Np, =N, )+ PzdéstNOZ

2st

MSE(¥ () )

The optimum values of d d2st and minimum MSE of

Ist >

Ym(st) are given by

Noz + Néz _NnNoz _2N§2

*

st _1)g3 + (?st _?)2g4

-Y= ?ao + E.uylgl + E.uzylgz +?‘20E.~wlg3 +?2§§g4

+(Pd,, +d
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Expanding g(yst,ust) about the point (?,1) ina

second order Taylor series and using the above
regularity conditions, we have

2.5)

The class of estimators '[g(st) , in terms of EJO and é\ul )

can be written as,

2.6)

2
11

MSE_ . (Tg(st) ) = YN, |1- (2.9)

02+720

Motivated by Shabbir and Gupta [8], we present a
combined estimator using one auxiliary attribute as

P
y ( YSt [dlst + d25t (P - pst )]_

st

(2.10)

where dl and d2 are constants to be determined later
whose sum is not necessarily equal to one. Expressing

the estimator, ?M(St), in terms of ai (=0, y,), we

can write (2.10) as

@2.11)

Ist )

+4Pd,_d

Ist

.]

Zst( Nn)
+ 2Pd25t (Nll - N02 )]

2.12)

(2.13)

—2N}, +4N,N,,

Ist =

Noz +N20N02 _Néz _4N121 +4N02N11

(2.14)

5
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d* _ NzoNoz _NllNZO _3N11N02 _Noz +N32 +N11 + 2N121
2st
P(Noz +N02N20 _Néz _4N121 +4N02N11)

, (2.15)

Noz _Néz +4N11N02 _3N121 +N20N(§2 + N20N121 _2N02N11N20

MSE ., (?M( )5 Y?|1- (2.16)
st) 2 2
Noz + NzoNoz - Noz - 4N11 + 4N02N11
3. SUGGESTED ESTIMATORS
Following Bahl and Tuteja [2] and Singh et al. [11], we
propose the following estimator
Vist Vast
- P a -P P c -P
yN _ yst Klst 1 eXp st (plst 1 ) + Kzst 2 eXp st (p2st 2 ) (31)
It P, +bst(plst _Pl) Pt P, +dst(p25t _Pz)
where K1 o> K2st » Yist» Yo are suitable constants, C, and d , we can define similar expressions for the
a  and b are either real numbers or the functions of auxiliary attribute \J/,, as a, and bst. Some new
the known parameters for the A-th stratum of the estimators can be generated from (3.1) for different
L
o ) combinations of Klst, Kzst > Vist» Yost> Qo bst ,
auxiliary attribute, [/, such as Cp] s = Z thplh
h=1 Cy>» and d
L L . . . )
L= ZWhB]h (¢1 )’ Bz (o)t = ZWhBZh (¢1 )) Case 1: For this family of estimators firstly we consider
the case of Klst +K 25t — 1 then we can rewrite
3.1)intermsof €. s i=0,y,,y, as
Plym s ZWhp (vp ) - For G-D & ViV,

ast (ast B 2bst)

2 2
Il é\yl _’YlstE.’wl _’Ylstasté\ul

y Y Y K]st( tE.’wl +

M& +é’;0+a5té'; é\vl ’YlstE-’OE-’Wl)

2d 3.2)
+ Ky (Csté\yz + %éwz - ’Y2sté\yz YZstCstE.’\zyz
Ma +Ey +C oy, vmaoawj
The bias and MSE of the estimator in (3.1), to the first-
order of approximation, are, respectively, given by
B(yy)= Y{Kls{(am(as{;zbsl) ~Viwlg T WJNOZO +(ay — Vi )Nnoj
) 3.3)

L, —2d, Ay, +1
+ Kzst((C“(CﬁzIS) Y25tCot T yzst(y;“)jNooz + (Cst Yo )NIOIJ}
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MSE(?N ) = ?2 {Nzoo + tlstNOZO + tgstN002 + 2’tlstN1]0 + 2t25tN101 +2t,t Non} (3.4)

Ist - 2st

_ N101N011 B N110N002

tlst -
2 b

where t = Klst( ylst) and No2oNoes = Noy
by = K2st( YZS[) t = Ny Noip =N Ny

TN NN (3.5)
From (3.4), we get the optimum values of t, and 00277020 o1
t, » given by Substituting the optimum values of t,,, and t,  , w

get minimum MSE of ?N , as given by
o (N N2, + N2 Ny, 2N, Ny Ny, )

