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ABSTRACT 

In this paper, we obtain two general common coupled fixed point theorems for  maps in fuzzy metric spaces. 
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1. INTRODUCTION 

 
 

The theory of fuzzy sets was introduced by L. Zadeh [13] in 

1965. George and Veeramani [1] modified the concept of 

fuzzy metric space introduced by Kramosil and Michalek 

[11].  Grabiec[15] proved the contraction principle in the 

setting of fuzzy metric spaces introduced in [1]. For fixed 

point theorems in fuzzy metric spaces some of the 

interesting references are [ 1,3-12,15-21, 25, 26]. In the 

sequel, we need the following.  

Definition 1.1 ([2]) . A binary operation 

[0,1][0,1][0,1]:* →×  is a continuous t-norm if it 

satisfies the following conditions :  

1. *  is associative and commutative, 

2. *  is continuous, 

3. a*1 = a for all a ∈ [0,1], 

4. dcba ** ≤  whenever ca ≤  and ,db ≤  for each 

[0,1],,, ∈dcba .  

 

Two typical examples of continuous t-norm are

abba =*  and { }baminba ,=* . 

Definition 1.2 ([1]) . A 3-tuple ,*),( MX  is called a 

fuzzy metric space if X  is an orbitarary non-empty set,  

∗ is a continuous t-norm and M is a fuzzy set on 
2 (0, )X × ∞  satisfying the following conditions for each 

Xzyx ∈,,  and each t  and 0>s ,   

    1.  0>),,( tyxM ,  

    2.  1=),,( tyxM  if and only if yx = ,  

    3.  ),,(=),,( txyMtyxM ,  

    4.  ),,(),,(*),,( stzxMszyMtyxM +≤ ,  

    5.  [0,1])(0,:,.),( →∞yxM  is continuous.   

Let ),,( ∗MX  be a fuzzy metric space. For > 0t , the 

open ball ),,( trxB  with centre Xx∈  and radius 

1<<0 r is defined by  

}1>),,(:{=),,( rtyxMXytrxB −∈ . 
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A subset XA ⊂  is called open if for each Ax∈ , there 

exist 0>t  and 1<<0 r  such that AtrxB ⊂),,( . Let τ  
denote the family of all open subsets of X . Then τ  is 
called the topology on X  induced by the fuzzy metric 

M . This topology is Hausdorff and first countable. A 

subset A  of X  is said to be F-bounded if there exist 

0>t  and 1<<0 r  such that rtyxM −1>),,(  for all 

Ayx ∈, .  

Lemma 1.3 ([15]) . Let ,*),( MX  be a fuzzy metric 

space. Then ),,( tyxM  is non-decreasing with respect to 

t ,  for all yx,  in X .   

Definition 1.4 Let ,*),( MX  be a fuzzy metric space. M  

is said to be continuous on 2 (0, )X × ∞  if 

),,(=),,(lim tyxMtyxM nnn
n ∞→

 whenever a sequence 

)},,{( nnn tyx  in )(0,2 ∞×X  converges to a point 

)(0,),,( 2 ∞×∈ Xtyx , i.e., whenever  

 ( , , )=  ( , , )=1    ( , , )= ( , , ).lim lim limn n n
n n n

M x x t M y y t and M x y t M x y t
→∞ →∞ →∞

  

Lemma 1.5 ([12]) . Let ,*),( MX  be a fuzzy metric 

space. Then M  is continuous function on )(0,2 ∞×X .  

 Let XyxtyxM
t

∈∀
∞→

, 1,=),,(lim ..........(A).  

Lemma 1.6 ([20]) . Let }{ ny  be a sequence in fuzzy 

metric space ( ,*,MX )satisfying )(A . If there exists a 

positive number 1<k  such that   

1,2,...,=  0,>  ),,,(),,( 11 nttyyMktyyM nnnn −+ ≥  

then }{ ny  is a Cauchy sequence in X .  

Now, we prove a lemma slight different from Lemma 1.6.  

Lemma 1.7 Let }{ nz  and }{ np  be sequences in fuzzy 

metric space ( ,*,MX ) satisfying )(A . If there exists a 

positive number 1<k  such that 

)},,(),,,({min                                    

)},,(),,,({min

11

11

tppMtzzM

ktppMktzzM

nnnn

nnnn

−−

++ ≥

for all 1,2,...,=  0,> nt  then }{ nz  and }{ np  are 

Cauchy sequences in X .   