MSE__ (YN)E Y2 N, — 020N 101 110N 002 110 N o111V 101 3.6)

(NozoNooz _Nén)

Case 2: Now we consider the case of , Cy and dst are given in Tablel. Then, we can

KISt + K2st # 1. Some new estimators which are

ite (3.1)int f&.,i=
generated from (3.1) for different combinations of rewrite (3.1) in terms o E’" O’W“WZ a

K. K

Ist > 2st 2 Ylst ’ 'YZSl’ ast’ bst

a la, —2b,
YN Y Y{Klst[l-i-asté\yl +t(t2—'t)a\2vl _’Ylstawl _’Ylstasta\zul

Mﬁ)g & +a g, — Ym&oiu}l]

3.7
(c, —2d
+K25t[1+csté\y2 +T)E.>Wz _YZstéwz YZstCstE.nzyz
¥ 25t \V 2s
Lt)i +EJ0 +CstEJ E"‘I’z sttioawzj_l}
The bias and MSE of the estimator in (3.1), to the first-order of
approximation, are, respectively, given by
=* v a,\ay _2bs YS(YS +1)
B(YN ) =Y K, (1 + {% Vel T % Ny + (ast Vst )Nllo
(e, -20,) (120 +1) -
-2d You Vo +1
+ KZst 1+ {T ~V2uCo T %}Nooz + (cst Yo )Nlol -1
MSE(yy )= Y2 {1+ K2 A +K2,B+2K K, ,C—2K D - 2K, E| (3.9)

where

A=1+ {23; + 2Y12st —2a.b, —4ya, +7 }Nozo + Ny + 4{ast —Yist }Nno

B=1+ {2C52t + 2Y§st —2¢ydy —4y,4Cy + V0 }Nooz + Ny + 4{Cst Yo }N101



GU J Sci, 26(2):181-193 (2013)/ Nursel KOYUNCU* 187

C=1+ {M_YM‘&& +W}N020 + (ast Vst )Nno

+ (astcst “V1stCst T Vost@st T VastVist )Non + 2(Cst —Yost )NIOI

c,lc, —2d +1
+ st( st st)_,YZStCSt + YZst(YZSt ) N002 +N200
2 2
a,(a, —2b,) Via (Vi +1)
D=1+ —F -y a,+———" Ny + (ast ~Yist )Nllo
2 2
¢ (c, —2d,) Vau (Yau +1)
E=1+ {% — Y 26Cst +% N, + (Cst Yo )NIOI
AR BD’ + AE® - 2CED
From (3.9), we get the optimum values of Klst and MSE ;, (YN)E Yz[l_ +AB—C2 j @1
KZst , given by
4. COMPARISON OF ESTIMATORS
. _(DB-EC) ,. _(EA-DC) = . . . .
K, = ( Ko = . (3.10) The Y -family of estimators is more efficient than t
Ist ‘AB—CZ) 2st (AB_Czj ” N 1
Substituting the optimum values of K and K, . MSE .. (SIN ) < MSE(t1)>

we get minimum MSE of y; , as given by

2 2
N020N101 +N110N002 _2N110N011N101 <

0 4.1
N020N002 _Nén

2N11 - Noz -
When the condition (4.1) is satisfied, we can infer that the ?N When the condition (4.2) is satisfied, we can infer that the ?N
family is more efficient than t, estimator. family is more efficient than ?g(st) estimator.

The yN -family of estimators is more efficient than Tg(st) if The yN -family of estimators is more efficient than )_/M (st) if
MSEmm (yN ) < MSEmin (?g(st) ) MSE min (?N ) <MSE min (§_/M(st) )

2 2 2
Nll _ N020N101 + N110N002 _2N110N011N101

5 <0.(42)
Noz NozoNooz - N011

_ N020N1201 + N1210N002 — 2N110N0”N101
NozoNooz _Nén
+ Noz _N(2)2 +4N11N02 _3N121 + NzoNéz + N20N121 _2N02N11N20
Noz +N20N02 _N(2)2 _4N121 +4N02N11

200
(4.3)

<1
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When the condition (4.3) is satisfied, we can infer that

the ?N family is more efficient than ?M(st) estimator.