Proof.  We have  

{ }1 1

1 1

min ( , , ), ( , , )

      min ( , , ), ( , , )

n n n n

n n n n

M z z t M p p t

t t
M z z M p p

k k

+ +

− −
 ≥  
 

  

2 1 2 12 2

0 1 0 1

      min ( , , ), ( , , )

       .

       .

       .

      min ( , , ), ( , , ) .

n n n n

n n

t t
M z z M p p

k k

t t
M z z M p p

k k

− − − −
 ≥  
 

 
≥  

 

  

Hence 

)},,(),,,({),,( 10101 nnnn
k

t
ppM

k

t
zzMmintzzM ≥+ . 

Now, for any positive integer p ,  

.)
 

,,(),
 

,,(min

*...........*

)
 

,,(),
 

,,(min

*)
 

,,(),
 

,,(min

),,(*.....*),,(*),,(

),,(

110110

110110

1010

1211

























≥

≥

−+−+

++

+−++++

+

pnpn

nn

nn

pnpnnnnn

pnn

kp

t
ppM

kp

t
zzM

kp

t
ppM

kp

t
zzM

kp

t
ppM

kp

t
zzM

p

t
zzM

p

t
zzM

p

t
zzM

tzzM

Letting ∞→n  and using )(A , we have 

1.=1*......*1*1),,(lim ≥+
∞→

tzzM
pnn

n

  

Hence 1=),,(lim tzzM
pnn

n
+

∞→
. 

Thus }{ nz  is a Cauchy sequence in X . Similalrly, we 

can show that }{ np  is also a Cauchy sequence in X .   

Lemma 1.8 ([20]) . Let ,*),( MX  be a fuzzy metric 

space satisfying )(A . If there exists (0,1)∈k  such that 

),,(),,( tyxMktyxM ≥  for all Xyx ∈,  and 0>t , then 

yx = .  

Now, we give the following lemma.  

Lemma 1.9 Let ,*),( MX  be a fuzzy metric space  

satisfying )(A . Let XXf →:  be a mapping such that 

)},,(),,,({ )},,(),,,({ tyfyMtxfxMminktyfyMktxfxMmin ≥

for all 0> ,, tXyx ∈  and (0,1)∈k . Then xfx =  and 

yfy = .   
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Proof.  We have  

{ }

.(A) condition   thefrom    1

),,(),,,(

.

.

.

),,(),,,(

),,(),,,(),,(),,,(

22

∞→→








≥









≥









≥

nas
k

t
yfyM

k

t
xfxMmin

k

t
yfyM

k

t
xfxMmin

k

t
yfyM

k

t
xfxMmintyfyMtxfxMmin

nn

Hence 1=),,(=),,( tyfyMtxfxM  for all 0>t . Thus 

xfx =  and yfy = . 

In 2010, Sedghi, Altun and Shobe [22] introduced n -
property in fuzzy metric spaces as follows:  

Definition 1.10 ([22]) . Let ,*),( MX  be a fuzzy metric 

space. M  is said to satisfy the n -property on 

)(0,2 ∞×X  if 
 

( , , ) = 1lim
pnn

n

M x y k t
→∞

 
   whenever 

1>,, kXyx ∈  and 0>p .  

Based on this they [22] obtained the Lemma 1.6 without 

the condition )(A  .   

Recently Xin-Qi Hu [24] observed that if M  satisfies the 

n -property then the condition )(A  is satisfied. He also 

given an example ( Ex.2, [24] ) to show that the condition 

)(A  need not imply the n -property . 

In 2006, Bhaskar and Lakshmikantham [23] introduced 

the notion of a coupled fixed point in partially ordered 

metric spaces, also discussed some problems of the 

uniqueness of a coupled fixed point and applied their 

results to the problems of the existence and uniqueness of 

a solution for the periodic boundary value problems. 

In this paper, we prove coupled fixed point theorems for 

two and four mappings in fuzzy metric spaces.  

Definition 1.11 ([23]) . Let X  be a nonempty set. An 

element XXyx ×∈),(  is called a coupled fixed point of 

the mapping XXXF →×:  if ),(= yxFx  and 

),(= xyFy .   

Definition 1.12 ([14]) . Let X  be a nonempty set. An 

element XXyx ×∈),(  is called  

(i)  a coupled coincidence point of XXXF →×:  and       

     XXg →:  if ),(= yxFgx  and ),(= xyFgy . 