The y; -family of estimators is more efficient than t,
if

MSE ;. (& )< MSE(t, ).

2 2
BD® +AE’ ~2CED _ = (44)

1= Ny = Nog # 2Ny = —— =

When the condition (4.4) is satisfied, we can infer that

—k
the y family is more efficient than t, estimator.

Ny, =Ny +4N, Ny, =3N} + NyyNo, + Ny Njy =2N, N, N,y BD* + AE* —2CED

—k
The Yy -family of estimators is more efficient than

~

tg(st) if

MSE (?N ) <MSE,,, (?g(st) )

1-

2 2 _ 2

BD®+AE'-2CED . () N | . @5)
AB-C 02+Y20

When the condition (4.5) is satisfied, we can infer that

—% ~
the Y family is more efficient than tg( estimator.

st)

—k
The Yy -family of estimators is more efficient than

yM(st) if

MSE,,;, (¥ ) < MSE, ;, G

Noz +N20N02 _No22 _4N121 +4N02N11

When the condition (4.6) is satisfied, we can infer that the gl;

family is more efficient than )_/M(St) estimator.

5. NUMERICAL EXAMPLE

In this study we use the data of apple production
amount in 1999 as study variable, number of apple trees
less than 20.000 in 1999 and apple production amount
less than 1000 tons in 1998 as auxiliary attributes in 854
villages of Turkey (Source: Institute of Statistics,
Republic of Turkey).

Firstly, we have stratified the data by regions of Turkey
(as 1:Marmara 2:Agean 3:Mediterrancan 4:Central
Anatolia 5:Black Sea 6:East and Southeast Anatolia)
and from each stratum; we have randomly selected the
samples whose sizes are computed by using Neyman
allocation method. The summary of the data is given in
Table 2.

~

The MSE values of the adapted estimators (t,, tg(st) ,

?M(st)) and suggested estimators (?N R y;) have
been obtained using (2.3), (2.9), (2.16), (3.6), and

B_C <0 (4.6

(3.11), respectively. These values are given in Table 3.

—k
When we examine Table 3, we observe that the Yy,
% %
Yno» Y3 estimators have the smallest MSE values
and are more efficient than adapted and other suggested
estimators. From this result, we can conclude that using
suitable known parameters of auxiliary attributes in
estimators give more efficient results.

We also compute the percent relative efficiency (PRE)
using the following expression

MSE(1,)

PRE =
MSE(a)

*100

~

where OU=Y 1, Yn2s--+5 Y16 Y m(st)> YN > Le(st)
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Table 3.Values of MSE of Estimators

189

Estimator MSE PRE Estimator MSE PRE

?;1 248035.4* 197.5690** )_/L“ 391892.3 125.0448
SI’{“ 338505.9 144.7659 ?;12 330934 148.0782
7;\,3 391892.3 125.0448 y’{m 248035.4* 197.5690**
?;4 330934 148.0782 ?;14 338505.9 144.7659
?LS 325497.8 150.5512 y’;ls 391892.3 125.0448
?;6 471536.3 103.9243 ?;16 330934 148.0782
?;\17 351286.2 139.4991 t1 490041 100

Vs 342801.7 142.9517 Yuist) 347726.3 140.9272
?;\19 248035.4* 197.5690** Y 356766.1586 137.3564
7{\”0 338505.9 144.7659 TE;,(st) 367247.1604 133.4363

When we examine Table 3. all suggested estimators are
more efficient than classical ratio estimator. From Table

3 we can see that yN family is more efficient than t,;

Y family is more efficient than '[g( ) estimator. We

st
can infer that conditions given in (4.1) and (4.2) are

satisfied. But ?N family isn’t more efficient than

?M(St) estimator. So we can say that the condition in

(4.3) isn’t satisfied for this data set.

—k

All member of Y, family are more efficient than t,

estimator and the condition in (4.4.) is satisfied.
—k —% —% —% —% —%

Member of Yy suchas Yy;- Yo Yna-Yns- Yng
—k a— —k —k —k —k —

“Yng: Ynos Ynio- Ynize Ynize Yaia and Yye

are more efficient than tg(st) estimator and the

condition in (4.5) is satisfied for these estimators.

Member of gl; such as y*m y;m y;” and y;lS

aren’t more efficient than tg( and condition in (4.5)

st)

—k
isn’t satisfied for these estimators. Member of Yy

p— p— pa— p— 3 p— P
suchas Yy, Yoo Yna- Yns- Yns- Yno- Yo
*

— —% —% — .
YNz Yniz- Ynia- Ynie are more efficient than

?M(st) and the condition in (4.6) is satisfied for these
— _x —*
estimators. But member of Y such as Yy5. Yys-

—k — —% .
Yn7- Ynii and Yy;s aren’t more efficient than

?M(St) and the condition in (4.6) isn’t satisfied for

these estimators.
6. CONCLUSION

In this study. we have adapted some estimators to the
stratified random sampling and we have proposed a
family of exponential ratio type estimators which uses
the information regarding the population proportion
possessing certain attribute. The proposed estimators
perform better than classical ratio estimator and adapted
estimators known in sampling literature. Using suitable
known parameters of auxiliary attributes in estimators
give more efficient results in stratified random
sampling.
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Y it Y ot a, b, Cy d,
Yoo |1 1 Bios [P [ B | Bagras
Ve |1 1 Bape | Biose | Batose | Pigoun
Y1 1 Por | Bios [ Pomars | i
Y |1 1 Poms | Baos [ Pomie | Papais
Y |1 2 B [ Baon [Pioas | Pagus
Yo |1 1 B B [ Popw | B
Yvool1 1 [ Pors [ Pioow [Pops | B
Vs |1 1 | Pees [ Baoon | Paps | Paps
Y |1 0 Bioos | Ba [P | Paoue
Yo |1 0 B | Biose [ Paose | o
Y |1 0 Por | Bios [ Pomars | i
Y |1 0 Pops | Pan [ Popat | Paous
Y |o 1 Bioos | Ba [P | Paoue
Yua |0 1 Bape | Bione | Bagrare | Pigoan
Yus |0 1 Pope | Piose [ Pome | Pipos
Yues |0 1 Pops | Pan [ Popat | Paous
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Table 2. Data Set
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N,=106

N, =171

n,=13

n, =95

S, =6425.087216
S,,=28643.42

Y, =1536.773585
Y, =5588.012
S, (1)=0.432298
S, (+)=0.501254
P,,)=0.24528
P,(,)=0.48538
S, ()=0.4205
S, (4)=0.49085
P,=0.22641
P,(,)=0.39766
Py, () =0-3588
Py (4)=0.19113
Py, (1) =0-38094

Py, (4)=0-22694

Pu,()=0-8442

S,,=11551.53
S,5=2389.77
Y, =2212.594
Y, =966.9559
S,()=0.45705
S,,(s)=0-481975
P,,=0.29245
P,(;)=0.36274
S,,()=0.43777
S,,(5)=0.41231
P, () =0.25472
P,(5)=0.21569
Py, (2)=0-26587
Py (5)=0-38986
Py, (2)=0.29294

sz(5) =0.51919

Py, (2) =0.86172

S,;=29907.48
S, =945.7486
Y, =9384.309
Y, =404.3988
S, (3 =0.501656
S, (6=0.320681
P,(;)=0.46808
P,(;)=0.11561
S,,(;)=0.49338
S, (s =0-28221
P,(;=0.40426
P,)=0.08671
Py (3) =0-32486
Py () =0-67316
Py, (3 =0-36653
Py, (6)=0.71532

Py, (3)=0-83468
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Pyy.(4)=0.7649

B, (v, )=0.56846
B, (w4 )=2.02028
(

() )=1.20109

=

(,(4)=0.05902

)=
(o)
)

W

==

0.24603

=

=1.84369

=

B, () )=1.32626

B, (w4 )=0.42192

Py, (5)=0-62069

B, () )=1.16549
B, (v ,s))=1.68578
(

=0.92567

=

1Wi2

)
B, (w5 )=0.57519

B, (,())=0.70924
B, () )=0.06085
B, (W) )=1.14215
B, (s )=1.39278

pW v, (6 )—0 59525

I}
w
©
N
~
(o]
o
~N

B, (W) )=2.96314