(ii)  a common coupled fixed point of XXXF →×:     

       and XXg →:  if ),(== yxFgxx  and   

       ),(== xyFgyy . 

(iii)  a point Xx∈  is called a common fixed point of   

       XXXF →×:  and XXg →:  if             

       ),(== xxFgxx .  

Definition 1.13 ([9]) . Let X  be a nonempty set. The 

mappings :F X X X× →  and :g X X→  are called 

W-compatible if ),(=)),(( gygxFyxFg  and 

),(=)),(( gxgyFxyFg  whenever ),(= yxFgx  and 

),(= xyFgy  for some XXyx ×∈),( .  

2.  MAIN RESULTS 

Theorem 2.1.  Let ),,( ∗MX be a fuzzy metric space 

satisfying )(A  and XXgf →:,  and 

XXXGF →×:,  be mappings satisfying     

  

( )(2.1.1)  ( , ), ( , ),

( , , ), ( , , ),
                             min

( , ( , ), ), ( , ( , ), )

M F x y G u v kt

M fx gu t M fy gv t

M fx F x y t M gu G u v t

 
≥  

 
               for all Xvuyx ∈,,, , 0>  t∀  and (0,1)∈k ,  

(2.1.2)  )()( XgXXF ⊆×  and )()( XfXXG ⊆× , 

(2.1.3)  one of )(Xf  and )(Xg  is complete and  

(2.1.4)  the pairs ),( Ff  and ),( Gg  are W-compatible. 

Then Fgf ,,  and G  have a unique common coupled 

fixed point in XX ×  and also they have a unique 

common fixed point in X .  

Proof.   Let 0x  and 0y  be in X . 

Since )()( XgXXF ⊆× , we can choose 1x  , Xy ∈1  

such that ),(= 001 yxFgx  and ),(= 001 xyFgy . 

Since )()( XfXXG ⊆× , we can choose 2x  , Xy ∈2  

such that ),(= 112 yxGfx  and ),(= 112 xyGfy . 

Continuing this process we can construct two sequences 

{ }nx  and { }ny  in X  such that  

nnnn zyxFgx 22212 =),(=+ ,      say; 

nnnn pxyFgy 22212 =),(=+ ,     say;  

12121222 =),(= ++++ nnnn zyxGfx ,  say and 

12121222 =),(= ++++ nnnn pxxGfy ,   say  for ..0,1,2,....=n  

)),,(),,((=),,( 121222122 ktyxGyxFMktzzM nnnnnn +++   

{ }2 1 2 2 1 2 2 1 2 2 2 1 min ( , , ), ( , , )), ( , , ), ( , , )n n n n n n n nM z z t M p p t M z z t M z z t− − − +≥

{ }2 1 2 2 1 2min ( , , ), ( , , )n n n nM z z t M p p t− −=  
 

)),,(),,((=),,( 121222122 ktxyGxyFMktppM nnnnnn +++   

2 1 2 2 1 2 2 1 2

2 2 1

( , , ), ( , , ), ( , , ),
min

                       ( , , )

n n n n n n

n n

M p p t M z z t M p p t

M p p t

− − −

+

 
≥  

 
  

{ }2 1 2 2 1 2min ( , , ), ( , , )n n n nM p p t M z z t− −=   

Thus  

2n 2n+1 2n-1 2n

2n 2n+1 2n-1 2n

(z , z , kt), (z , z , t),
min min

(p , p , kt) (p , p , t)

M M

M M

   
≥   

   
-------(I) 

Similarly we can show that  
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2n+1 2n+2 2n 2n+1

2n+1 2n+2 2n 2n+1

(z , z , kt), (z , z , t),
min min

(p , p , kt) (p , p , t)

M M

M M

   
≥   

   
--- (II) 

Thus from (I) and (II) we have 

{ }
{ }),,(),,,(min               

)),,(),,,(min

11

11

tppMtzzM

ktppMktzzM

nnnn

nnnn

−−

++

≥
.  

From Lemma 1.7 , it follows that { }
nz  and { }

np  are 

Cauchy sequences in X . 

Suppose )(Xf  is complete . 

Then { } α=12 fxz n →+ , say and { } β=12 fyp n →+ , say 

for some Xyx ∈,  . 

Since { }
nz  and { }

np  are Cauchy, we have { } α→+22nz  

and { } β→+22np . 

)),,(),,((=),),,(( 121212 ktyxGyxFMktzyxFM nnn +++  

{ }2 2 2 2 1min ( , , ), ( , , ), ( , ( , ), ), ( , , )n n n nM fx z t M fy p t M fx F x y t M z z t+≥

Letting ∞→n , we get  

{ }
.)),,(,(=                             

),1),,(,(1,1,),),,((

tyxFfxM

tyxFfxMminktfxyxFM ≥
 

From Lemma 1.8, we have α==),( fxyxF . 

)),,(),,((=),),,(( 121212 ktxyGxyFMktpxyFM nnn +++   

2 2

2 2 1

( , , ), ( , , ), ( , ( , ), ),
min

                        ( , , )

n n

n n

M fy p t M fx z t M fy F y x t

M p p t+

 
≥  

 
   

Letting ∞→n , we get  

{ }
.)),,(,(=                            

),1),,(,(1,1,),),,((

txyFfyM

txyFfyMminktfyxyFM ≥
. 

From Lemma 1.8, we have β==),( fyxyF . 

Since the pair ),( fF  is W-compatible, we have  

),(=),(=)),((=)(= βαα FfyfxFyxFffxff  and  

),(=),(=)),((=)(= αββ FfxfyFxyFffyff  …. (III) 

)),,(),,((=),,( 121212 ktyxGFMktzfM nnn +++ βαα   

{ }.),,(),1,,,(),,,(min 12222 tzzMtpfMtzfM nnnn +≥ βα
 

Letting ∞→n , we get  

{ }),1,1,,(),,,(min),,( tfMtfMktfM ββαααα ≥                         

{ }.),,(),,,(min=                 tfMtfM ββαα   

Also,  

)),,(),,((=),,( 121212 ktxyGFMktpfM nnn +++ αββ   

{ }.),,(),1,,,(),,,(min 12222 tppMtzfMtpfM nnnn +≥ αβ
Letting ∞→n , we get  

{ }),,(),,,(min),,( tfMtfMktfM ααββββ ≥  . 

Thus 

{ } { }.),,(),,,(min),,(),,,(min tfMtfMktfMktfM ββααββαα ≥
From Lemma 1.9, we have αα =f  and ββ =f .  

Thus ),(== βααα Ff ............(IV) and  

),(== αβββ Ff  .................(V) 

Since )()( XgXXF ⊆× , there exist γ  and δ  in X  

such that  

ααβαγ ==),(= fFg  and ββαβδ ==),(= fFg  . 

)),,(),,((=)),,(,( ktGFMktGgM δγβαδγγ   

{ } ).),,(,(=)),,(,(1,1,1,min= tGgMtGgM δγγδγγ   

From Lemma 1.8, we have γδγ gG =),( . 

Similarly, we can show that δγδ gG =),( . 

Since the pair ),( gG  is weakly compatible, we have  

),(=),(=)),((=)(= βαδγδγγα GggGGgggg  and  

),(=),(=)),((=)(= αβγδγδδβ gggGGgggg  . 

)),,(),,((=)),,(,( 222 ktGyxFMktGzM nnn βαβα  

{ }.),1,,(),,,(),,,(min 2121212 tzzMtgzMtgzM nnnn −−−≥ βα
Letting ∞→n , we get  

{ }),1,1,,(),,,(min),,( tgMtgMktgM ββαααα ≥   

{ }.),,(),,,(min= tgMtgM ββαα   

Similarly, we have 

{ }.),,(),,,(min),,( tgMtgMktgM ββααββ ≥  

Thus 

{ } { }min ( , , ), ( , , ) min ( , , ), ( , , ) .M g kt M g kt M g t M g tα α β β α α β β≥

From Lemma 1.9, we have αα =g  and ββ =g .  

Hence ),(== βααα Gg ...............(VI) and  

),(== αβββ Gg  ..........................(VII) 

From  (IV), (V), (VI), and (VII), we have  

),(=),(=== βαβαααα GFgf  and  

),(=),(=== αβαββββ GFgf . Thus ),( βα  is a 

coupled common fixed point of Fgf ,,  and G . 

Suppose ),( 11 βα  is another coupled common fixed point 

of Fgf ,,  and G . 

)),,(),,(=),,( 111 ktGFMktM βαβααα  

{ }1 1             min ( , , ), ( , , ),1,1M t M tα α β β≥   

{ }.),,(),,,(min=                11 tMtM ββαα   

Similarly we can show that 

{ }),,(),,,(min),,( 111 tMtMktM ββααββ ≥ . 

Thus 
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{ } { }.),,(),,,(min),,(),,,(min 1111 tMtMktMktM ββααββαα ≥

From Lemma 1.9, we have αα =1  and ββ =1 . 

Thus ),( βα  is the unique common coupled fixed point 

of Fgf ,,  and G . 

Now, we prove that βα = . Consider 

{ }
( , , ) = ( ( , ), ( , ), )

                   min ( , , ), ( , , ),1,1 = ( , , ).

M kt M F G kt

M t M t M t

α β α β β α

α β β α α β≥

  

Hence βα = . 

Thus ),(=),(== αααααα GFf . 

That is α  is a common fixed point of Fgf ,,  and G . 

Suppose α ′  is another common fixed point of Fgf ,,  

and G . Then  

{ }
( , , ) = ( ( , ), ( , ), )

                   min ( , , ), ( , , ),1,1 = ( , , ).

M kt M F G kt

M t M t M t

α α α α α α

α α α α α α

′ ′ ′

′ ′ ′≥

Hence αα ′= . Thus α ′  is the unique common fixed 
point of Fgf ,,  and G . 

Corollary 2.2.  Let ),,( ∗MX be a fuzzy metric space and 

XXf →:  and XXXF →×:  be mappings 

satisfying  

( )(2.2.1)  ( , ), ( , ),

          ( , , ), ( , , ),
                       min

( , ( , ), ), ( , ( , ), )

M F x y F u v kt

M fx fu t M fy fv t

M fx F x y t M fu F u v t

 
≥  

 
              for all Xvuyx ∈,,, , 0>  t∀  and (0,1)∈k ,  

(2.2.2)  )()( XfXXF ⊆× , 

(2.2.3)  )(Xf  is complete and  

(2.2.4)  the pair ),( Ff  is W-compatible.  

Then Ff ,  have a unique common coupled fixed point in              

XX ×  and also they have a unique common fixed point  

in X .    

Example 2.3.  Let ),,( ∗MX  be a fuzzy metric space, 

where [0,1]=X  and 
||

=),,(
yxt

t
tyxM

−+
 for all 

Xyx ∈,  and 0>t . Define XXf →:  by 
3

12
=

+x
fx  

and XXXF →×:  by 1=),( yxF  for all Xyx ∈, . 

It is easy to see that all conditions of Corollary 2.2 are 

satisfied. Consequently, 1  is the unique common fixed 

point of f  and F .  

  Finally using the boundedness of a fuzzy metric space, 

we prove a common fixed point theorem for two maps 

satisfying a general contractive condition.  

Theorem 2.4.  Let ),,( ∗MX be a bounded fuzzy metric 

space and XXf →: , XXXF →×:  be mappings 

satisfying  

( )(2.4.1) ( , ), ( , ),

( , , ), ( , , ),

                     min ( , ( , ), ), ( , ( , ), ),

( , ( , ), ), ( , ( , ), )

M F x y F u v t

M fx fu t M fy fv t

M fx F x y t M fu F u v t

M fx F u v t M fu F x y t

φ

  
  

≥   
    

               for all Xvuyx ∈,,, , 0>  t∀ , where   

              : [0,1] [0,1]φ →  is continuous monotonically   

               increasing such that ss >)(φ  for all [0,1)∈s ,  

(2.4.2)  )()( XfXXF ⊆×  and )(Xf  is complete, 

(2.4.3)  the pair ),( Ff  is W-compatible. 

Then f  and F  have a unique common coupled fixed point 

in XX ×  and also they have a unique common fixed 

point in X . 

Proof.  Let 0x  and 0y  be in X . 

From (2.4.2), we can find { }
nx  and { }

ny  in X  such that  

nnnn zyxFfx =),(=1+ ,  say;  

nnnn pxyFfy =),(=1+ ,  say  for ...0,1,2,3,..=n . 

For Nn∈ , let { }njnitzzMinft
jin

≥≥   ,)/  ,,(  =)(α  

and  

{ }njnitppMinft
jin

≥≥   ,)/  ,,( =)(β  for all > 0t .  

Then { })(tnα  and { })(tnβ  monotonically increasing 

sequences of real numbers between 0 and 1 for all 0>t . 

Hence )(=)(lim ttn
n

αα
∞→

 for some 1)(0 ≤≤ tα  and 

)(=)(lim ttn
n

ββ
∞→

 for some 1)(0 ≤≤ tβ  . 

For any Nn∈  and integers njni ≥≥   ,  we have  

)),,(),,((=),,( tyxFyxFMtzzM
jjiiji

  

1 1 1 1 1

1 1 1

( , , ), ( , , ), ( , , ),
min

( , , ), ( , , ), ( , , )

i j i j i i

j j i j j i

M z z t M p p t M z z t

M z z t M z z t M z z t
φ

− − − − −

− − −

   
 ≥      

  

{ }( )1 1min ( ),  ( ) .n nt tφ α β− −≥   

Taking supremum over all njni ≥≥   ,  we get  

{ }( ).)(  ),(min)( 11 ttt nnn −−≥ βαφα  

Similarly we can show that 

{ }( ).)(  ),(min)( 11 ttt nnn −−≥ βαφβ  

Thus  

min { } { }( ).)(  ),(min)(  ),( 11 tttt nnnn −−≥ βαφβα  

Letting ∞→n , we get  

min { } { }( ).)(  ),(min)(  ),( tttt βαφβα ≥  

It is contradiction if min { } 1.<)(  ),( tt βα   
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Hence 1=)(tα  and 1=)(tβ . 

Thus )(lim =  1  =)(lim tt n
n

n
n

βα
∞→∞→

. 

Hence { }
nz  and { }

np  are Cauchy sequences in X . 

Since )(Xf  is complete, it follows that { }
nz  and { }

np  

converge to some p  and q  respectively in )(Xf . 

Hence there exist x  and y  in X  such that fxp =  and 

fyq = . 

)),,(),,((=)),,(,( tyxFyxFMtyxFzM nnn  

1 1 1

1 1

   ( , , ), ( , , ), ( , , ),
min

( , ( , ), ), ( , ( , ), ), ( , , )

n n n n

n n

M z fx t M p fy t M z z t

M fx F x y t M z F x y t M fx z t
φ − − −

− +

  
≥      
Letting ∞→n , we get  

1,1,1, ( , ( , ), ),
( , ( , ), ) min

     ( , ( , ), ),1

M fx F x y t
M fx F x y t

M fx F x y t
φ
  

≥   
  

  

( )                      = ( , ( , ), )M fx F x y tφ   

      > ( , ( , ), )M fx F x y t  if 1<)),,(,( tyxFfxM . 

Hence 1=)),,(,( tyxFfxM  so that ),(= yxFfx . 

Similarly we can show that = ( , )fy F y x  . 

Since ),( fF  is a W-compatible pair, we have  

),(=),(=)),((=)(= qpFfyfxFyxFffxffp  and  

.),(=),(=)),((=)(= pqFfxfyFxyFffyffq  

)),,(),,((=)),,(,( tqpFyxFMtqpFzM nnn  

1

1

( , , ), ( , , ), ( , , ),
min

     1, ( , ( , ), ), ( , , )

n n n n

n n

M z fp t M p fq t M z z t

M z F p q t M fp z t
φ −

−

  
≥        

  

Letting ∞→n , we get  

( , , ), ( , , ),1,1,
( , , ) min

    ( , , ), ( , , )

M p fp t M q fq t
M p fp t

M p fp t M fp p t
φ
  

≥   
  

  

{ }( )                = min ( , , ), ( , , )M p fp t M q fq tφ   

Similarly we can show that 

{ }( )),,(),,,(min),,( tfqqMtfppMtfqqM φ≥ . 

Thus 

{ } { }( ).),,(),,,(min),,(),,,(min tfqqMtfppMtfqqMtfppM φ≥

It is contradiction if { } 1<),,(),,,(min tfqqMtfppM . 

Hence from this we can conclude that pfp =  and 

.= qfq   

Thus ),(== qpFfpp  and ),(== pqFfqq . 

Using (2.4.1) two times , one can show that ),( qp  is the 

unique common coupled fixed point of F  and f . 

Now we will show that qp = . Consider  

)),,(),,((=),,( tpqFqpFMtqpM
 

{ }( )
( )

        min ( , , ), ( , , ),1,1, ( , , ), ( , , )

        = ( , , ) .

M p q t M q p t M p q t M q p t

M p q t

φ

φ

≥

Hence qp = . 

Thus ),(== ppFfpp . i.e p  is a common fixed point 

of F  and f . 

Using (2.4.1), we can show that p  is the unique common 

fixed point of F  and f . 
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